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Chapter 1

Introduction

Linear Models play an important role in applications of statistics. By means of such models one
can model and analyse data from various disciplines. Typically the main question is as follows:
Let (X,Y) be a generic observation consisting of a covariate X with values in some set X and
a response (variable) Y with values in some set ). Is there an association between X and Y?
More precisely, what is the conditional distribution of Y, given X ? This type of question is called

regression (analysis).

The first part of this course treats the important special case of a numerical response Y, that means,
Y = R. In the second part we shall also consider integer-valued or categorical responses Y.

Regression models for a vector-valued response Y are sometimes treated in Multivariate Statistics.

The covariate X could be a tuple of several covariates X (1),..., X (d) with values in certain
sets X7, ..., Xy. The components X (j) are sometimes called independent variables whereas Y is
called the dependent variable. Here the adjective “independent” has nothing to do with stochastic
independence, it refers rather to the asymmetrical viewpoint of considering the conditional distri-
bution of Y depending on X. Categorical covariates are sometimes called factors. The variety of

nomenclature is due to the many different fields and communities utilizing regression models.

1.1 Definition of a Linear Model

Depending on the specific application, X may be viewed as a random variable or as a fixed quantity
or tuple, possibly to be chosen haphazardly by an experimenter. In the present course, we shall
treat X mostly as a fixed quantity or tuple. In settings with genuinely random X, we always

condition on the actual value of X.

o We assume that Y may be written as
Y = f(X)+e
with an unknown regression function f : X — R and a random error ¢ such that
E() = 0.

11
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The distribution of ¢ may depend on X. For instance, one could think about ¢ = o(X)Z with a

certain function o : X — [0, 00) and a standard Gaussian random variable Z.

e We often assume that the standard deviation of ¢ is finite and does not depend on X. In that

o = Std(e) = +/Var(e)

and talk about homoscedastic errors. Otherwise we talk about heteroscedastic errors.

case, we write

e Concerning the regression function f, we assume that it belongs to a given family F of func-
tions. Moreover, JF is a finite-dimensional linear space (i.e. a finite-dimensional real vector space)
of functions. The latter property is the reason for the term “linear model”.

1.2 Examples of Linear Models

The subsequent examples have somewhat mysterious names which arose historically. The reader

should not be frustrated if he or she does not see any coherent scheme (yet).

Example 1.1 (One-way analysis of variance (One-way ANOVA)). Let X be a categorical co-
variate with values in a set X with L different elements. For simplicity, we identify X with
{1,2,..., L}, but note that the numbers have no specific meaning. The set F of all real-valued
functions on X is a linear space of dimension L. It corresponds to R” if we identify a function

f € F with the vector (f(j))JL:1

A specific example is the yield of a certain agricultural crop on a field of given area. The covariate
X could stand for different types of soil, irrigation schemes, treatments of the seeds etc. Thus, we
assume that the yield Y is equal to a number f(X) plus some random fluctuation & which is for

instance due to variations in the weather conditions or other environmental influences.

Example 1.2 (Simple linear regression). Let X be a numerical covariate, i.e. X € R. Often one

assumes that there is a linear relationship between X and Y, that means,
(1.1) Y =a+bX +e¢

with unknown parameters a and b. Thus, we consider the family F of all affine functions on R,

which is a two-dimensional linear space.

A specific example are indirect measurements and calibration lines. Suppose that X stands for a
physical or chemical parameter, e.g. the concentration of a certain substance in a fluid. Suppose
that the value X could be determined precisely with an expensive or time-consuming method.
Suppose further that an indirect and less precise measurement Y is comparatively easy to obtain,
e.g. the measurement of light absorption of a fluid. If the relationship between X and Y is given by
(1.1) with b > 0, one could estimate the parameters a and b by means of a calibration experiment
in which complete observation pairs (X1, Y1),...,(X,,Y,) with different values X;,..., X,
are determined, leading to @ and b. Then for any future observation (X,Y") of which only Y is
observed, one could estimate X by X = (Y —a) /3 We shall come back to this specific example

later.



1.2. EXAMPLES OF LINEAR MODELS 13

Example 1.3 (Polynomial regression). As in Example 1.2 let X € R. Instead of a linear rela-
tionship between X and Y one could assume that f is a polynomial of given order d > 1. That
means, we consider the (d 4 1)-dimensional vector space of all functions f of type

(1.2) flx) = ao + a1z + asx® + - - + agx?

with real parameters ag, a1, ..., aq. In case of d = 1 we have simple linear regression, the cases

d = 2 and d = 3 are called quadratic and cubic regression, respectively.

This model is often used with d > 2 to check the plausibility of simple linear regression (Exam-

ple 1.2). That means, one tests whether the coefficients a; with j > 1 are really needed.

The special model of quadratic regression (d = 2) can be used, for instance, to model the effect
of the dose X of some ingredient (e.g. a fertilizer) on a certain response Y (e.g. the yield of an
agricultural crop). In case of a; > 0 > ag, the function f in (1.2) describes a parabola with unique

maximum at x = a1 /(—2ag) > 0.

Example 1.4 (One-way analysis of covariance (One-way ANCOVA)). Suppose that X consists
of a categorical covariate C' € {1, ..., L} and a numerical covariate W' € R. A possible model F

consists of all functions f of type

fle,w) = a(e) + bw
with real parameters a(1),...,a(L) and b. Thus one combines one-way ANOVA (Example 1.1)
with simple linear regression (Example 1.2). The term “covariance” has nothing to do with co-

variance in the sense of stochastics. It is rather a wordplay combining “variance” as in ANOVA

with “(numerical) covariate”.

A specific example is the cholesterol level of adults (Y). This is known to be dependent on their
age (W), but it may also depent on other factors such as gender (C).

Another specific example is the log-income (Y) of persons in relation to their age (V) and pro-
fession or type of education (C).

d

Example 1.5 (Multiple linear regression). Suppose that X = (X (j))$_; is a vector of d numer-

ical (or {0, 1}-valued) covariates. A simple linear model for the relationship between X and Y’

assumes that
d

(1.3) Y =a+) bX(j)+e
j=1

with real parameters a and by, . . ., bg.

Again, a specific example is the cholesterol level of adults (Y') and numerical covariates such as
age, body height and weight as well as gender, coded by a number in {0, 1}.

Exercise 1.6 (A data analysis, part I). The data set ‘Trees.txt’ contains for n = 31 wild cherry
trees the values of the variables

Y : its timber yield,
X(1): the height of its trunk,

X (2): its maximal diameter (at waist height).
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Explore this data set. Look at scatter plots of all pairs of two variables, making sure that the axes

start at 0. Do you see anything remarkable?

Exercise 1.7. For any wild cherry tree in a certain region we consider the variables Y, X (1) and
X (2) as in Exercise 1.6.

(a) Which connection do you expect between Y and the pair (X (1), X (2)) ?
(b) What does your model look like if you replace Y with log Y ?

Exercise 1.8 (Periodic signals, “autoregression”). For ¢ € Z let

Yt = p+ycos(wt — ¢)

with certain parameters 4 € R, v > 0, w € (0,27) and ¢ € R.

(a) Show that for suitable coefficients a, b1, by € R,
Yy = a+biyi—1 + boyr—o forallt € Z.

(Are these coefficients a, b1, bs unique?)
(b) Show that for arbitrary integers s and 7" > 0,

1 s+T

T Z Yy — @ asT — oo.
t=s+1



Chapter 2

Estimation of Parameters

This chapter is about estimation of the regression function f € F and, in case of homoscedastic

errors, the standard deviation of the error ¢ = Y — f(X). The available data are n observation

pairs (X1,Y7),...,(X,,Y,) € X xR. The values X1, ..., X,, € X are considered as fixed while
Y; = f(Xi) +e

with random errors €1, . . ., &, such that IE(g;) = 0.

2.1 Vector and Matrix Representation

It is useful to represent data and model by means of vectors and matrices. We define the response

vector
Y1
Yo
Y = | | e R?
Yn
and the (unobserved) error vector
€1
€2
€ = e R"™.
En
For the model F, we choose basis functions f1, ..., f,. Then, any function f € F may be written

as

fle) =) 0f()
j=1

with a parameter vector
1
0= |:| R
Op

15
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The basis functions f; and the observations X; yield the so-called design matrix

(X)) 0 fp(Xn)
fi(Xa) - fp(X2)

e R"*P,

A o f(X)

With these ingredients we may write
Y = DO +e.

With the tuple X := (X;)" ; € X" and the convention ¢g(X) := (¢9(X;))!; € R" for functions
g : X — R, one may also write

D = [fi(X),....[p(X)] and DO = f(X).

Note that many authors and most textbooks denote the design matrix with X rather than D. We
prefer the symbol D to emphasize the dependence of the design matrix on both, the observations

X and the choice of the basis functions f;.

Examples for this parametrization. We illustrate the vector and matrix representation with the

examples from Section 1.2.

One-way ANOVA (Example 1.1). For the space F of all functions on {1, ..., L} we choose the
basis functions f;(r) := 1,—;, 1 < j < L. (If one identifies F with R%, the functions f1, ..., fr,
correspond to the standard basis of RZ.) In this case the design matrix contains the entries

Dij = 1[Xi:j] S {0, 1}
Hence, the i-th row contains L — 1 zeros and one entry 1. The corresponding parameter vector 6
for f € Fisjust@ = (f(j))]Lzl.

Suppose we have arranged the observation pairs (X;, Y;) such that

X = (1,...,1,2,...,2, ..., L,...,L) .
—_—— —— ———
n(1) times n(2) times n(L) times

Then, the design matrix D equals

1 0 0
Lo 0
01 0 0
D = (:) 1 (:) (:) e R
0 0 1
o 01
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Simple linear regression (Example 1.2). Here one can take the basis function fi(x) := 1 and

fa(x) := x, leading to the design matrix

1 X
1 X5
D = Ul = 1X] € R?
1 X,
with 1 := (1,1,...,1)T € R™ If f(x) = a + bz, then the corresponding parameter vector is
0 = (a,b)’.
Polynomial regression (Example 1.3). If we choose the basis functions f;(z) := 2971, 1 <
7 <d+1,then
1 X, X} -+ X¢
2 d
D = 1 X2 X2 o X2 c Rnx(d+l).
1 X, x2 ... x¢
If f(z) = Z?:o aj:L'j , then the corresponding parameter vector is @ = (ag, a1, ..., aq) " .

One-way ANCOVA (Example 1.4). Similarly as in Example 1.1, suppose that the observations
(Ci, W3, Y;) have been rearranged such that

(C1,Co,...,Cn) = (1,...,1,2,...,2, ..., L,...,L).
—_—— —— ———
n(1) times n(2) times n(L) times

With the basis functions f;(c,w) := 1j—; for 1 < j < Land fr41(c,w) := w we obtain the

design matrix

1 0 0 W,
R S
o 1 0 --- 0 Wn(1)+1

b0 h 0 o W] <)
0 -+ 0 1 Weamn
o e

and f(c,w) = a(c) + bw corresponds to the parameter vector 8 = (a(1),...,a(L), b)T.
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Multiple linear regression (Example 1.5). Here we observe X; = (X; (j))gl:1 € R9. The basis
functions fi(z) := 1 and fi4;(z) := x(j) for 1 < j < dyield the design matrix

1 Xi(1) - Xi(d) e
L
D - 1 X2.(1) X2.(d) _ 1 X'Q e RPX(@+D),
I Xa(h) o Xa@)]  |1ox]
and f(z) =a+ Z;l:l bjx(j) corresponds to the parameter vector 6 = (a, b1, ...,ba) " .

2.2 Estimation of 6

From now on, we assume that the design matrix has linearly independent colums, that means,

(2.1) rank(D) = p < n.

In particular, n > p. That means, for arbitrary vectors n € R? \ {0}, the vector Dn # 0, so
0 < [|Dn|*> = n"D'Dn.

Here and throughout this course, || - || denotes standard Euclidean norm. Consequently, Condi-

tion (2.1) is equivalent to
(2.2) D'D is positive definite.

This fact will be used frequently.

Exercise 2.1. For real numbers X1, Xo, ..., X, and an integer d > 1, let
1 X, x¢ - Xx¢
1 X, X2 - X¢§
D= | '2 2 ' 2
1 X, X2 ... Xx¢

be the design matrix for polynomial regression of order d. What is a necessary and sufficient
condition on the numbers X; for (2.1) to hold?

Hint: One can use determinants. Alternatively, one can think about the meaning of Dn = 0 in
. d .
terms of the function R 3 z — g(x) 1= 357,127

2.2.1 Least Squares Estimation
A vector 0 € RP is called least squares estimator (LSE) of 0 if
IY — D6|*> = min Y — Dnl*.
neRp

In other words, one chooses 6 € R? such that the sum of squares
n p R 2
S (V= YA
i=1 j=1

becomes minimal. The function fA‘ = Z§:1 5] f; s a LSE of the true regression function f.
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Lemma 2.2. Under Condition (2.1) there exists a unique LSE of 6, namely,
6 = (D'D)"'D"Y.

First proof of Lemma 2.2 (analytical). Let Q(n) := ||Y — Dn||2. For arbitrary vectors n, v €
RP,

Q(n+v) = Y — Dy — Dv|?
IY — Dn|* —2(Y — Dn)" Dv + || Dv|]?
= Q(n)—-2(D'Y —-D'Dn)"v+v"'D'Dwv.

This shows that the gradient of () at 7 is given by —2(DTY — DTDn), and the Hessian matrix
(2nd derivative) equals 2D "D everywhere. The latter is positive definite by assumption (2.2),
whence Q is a strictly convex function. The gradient is zero if and only if D'Y = D'Dn,
som = (D'D)"'D'Y. Hence, Q has a unique local minimum at (D'D)~'D'Y, and by
convexity of (), this point is a global minimum. O

Second proof of Lemma 2.2 (quadratic completion). One may write

|Y = Dn|* = |Y|?-2n"D"Y +7"D'Dn
= |Y|?*-2n"(D'D)(D'D)"'D'Y + ' D'Dn
= |Y|*-2n"(D'D)n,+n'D'Dn
= |Y|*-n,D'Dn,+ (n-n,) " (D'D)(n-n,),

where 7, := (D'D)"'D"Y. Together with (2.2) this implies that 7, is the unique LSE of
6. O

Remark 2.3 (Numerical computation). The formula in Lemma 2.2 is useful for theoretical con-
siderations. For the explicit calculation of 5, it is possibly problematic because the quadratic
matrix D "D can be rather ill-conditioned in the sense that the ratio of its smallest and largest
eigenvalues is very small. Numerically more stable procedures are based on good choices of basis
functions, as illustrated later in three particular settings, or, on the QR decomposition of D; see

Section A.1 in the appendix.

Remark 2.4 (Geometric interpretation). For a better understanding of the properties of 6 and
other prodedures introduced later, the following consideration is useful: We assume that the vector
Y is equal to f(X) = D@ plus some random error €. The vector f(X) is a point in the linear
subspace

M = {¢y(X):ge F} = span(fl(X),fg(X),...,fp(X)) = {Dn: n € RP}

of R", the so-called model space. By definition of the LSE,

Y = f(X)= D6 = argmin|Y — w|.
M

we
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R™ Mt

Figure 2.1: Data vector Y and its projection Y = HY onto the model space M.

Hence, the “fitted vector” (vector of fitted values) Y is the orthogonal projection of Y onto the
model space M; see figure 2.1. That Y — Y is perpendicular to M follows from the following
standard argument: Since |Y — Y|| minimizes |Y — w| over all w € M, for any direction

veM,
d

S Y — (Y +t0)2 = —2(Y - V) Tw.
dtt:oll (Y +to)] ( ) v

If one uses a different parametrization of the linear model J, that means, different basis functions
fj» both the design matrix D and the parameter vectors 6, 0 change, but the model space M, the
vectors f(X),Y = f(X) and the function f remain the same!

Remark 2.5 (Hat matrix). By means of Lemma 2.2, one may write the fitted vector Y = DO as
Y = HY

with the so-called hat matrix

H = D(D'D)"'D" e R™™.
This matrix describes the orthogonal projection of R™ onto the model space M. The name indi-
cates, that multiplying Y with H results in “putting a hat on Y.
Exercise 2.6 (Projections and orthogonal projections). With this exercise we recall some facts
from linear algebra.

(a) Let X be a real vector space, and suppose that H : X — X is a linear mapping. With
I(z) := x we define H := I — H. Then, any point x € X may be decomposed as © = 1 + 22
with 71 := H(z) and x5 := H(z). Moreover, X = X + Xy with X := H(X) and X3 := H(X).

Show that the following three statements are equivalent:
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(a.l) H?> = H;
(a.2) H?> = H;
@3) X1NXy = {O}

In case of (a.1-3), H is called a (linear) projection. Verify that in this case,
H(x) =z and H(z) =0 ifx € Xy,
H(r) =0 and H(z) =z ifx € Xo.

(b) Now let X = R? and H(x) := (z1 — 22,0)". Show that H2 = H, and determine the
subspaces X1, Xo.

(c) Now let X = R™. A linear mapping H : R” — R" corresponds to a matrix H € R"*". Show
that the following statements are equivalent:

(c1) H=H' and H?> = H:
(c2) H=H'"H;
(03) Xl 1 Xz.

In case of (c.1-3), H is called an orthogonal projection.

Exercise 2.7 (An abuse of regression?). In various contexts, people try to use linear regression
in a somewhat unusual way to obtain “adjusted data”. Suppose there are n units (for instance
social services of n different municipalities) which should be ranked in terms of their costs. Let
Y1,Ys, ..., Y, be the units’ raw cost measures (for instance, expenditure for social welfare per
year and inhabitant). To avoid comparing apples and oranges, one takes into account vectors
X1,Xo,..., X, € X of covariates describing the units’ circumstances (for instance, percentage

of single parents, percentage of foreigners). The idea is that
Y; = f O(Xi) + 7

with an unknown function f, : X — R describing the costs to be expected under given circum-
stances and individual performances 7y, 79, . . ., T, Which are the units’ true contributions to the
costs, low or high values of 7; meaning strong or poor performance, respectively. In order to
reconstruct
m = Y — fo(Xi),
one estimates f,, for a given linear model F, by
n
f e argminy (Yi - f(X0))?,
feFr 4

and estimates m; by the residual

~

m =Y — f(Xi).
What is your gut feeling about this approach?

(a) Suppose that our choice of F is appropriate, that means, f, € /. Under what condition on 7
is

T =77

(b) Could you imagine potential reasons for this assumption to be violated?
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2.2.2 Examples for 0

In this subsection we derive the LSE in some specific models.

One-dimensional models. The simplest linear model is certainly
Y =0+¢

with an unknown parameter § = IE(Y") € R. In case of n observations, D = 1 = (1,1,...,1),

soD'Y =37 |V, |D|?> = nand 6 is just the sample mean of Y,

0 =Y.
Here and throughout these notes, we write ¥ := n~1 "% | v; for a vector v = (v;)"_;.

Now, more generally, suppose that
Y = Hfl (X ) + e

with a given function f; : X — R and an unknown parameter # € R. In this case, D = f1(X) €

R"™, and
~ DY
D>

We encountered a specific example for such a one-dimensional model in Exercise 1.7: There, we
considered the timber yield Y of a wild cherry tree in relation to the height X (1) and maximal

diameter X (2) of its trunk. A simple geometrical consideration led to the linear model
Y = 0X(1)X(2)% +¢,

so f1(X) = X(1)X (2)2.

One-way ANOVA (Example 1.1) Here X € {1,2,...,L} and 8 = (f(j))JLzl. A natural

estimator seems to be the vector (Y'( j))]Lzl of group-wise sample means

Y() = n()™" DV

1:X;=x;

with the group sizes
n(j) = #{i: X; = x;}.

Indeed, this is the least squares estimator: One can easily verify that

D'D = diag(n(1),n(2),...,n(L)) =
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and

The fitted vector Y is given by

~

Y = (V(X1),V(X2),..., V(X)) .

The corresponding model space consists of all vectors g(X) = (g(X;))?_; with an arbitrary

functiong : {1,..., L} — R.

Simple linear regression (Example 1.2). Here D = [1, X], so

11 17X 1 X
D'D = [ } = n[ _ }
1'X || X2 X oY X|?
—1 2 \
Tr\—1 2 o2\—1 |1 HXH - X
(D'D)™" = (| X]|* — nX?) [ % E

o - %] - [25]

X'y X'y
Consequently,
b\_ /a\ . (HX||2— XQ)—I _n_1||XH2 *X n?
b T " X 1] |xTy
_ s o1 [IXPY - XTYX
= (IXIP =5 Pxry axy
ez et [(IX2 = nX2) Y — (XTY —nXV) X
leading to
— o~ = -~ XTY - nX?
2.3 a =Y -bX d b= ————.
2 ! " X2~ nx?

This was a brute-force calculation using Lemma 2.2. The resulting fomula for b should be used

with care, because small rounding errors in X or Y may lead to strong aberrations in b.

With a bit more geometry, one can derive equivalent formulae more elegantly: The computation
of the LSE is rather easy if the columns of the design matrix are orthogonal, because then D "D
is a diagonal matrix. This can always be achieved by orthogonalizing the columns of D, e.g. via

the Gram—Schmidt procedure. In the present example this works as follows:
We replace the vector X with

- 1'X _
X =X-—1=X-X1,
1'1
because this vector is perpendicular to 1. In other words, we rewrite the model equation for a

generic observation (X, Y) as

Y = a+bX +¢ =a+bX - X) +e,
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where @ := a + bX. Hence, we consider the new basis functions fi(x) = 1 and f2(z) = v — X.

The corresponding design matrix equals

1 Xi1—-X
~ B 1 Xo—X
D = [17 X] = . . )
1 X,—X
and
~T ~ n 0 n 0
D D = N = ol
[0 \XIIQ] [0 HX!P—HXQ]
5Ty _ nyY _ nY
T |x"y| T | XTY —nXY|”
Thus

al _ Y _ Y
bl Xy x| T XY —nXY)/(1X]2 - nX?)]
Since d = @ + bX , these formulae imply the expressions (2.3).

Remark: The estimated regression function f may be written as

~ —

f(x) = Y + bz — X).

o~

In particular, f(X) = Y, so the regression line contains the barycenter (X,Y") of all data pairs
(Xi, Y5).

With the sample standard deviation

SV) = (=) (i 72
=1

of an arbitrary vector V' € R"™ and the sample correlation coefficient

> (Xi — X)(Y; - Y)

r(X,Y) = = — € [-1,1]
V(X = X)2 /S (v - V)2
one can also write S(Y)
b= r(X,Y) 2
T( Y ) S(X)
Hence, the regression line always lies between the graphs of the functions
- S(Y) .
24 =Y+ ——5(r—X);

see Figure 2.2.

The inequality 7(X,Y) € [—1,1] is a consequence of the Cauchy—Schwarz inequality. For
r(X,Y) is the standard inner product of the unit vectors u := || X — X1||7}(X — X1) and
v:=|Y - Y1||71(Y — Y1). The extremal cases (X ,Y) = £1 correspond to v being a posi-
tive or negative multiple of u, and this is equivalent to all observations (X, Y;) lying on a straight

line with positive or negative slope, respectively.
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I
165 170 175 180 185 190 195

X, X

Figure 2.2: Position of the regression line (black). The red lines indicate X and Y, the blue lines
are given by (2.4).

Exercise 2.8 (Orthogonal polynomials, I). The Gram—Schmidt procedure is just one of several
possibilities to orthogonalize the columns of the design matrix. In particular, for polynomial

regression there is an elegant alternative based on so-called three-term recursions.

Preliminary consideration: Let po(x) := 1 and p; (x) := x — by for some by € R. Now, we define

inductively
per1(w) = zpr(x) — brpr(z) — cppr—1(2)
for k =1,2,3, ... with certain real numbers by, c;. One can verify that for each k£ € Ny, the func-

tion px(x) is a polynomial of degree k with leading coefficient 1. In particular, each polynomial

p(z) of order k is a linear combination of py(x), ..., pr(x).

Now, let X € R™ with #{X1, Xo,...,X,} > d+ 1, where d € N. Show that the constants
bp and by, cr (1 < k < d) can be chosen such that the vectors po(X), p1(X), ..., pa(X) are
orthogonal.

Hint: The considerations for simple linear regression show already that by = X. Now suppose
that for some 1 < k£ < d the vectors po(X), ..., pr(X) are orthogonal.

(i) Show that pk+1(X)ij(X) = 0for 0 < 5 < k — 2, no matter how by, and ¢;, are chosen.
(ii) Determine by and c;, such that pg 1 (X) Tpr(X) = pry1(X) Tpr_1(X) = 0.

Exercise 2.9 (Orthogonal polynomials, IT). Write a computer program OrthPoly (X, d) with in-
put arguments X € R" and d € N, performing the following tasks: First it checks whether
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#{X1, Xo,..., X} > d+ 1. If no, it returns a warning. If yes, it returns the design matrix

D = [po(X),p1(X),...,pa(X)]

with the polynomials pg, p1, ..., pqs(X) as in Exercise 2.8.

In addition, it should return upper triangular matrices B, @ € R(4+1x(@+1) gych that

E : G+, k+1$

and
k
Z 1Py (2
=0
fork =0,1,...,d. These requirements on @, B are equivalent to saying that for arbitrary vectors
07 IB 6 Rd+la
d d

Z Op1pp(z) = Z(Be)j+1fﬂ]7

k=0 §=0
and

d d

ko
Zﬁkﬂx = Z (©8)11p;(=
k=0 7=0

One-way ANCOVA (Example 1.4). Here, X = (C, W) with the categorial covariate C' €
{1,2,..., L} and the numerical covariate W € R. The basis functions f;(c,w) := 1j.—; for
1 <j<Land fr+1(c,w) := w yield the design matrix D with columns

Dj = (licyeg) iy, 1<i<1L,

and
Dy =W = (Wi,

As mentioned for one-way ANOVA, the columns D1, ..., Dy, are orthogonal. So the Gram—
Schmidt procedure would replace W with

L T L Wl _ V?(Cl)
_ Wy — W(C
ZD;T; = W=y WD, = | )
B = W, — W(Cy)
where
2.5) W) = n()™" > Wi and n(j):=#{i: Ci = j}.
:Ci=j

Replacing W with W means to rewrite the model equation for (Y, C, W) as follows:

Y = a(C) +bW +¢ = a(C) + b(W — W (C)) + e
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with
a(e) = a(c) + bW (c).

The corresponding design matrix D has the orthogonal columns D1,..., Dy, W, and the LSE
for 6 = (a(1),...,a(L), b)T is given by

Y (1)

0 = o
Y(L) ’
—~ T —
w Y /|wW|?
where Y () is defined as W (j) in (2.5) with Y in place of W. Consequently,
a() = V(i) -WG), 1<j <L,

and
n

n

~ ~T —~ _ _

b= W Y/|W|? = Y (Wi- W)Y/ S (Wi = W(Ci)*
i=1 i=1

Hence, the groupwise means of Y are corrected for the potential influence of W on Y and take

into account potential differences of the groupwise means of W.

2.2.3 The Coefficient of Determination

A descriptive measure of the fit Y is the coefficient of determination

P M N et 4 i
S (Y - Y)? [y — v’

also called ‘R-squared’. The differences
Yi— Y,

are the so-called residuals, so R? compares the residual sum of squares y (Vi — 2)2 with the
total sum of squares Y i (Y; — Y)? of the Y-values. One could say, R? is the percentage of
variability in the Y -values which can be “explained” by the covariate X.

Obviously, R? < 1, where R? = 1 ifand only if Y = Y. Typically, R > 0. The latter inequality
is guaranteed if the linear space F contains the constant functions. A bit more generally, R? > 0
whenever the model space M contains the constant vector 1. Because then, the vector Y - V1

lies in the model space M, and this implies that it is perpendicular to Y — Y € M. Hence,
[y —vaff' = |y -Y|* +[[y —va|"

The complete geometrical picture is that Y may be represented as a sum of three pairwise orthog-

onal vectors,

Y= YL +Y-V14+Y-Y.
~~ —_—— ——
€ span(1) e Mn1t c Mt
In particular,
12 S oo l12
N a1 N et 1

[y =¥ [*+ vy —vaf* )y - Y|+ [y -y’
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Exercise 2.10. Show that in the model of simple linear regression, the coefficient of determination

equals the square of the sample correlation coefficient,

R? = r(X,Y)>

When comparing different models for the same data set, it is advisable to work with the adjusted
coefficient of determination (adjusted R-squared). It takes into account the complexity of a linear
model F, i.e. its dimension. For if we increase the set of basis functions, we usually decrease
the residual sum of squares as well. The residual sum of squares )" | (Y; — }7;)2 involves p
parameters, while the total sum of squares > |(Y; — Y)? corresponds to a one-dimensional

model. Thus, we define the adjusted R-squared to be

o (n_p)_l ZZ(Y;
ooy = L TS Wi

R U b et 4
? (n—)TY - V1

This formula has also a geometric interpretation: ¥ — Y is the orthogonal projection of the data
vector Y onto the (n — p)-dimensional linear subspace M~ of R™, while Y — Y1 is its orthogonal
projection onto the (n — 1)-dimensional linear subspace 1.

Exercise 2.11. The data set ‘Trees.txt’ contains for n = 31 wild cherry trees the values of the

variables

Y : its timber yield,
X(1): the height of its trunk,
)

X (2): its maximal diameter (at waist height).

(a) Determine by means of a suitable computer program the LSE and the values of R? and Ridj
for each of the following models:

<
I

Y = a+b(1)X(1) +b(2)X(2) + &,
logY = a+b(1)log X (1) + b(2)log X (2) +
logY = a+log X(1)+ 2log X(2) +

Compare and discuss the results.

(b) Which of the two covariates X (1) and X (2) is more reliable to predict the response Y'? Can
you imagine a biological reason for that? Or a technical one?

Exercise 2.12. Apply the model of one-way ANCOVA to the data set ‘Goats.txt’. The latter is
about the weight gain of goats in relation to their initial weight and the variant of an anti-worm
treatment. Compute the LSE by means of the formulae provided in the lecture, and compare your

results with the output of some statistics software.
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Exercise 2.13. The data set ‘Exam.txt’ contains the exam results of n = 88 students in five
different subjects. Analyze to what extent the results in one subject may be predicted by an affine

function of the results in the other four subjects.

Exercise 2.14. The data set ‘BrainSize.txt’ contains for n = 40 students three different IQ scores
plus the values of other covariates such as gender, body height, size and density of brain (based
on magnetic resonance images). Analyze the (apparent) connection between one of the 1Q scores
(Y) ane the covariates gender, body height and brain size. What happens if you leave out some of

the covariates? Specify your model equation for each analysis and interpret the results.

2.2.4 The Precision of 5

Throughout these lecture notes, we use standard definitions and properties of expectations and
covariances of matrix- and vector-valued random variables. These are collected in Section A.2 in
the appendix.

The assumption that IE(e;) = 0 for all ¢ may be rewritten as
E(e) = 0.
If we assume that the errors ¢; are uncorrelated with the same finite standard deviation o > 0, then
Var(e) = o1I.

This has the following consequences for the LSE:

Lemma 2.15. IfIE(e) = 0, then @ is an unbiased estimator of 0, that means,
E6) = 6.
In case of Var(e) = o1, it holds that

~

Var(8) = o*(D'D)™ .

Proof of Lemma 2.15. Recall that & = AY with
A = (D'D)'D" ¢ R,
If [E(e) = 0, it follows from the general rules of expected values and Y = D@ + € that

E(A) = IE(ADO + Ae)
= ADO + ATE(e)
= (D'D)"'D'D6
=}
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Moreover, in case of Var(e) = 021,

Var(6) = Var(AY)
= AVar(Y)A"
= 0?AAT
= ¢3(D'D)'D'DD'D)™!
= o2(D'D)" . 0

Simple linear regression (Example 1.2). To avoid tedious calculations, we apply the orthogo-
nalization trick and write

Y =a+bX+e =a+bX—-X)+e.

—~ _ ~ — ~T ~ —~
With X := (X; — X)), and D := [1, X], it follows from D D = diag(n, || X ||*) that the LSE

of (a,b) ' equals
[A] [ : ]
b X Y /HJK H2

Moreover, in case of homoscedastic errrors, Lemma 2.15 implies that the covariance matrix of this

LSE (Y,E)T is given by
9 [1/71 0 }
o 2| -
0 1IX|

This implies that the LSE for @ = (a,b) " = (a — bX,b) " is given by

with covariance matrix

Var(Y) + X? Var(/b\) -X Var(/l;)

— X Var(b) Var(b)

o~ T~ o~

Var(Y — X/l;) Cov(Y — X0, A) B
Cov(Y — Xb, b) Var(b) B

2

1/n+ X2/||IX 12 —X/[iuzl
~X/XP yIX)R )

-~

because Cov (Y, b) = 0. For a fixed number € R, a natural estimator for f(z) is given by

-~

soIE f(z) = f(x) and

R T — v )2 xTr — X)?
Var(f(x)) = 02(i+(ux”\)\?> = z?fﬂxf—) %)

Hence, this variance is minimal at z = X, and it is a strictly increasing, quadratic function of
|z — X|.
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One-way ANCOVA (Example 1.4). Again we work with the modified model equation
Y = a(C)+ bW +¢ = a(C) +b(W — W(C)) +e.

With the groupwise centered vector W := (W; — W(C;))™,, the LSE of (a(1),...,a(L), b)—r
equals
Y (1)
Y(L) ’
—~ T —~
W Y/|wW|?
and its covariance matrix is

52 diag (n(1)~1,...,n(L)™1) 0 )
0 Wi~

(in case of homoscedastic errors). Hence, the LSE of 8 = (a(1),...,a(L), b)T equals

V(1) = bW (1)

o= :
Y (L) — bW (L)
b
and its covariances are as follows:
N 2
Var(b) = 7 ,
w2
- - 1 c=d| W(C)W(d)
Cov(a(c),a(d)) = o> [ + EA ,
@e.a) = (S5 + e )
Cov(a(c),B) = —o? e
W2
In particular, for two different categories ¢,d € {1,..., L},

Var(a(c) — a(d)) = Var(?(c) — ¥ (d)— (W(e) — W(d))@)
af 1 1 (W(e) —W(d)
? (n(c) * n(d) + W |2 )

Exercise 2.16. Consider the model of one-way ANCOVA (Example 1.4). For two different cate-
gories ¢,d € {1,..., L}, we consider estimators 7 = 7(data) of the difference v := a(c) — a(d)

and quantify their imprecision with the mean squared error

MSE®) = E((F - )?).
Compare the estimator @(k) —a(j) with the naive estimator Y (c) — Y (d) resulting from the model
of one-way ANOVA, ignoring W. When is the LSE strictly better than the naive one in terms of
MSE?
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2.3 Estimation of o

The observation vector Y can be written as
Y = Y +&

Here Y = f(X ) = HY is the fitted vector, with H denoting the hat matrix, and € is the so-called

residual vector

e =Y-Y = (I-H)Y.

The i-th component of € is Y; — }Afi, called the i-th residual. Geometrically speaking, Y is the
orthogonal projection of Y onto the model space M, and € is the orthogonal projection of Y™ onto
the orthogonal complement M of M.

The least squares estimator 0 depends only on lA’, because € is perpendicular to M, which is

equivalent to D T = 0, whence
6 = (D'D)"'D'(Y +8) = (D'D)"'D'Y.
On the other hand, € depends only on the error vector &, because (I — H)D = 0, whence

¢ =I—-H)(D0+¢) = (I-H)e.

Now let’s assume that all errors €1, €9, . . ., €, have mean zero and variance o> < oo. If an oracle
would give us the error vector € or at least its Euclidean norm ||&||, a natural unbiased estimator
of 02 would be given by ||€||?/n. One could read this estimator as the “squared norm of the error
vector divided by its dimension”. Since we know at least the projection € of € onto M, a feasible
estimator for o2 is given by

PO [ | b o et 0 4

dim(M*)  n—p n—p

The following Theorem provides some statistical properties of 2.

Theorem 2.17. IfIE(e) = 0 and Var(e) = oI with0 < o < oo, then
E(G?) = o2

If the errors €1, €3, . . ., €y, are independent with IE(g;) = 0, IE(¢?) = o2 and IE(¢}) < Ko* for

2

all i and some real constant K, then

K-3)tT+2
( )T+ o

Var(c*) p—

Remark 2.18. In case of independent errors with a Gaussian distribution N(0, 02), we have the
equation IE(e}) = 30*. Then, the proof of Theorem 2.17 reveals that Var(5?) = 20/(n — p);

see also the next chapter.
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Proof of Theorem 2.17. With the hat matrix H, the matrix H := I — H describes the orthogonal
projection onto M ; see also Exercise 2.6. In particular,

T

H' =H=H".

(This could also be verified by direct calculations.) Hence,

n
IE> = |He|®> = €"H 'He = e"He = Y Hyepe;.
ij=1

Now, it follows from IE(g;e;) = 0 whenever i # j and IE(?) = 0 that

IE (||]?) Z H;;E(eiej) = O'QZH” = o?trace(H) = o%(n —p),
,j=1

and this yields the desired equation IE(5?) = o2. Here we used the equation
trace(H) = dim(M1) = n—p.

The latter may be verified by elementary calculations, but it is also a general fact for matrices

describing orthogonal projections; see Exercise 2.19.

Concerning the variance of 52, the variance-covariance formula for weighted sums of random
variables implies that
n n
Var(||?§||2) = Var( stzs]) = Z ginkg Cov(eiej, exer)-
ij=1 0,5,k 0=1
Elementary calculations (Exercise 2.20) show that

E(e}) -0t ifi=j=k=1,

Cov(egiej,exer) = < o ifi # jand {7,5} = {k, (},
0 else.

These formulae, together with symmetry of H, lead to

Var (1) = Y HZ (B — o) +20* 3 1,
i=1 ',j—l

zzmmm +wz

i= 1,7=1

n
= Zﬁi (E(c}) — 30*) + 204 trace(I:ITH)

n

- ZﬁQ (E(c}) — 30*) + 20* trace(H )

7

=1
n
= Z 02 (E(e}) — 30%) + 20*(n — p).
i=1
But0 < H;; <1,s0 Hfz < Hn (Exercise 2.19). Consequently,

Var (HEHQ) < ((K -3)" + 2) (n— p)a4

whence Var(5?) = (n — p) 2 Var(||€]|?) satisfies the asserted inequality. O
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Exercise 2.19 (Orthogonal projections). Let H € R™*" describe an orthogonal projection, that
means, H = H? = HT.

(a) Show that

IN

[E2e
|||?> if and only if x € HR",
=0 ifand only if x € (I,, — H)R™.

(Fzedly

Deduce from that the inequality

(b) Show that
trace(H) = dim(HR").

Hint: Recall (or verify) that trace(ab' ) = b" a for a, b € RF or, more generally, trace(AB ") =
trace(B " A) for matrices A, B € RF*¢,

Exercise 2.20. Show that in case of independent and homoscedastic errors €1, . . . , €, with finite

fourth moments,

E(e}) —ot ifi=j=k=1,
Cov(eigj, exer) = ot ifi # jand{i,j} = {k, ¢},

0 else.

Remark 2.21 (Adjusted R-squared). With the variance estimator 52 in mind, one may re-interpret
the adjusted coefficient of determination as follows:

ZZ(E - }?)2/(71 - p) - 11— a-\1?ull model .
Zi (Y; - Y)Q/(n - 1) Ur2r1inima1 model

2
minimal model

2
Radj =1-

/\2 . . /\2 . . A~ . .
Here 07,y 10401 18 the estimator o described before while o | is the sample variance

of Y, corresponding to the simplistic model equation Y = 6 + ¢ with unknown 6 € R.

2.4 The Gauss—Markov Theorem and Standard Errors

Often one is not interested in the full vector @ but rather in specific linear combinations of its

components. Such a quantity may be written as 1 "0 with a non-zero vector ¢ € RP.

Example 2.22 (Polynomial regression). Let X; € Rand Y; = f(X;) + ¢;, where f(z) =
E?:o 0;+127 with an unknown parameter vector @ € RT!. Suppose we are interested in the

value f(x) for a particular point € R. Then, we consider
f(z) = 0 with o = (1,z,2% ..., 29"
Suppose we are interested in the derivative f’(x). Then, we consider

fl(z) = "0 with + = (0,1,2x,...,de 7",
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Exercise 2.23. Consider X; € Rand Y; = f(X;) +¢; with f(z) = Z;l:o 0;+127 with unknown
0 € R4t1, where d > 2. Represent the three quantities

n

1 b
S F. [ fde and f0) o) - 0 a)f @)

i—1
as 1 ' @ with suitable vectors ¢ € R4TL,

Example 2.24 (Simple linear regression). Let X; € R and Y; = a + bX; + ¢; with unknown
parameter vector @ = (a,b) . Suppose we are interested only in the slope b, that means, in V'

with 4 = (0,1)T. One could think of various estimators for b, for instance

bi=1'0 = Z(X7, —X)Yi/Z(Xi - X)?,
i=1 i=1
Yn _Yl

ij=1 ij—1

All previous estimators b may be written as a | Y with a certain weight vector a € R™. Moreover,

in all three cases one can show that IE(b) = b. Now an obvious question is whether there exists an

optimal estimator of this type.

Exercise 2.25. Show that in the model of simple linear regression, the least squares estimator b

for the slope b may be written as

_ 21§i<j§n(Xi - Xj)(Yi - Y})

b
Elgiq’gn(xi - Xj)2

In general, ¢T§ is a natural estimator for ' @, and it may be written as
¥'0 = a,Y with ay := D(D'D) 4.

Moreover, it follows from Lemma 2.15 or from a direct calculation that IE('z,Z)Ta) — 4" 6. Thus,

it is an unbiased linear estimator in the following sense:

Definition 2.26 (Linear and unbiased estimators). A linear estimator of ¥ ' 0 is a linear form

a'Y with a fixed vector @ € R™. Such an estimator is called unbiased if
E(a'Y) ='6
regardless of the actual value of 8. This is equivalent to the requirement
a'Dn = ¢y forally e RP,
which may be expressed as

(2.6) D'a = .
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The following theorem shows that the so-called Gauss-Markov estimator 1/)T§ is the unique linear

and unbiased estimator with minimal variance.

Theorem 2.27 (Gauss—Markov). Suppose that IE(e) = 0 and Var(e) = o?I. A linear unbiased
estimator Y + a'Y of '@ has minimal variance if and only if a is contained in the model
space M = DRP, that means Ha = a. There exists precisely one vector a with these properties,
namely,

a = D(D'D) 4.

Proof of Theorem 2.27. The variance of an arbitrary linear estimator a' Y is equal to
Var(a'Y) = a' Var(Y)a = o2|a|?
Thus, we would like to minimize ||a||? under the constraint (2.6). Since
D'H =D'DMD'D)'D" = DT,
property (2.6) for a carries over to Ha. Hence
Var(a'Y) = o°||al?
= o’|Ha|® + 0*|a — Hall?
= Var((Ha)TY) + o%|a — Hal?
> Var((Ha)'Y)
with equality if and only if @ = H a. Together with (2.6) the latter identity implies that

a = Ha = D(D'D)"'D"a = D(D'D) 9.
O

Example 2.28 (Absorption spectra). Consider an aqueous solution of p different substances with
unknown concentrations 61, ..., 0,. To determine 6, one measures for given wavelengths X; <
Xy < --- < X, the absorptions Y7, Ys, ..., Y, of light. One assumes that

p
Y, = Zejfj(Xi)—FEi
=1

with independent random errors €1, €9, ..., &, With mean 0 and standard deviation ¢ > 0, and
fi, ..., fp are the absorption spectra of the p substances, which have been determined in extensive
experiments before. That means, f;(z) > 0 is the mean absorption of light of wavelength z in a

solution with unit concentration of substance j only.

Often, each spectrum fj, has a characteristic peak at a given frequency xj, where x1, ..., x, are
different. Then, chemists or physicists often choose a moderate number £ and compute for 1 <
k < p the local average

14

~ 1

Y = Zzy;‘(k)—&—s
s=1
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over wavelengths X;x) 11, ..., Xj(x)4e close to zx. Then, they solve the linear equation system
P,
kaj 7 =Y, forl<k<p
j=1

with the average
l
= 1
fri =5 > F(Xige+s)
s=1
of spectrum f; over the ¢ frequencies for substance k. If the matrix

F = (fkj)i,jzl

p

. . ~o .
is nonsingular, the vector = («9;’) =1 1s given by

~o o
6 = F ' (Y)h_,.
Note that this defines an unbiased linear estimator of 8. Moreover, the covariance matrix of this
estimator 8 is given by

Var(8°) = o>~ Y(F'F)™!,
provided that all p¢ frequencies X1)45, 1 < k < pand 1 < s </, are different. In that case, the

local averages Y7, . . ., ffp are independent, each with variance o2 /.

The Gauss—Markov theorem, however, recommends to compute the LSE 6 with components

where the vectors ay, ..., a, € span(fi(X),..., fp(X)) are given by

la1,...,a,) = [fi(X),..., [(X)] (D'D)™*

with DD = (f;(X)T fx(X)) Here we know that

p
jk=1"

o~

Var(8) = o?(D'D)™L.

The following (artificial) example with p = 3 substances illustrates the benefit of using the LSE
0 rather than the ad hoc estimator . The upper panel of Figure 2.3 shows the spectral vectors
f1(X), f2(X), f3(X) with peaks at x1 = Xgo, 2 = Xj00, 23 = Xi60. The lower panel shows
the optimal “filter vectors” a1, as, as. Explicit formulae are

0.1830 - f1(X) — 0.0620 - f2(X) -+ 0.0002 - f5(X),
az = —0.0620 - f1(X) +0.0917 - fo(X) — 0.0024 - f3(X),
as = 0.0002- f1(X) —0.0024 - fo(X) +0.0371 - f5(X).

ay

Here and in what follows, numbers are rounded to four decimal places.

~ . ~0
Now we compare @ with the ad hoc estimator 6 based on the local averages

1 85 1 105 1 165
Y, = — Y, Yy = — Y, V3 = — Y,
1 11 - Iz 2 11 - iy 3 11 Z 7
1=75 =95 1=155
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Figure 2.3: Three absorption spectra f;(X) (upper panel), and the corresponding filter vectors
a; = (aij)j_, (lower panel).
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over £ = 11 frequencies. The resulting covariance matrices are equal to

~ 0.1830 —0.0620  0.0002]
Var(8) = o* | —0.0620  0.0917 —0.0024 |,
0.0002 —0.0024  0.0371 |

. 0.4050 —0.1149 —0.0003
Var(6°) = 02 | —0.1149  0.1381 —0.0057
| —0.0003 —0.0057  0.1445

. .. -~ ~0
In particular, the standard deviations of the components of 6 and 8 are equal to

Std(61) 0.4278 Std(67) 0.6364
Std(fy)| = o [0.3027| and |Std(63)| = o [0.3717
Std(63) 0.1927 Std(62) 0.3802

As predicted by the Gauss—Markov theorem, the estimator 0 is substantially more accurate than

. ~o0
the ad hoc estimator 6 .

To illustrate the LSE, we simulated noisy data Y; = f(X;) + &; with independent random er-
rors g; ~ N(0,0.3%), where f(x) = 01fi(z) + O2f2(x) + 03f3(x) with concentration vec-
tor = (3,2,1)". Flgure 2.4 shows the true spectrum f (X) as well as the noisy data Y’
plus the fitted spectrum ¥ = f(X) and its constituents 0, ;i f;(X). The LSE turned out to be
0= (2.9524,2.0442, 0.9649) .

Remark 2.29 (Standard errors). In case of IE(€) = 0 and Var(e) = o021, the standard deviation
Std(@bTa) of the Gauss—Markov estimator of ¥ ' 6 is equal to

oy = 0\/p (D'D)"'p = o|ay|

with @, := D(D D) '4). This standard deviation 04 involves the unknown standard deviation

o of the errors ¢;. If we replace o with o, we obtain the so-called standard error
5y = 5\/¥ (D'D) 1y = 5layl.

In general, an estimated standard deviation is called a standard error.

2.5 Properties of the Estimators in Misspecified Models

Let us talk briefly about the behaviour of the estimators 0 and & in case of the true regression
function f being not necessarily an element of the linear model F. Geometrically this means, that
the vector f(X ) = IE(Y') could be outside of the model space M = DRP.

As to 8 we could simply define
0 .= E6) = (D'D)"'D'f(X),
with D = [fi1(X),..., fp(X)]. Then, 0 is still an unbiased estimator of 6, and

D6 = Hf(X).
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f(X7)
1.5 2.0 25

1.0

0.5
1

0.0

0 50 100 150 200

0 50 100 150 200

Figure 2.4: The spectrum f(X) of a mixture (upper panel), and its noisy measurement Y~ (lower
panel) together with the fitted spectrum Y = 22:1 6, f;(X) and the constituents 6; f;(X).
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That means, @ represents an approximation f := Z?Zl 0; f; of the regression function f such that

n

1F(X)— FXOF = S (F(x0) - f(x0)

i=1
1S minimal.

In case of homoscedastic errors ¢; with variance o2

, misspecification of the model implies a posi-
tive bias of 52. Precisely,

_ e - FXIF

n—p

The proof of this equation is left to the reader as an exercise.

2.7) IE(G?%)

In case of polynomial regression, one can provide a rather accurate bound for the approximation

error || f(X) — f(X) |- It involves orthogonal polynomials as constructed in Exercise 2.8.

Theorem 2.30 (Approximation error in polynomial regression). Let X’ be a real interval, and let
X € X" be a data vector with at least d + 2 different components, d € Ng. Further let f : X — R
be d+ 1 times differentiable. For0 < k < d+1, let p(x) be a polynomial of order k with leading
coefficient 1, such that the vectors po(X),p1(X),...,pa+1(X) are orthogonal. If F is the linear
space of all polynomials of order d, then

supgex |/ ()
(d+1)!

Equality holds if f is a polynomial of order d + 1.

1F(X) — F(x)| < paa (X))

Proof of Theorem 2.30. We use a few well-known results about orthogonal polynomials and in-

terpolation polynomials as presented, for instance, in the monograph of G. Opfer (1994).
Fact 1: The polynomial pg.1(z) has d + 1 different zeros in X!

Proof of Fact 1: Suppose there exist only m < d points 21 < - - - < &, in X at which pg4 1 equals
0 and changes its sign. Then, for a suitable { € {—1,1}, ¢(z) := £, (x — x;) would be a
polynomial of degree m with the particular property that pg.1(z)g(xz) > 0 for all z € X such
that pgy1(x) # 0. (In case of m = 0 we set ¢(z) := £.) Since ¢(X) is a linear combination
of po(X),...,pa(X), all of which are orthogonal to pg11(X), we arrive at the equation 0 =
q(X) "par1(X), 50 pgy1(X) = 0. Since X has at least d + 2 different components, this would
contradict our assumption that pg1 has degree d + 1.

Fact 2: Let 29 < x1 < --- < x4 be the zeros of pgy1(x) in X. Further let p(z) be the unique
polynomial of order d such that p(x;) = f(x;) for 0 < i < d. Then, for any z € X, there exists a
point £(z) € X such that

_ fIER)
f(z) = p(z) = WZMH@)
Proof of Fact 2: For z € {xg, z1,...,x4} there is nothing to be shown, because f(z) — p(z) =
0 = pg+1(2). Hence, let z & {xg, z1,...,x4}. Now we define

hz) = f(z) = p(x) — pat1(2)
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with v := (f(2) — p(2)) /pa+1(z). This defines a function i : X — R which is d + 1 times
differentiable and has at least d + 2 different zeros on X', namely, z, zg, z1, . . . , 4. Consequently,
R’ has at least d + 1 different zeros on X', and inductively one may conclude that 2(%+1) has at least
one zero {(z) € X. Since pyy1(x) has degree d + 1 with leading coefficient 1, pglcfll) = (d+1)!,
whereas p(@t1) = 0. Consequently,

0 = hlI(E(2)) = FIAD(E(2)) — y(d + 1),

and this implies that f(2) — p(z) = pay1(2) F @D (E(2))/(d + 1)

Proof of the theorem: With the interpolation polynomial p from Fact 2, the definition of f implies
that

2

l7x) = FXO|° < [[£(X) —p(X)|”
fI (X)) 2
- <—(d+1)! ) Pa+1(X;)?

(SUPxGX | (@)
(d+1)!

A

) a0

Equality holds, for instance, if f is a polynomial of order d + 1. For then f = p + c¢pg41 for some
ceR,and f =p, f{HD) = (d+1)le O

Example 2.31. Suppose that X = (=5, —4,...,0,1,...,5)", ie. n = 11, and let F, be the
space of all polynomials of order d for a given d < 10. By means of Exercises 2.8 and 2.9 one can
determine the polynomials pg, p1, . . - , p1o mentioned in Theorem 2.30. The first seven are given

by po(z) = 1, p1(z) = z, and

() = =10+ 22,
() = =178z + 23,
pa(z) = 72— 2527 + 2%,
(z) = 190.667 z — 31.667 23 + 2,
(z) = —436.364 + 342.182 2% — 37.727 z* + 2°.

with coefficients rounded to three decimals. Now suppose that
f(z) = sin(x —1).
Then, the best approximation of f by a function in F; is given by
d n n
f@) = > 0japj(z) with 041 = Y f(Xi)Pj(Xi)/ > pi(Xi)?.
§=0 i=1 i=1

The following table shows for d = 0,1,...,9 the coefficients 64,1, the approximation errors
|£(X) = f4(X)| and the normalized squared norm || f(X) — fq(X)||*/(n — d — 1) which
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determines the bias of 52, all numbers rounded to five decimals:

3 2
| b |10 = fuxo | EEL Xl
n—d-—1
0 0.11258 2.26127 0.51133
1| —0.04655 2.20793 0.54166
2 0.01185 2.18047 0.59430
3| —0.01260 1.94260 0.53910
4 | —0.00841 0.92950 0.14400
51 0.00148 0.56555 0.06397
6 0.00047 0.13640 0.00465
7 | —0.00005 0.05296 0.00094
& | —0.00001 0.00671 0.00002
9 0.00000 0.00129 0.00000

43

Figure 2.5 depicts the true function f and the approximation f for orders d = 4 and d = 6.
Note that the polynomial approximations are useful within the range of X but problematic when

extrapolated to values z < min(X) or z > max(X).

2.6 Special Parametrizations and Interactions

In connection with categorial covariates, so-called factors, one uses often special parametrizations.
We shall explain these for the cases of one and two factors. Moreover, in the setting of multiple

linear regression, an important concept are so-called interactions which will be introduced as well.

2.6.1 One-Way Analysis of Variance

As in Example 1.1, we consider a covariate X € {1,2,...,L}. Instead of the model equation
Y = f(X) + ¢ one often writes
Y = p+a(X)+e

with unknown parameters u, a(1), ..., a(L) satisfying certain constraints:

Convention 1. For a given reference category j, we require that a(j,) = 0. Then, p is the mean
of Y in case of X = j,, and a(j) quantifies the difference between the category j and the category
Jo with respect to the mean of Y. The connection to the function f : {1,..., L} — Ris:

= f(jo) and a(j) = f(4) — f(o)-

This convention is often appropriate in medical applications when X stands for potential medical
treatments, and j, refers to a standard treatment or placebo. Here a(7) is the benefit of treatment

J compared to treatment j,.

This convention is used by most statistical software packages, and the user may specify the refer-

ence category jo.
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Figure 2.5: Approximating f(z) = sin(z — 1) (green/black) by a polynomial f (blue) of order

d = 4 (upper panel) and d = 6 (lower panel) on {—5, —4,...,4,5}.
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Convention 2. We require that ZJLZI a(j) = 0. In this case one may interpret y as basic effect,
and a(j) is the effect of category j in relation to all others. Now, the connection to the function
f:{1,...,L} > Ris:

1

L
po= =Y f() and a(j) = f(G)—p
j=1

1

Connection to multiple linear regression. Suppose we have arranged the values of X such that
Jjo = L. Then, one may interpret the model equation Y = p + a(X) + ¢ as a special case of

multiple linear regression. To this end we introduce so-called dummy variables
X(j) = 1x=y, 1<i<L,
and then

Y o= p+ ) a()X() +e,

which is essentially the standard model for multiple linear regression with the covariate vector
(X)) ;“:_11 € {0,1}£71. Note that the value of X is uniquely determined by the latter vector and

vice versa.

2.6.2 Two-Way Analysis of Variance

Suppose that X consists of two covariates C' € {1,...,L}and D € {1,..., M }. One could view

X itself as a categorical covariate with L - M potential values. This leads to the model equation
Y = f(C,D)+¢

with an unknown regression function f : {1,..., L} x {1,..., M} — R. From the perspective of
users, however, it is often desirable to distinguish and highlight the influence of the two covariates
separately. For that purpose, there are two different possibilities.

Cross classification

Instead of Y = f(C, D) + ¢, we write
Y = p+a(C)+b(D)+h(C,D)+e

with a “basic effect” u, the “main effects” a : {1,...,L} — Randb: {1,...,M} — R of the

two covariates and their “interactions”
h:{l,...,L} x{1,...,M} = R.

That means, the impact of the main effects is purely additive, and the interactions describe the
deviation of the regression function from a purely additive regression function with summands de-
pending only on C' or only on D. Again one needs certain conventions such that these parameters
i, a(j), b(k) and h(j, k) are well-defined.
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Convention 1. For given reference categories j, € {1,...,L} and k, € {1,...,M}, itis
required that

a(jo) = 0,
b(k,) = 0,
h(jo, k) = 0 forl <k < M,
h(j, ko) = 0 forl<j<L.
Hence,
w=f(jos ko),
a(j) = f(j:ko) = f(Jos ko)
b(k) = f(jo, k) = f(Jo, ko),
h(j, k) = f(5,k) = f(j, ko) = f(Jo, k) + f(Jos ko)

Convention 2. We require that

k
M
> h(j,k) =0 forl<j<L,

L
> h(jk) =0 forl<k<M.

Here,

7j=1k=1
1 M
a(j) = MZf(J,k) — K,
1 1211
b(k) = ZZf(J,k) — K,
j=1
h(j, k) = f(, k) —a(j) —b(k) —
M L
= fU k)= = D FUK) = =D G k) +p
k'=1 7'=1

Hierarchical Modelling

Instead of Y = f(C, D) + ¢, we write
Y = p+a(C)+b(C,D)+¢
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with a “basic effect” p, the “main effect” a : {1,..., L} — R of factor C' and the “side effects”
b(3,-): {1,..., M} — R of the factor D for 1 < j < L. Again, we may achieve identifiability in

two ways:

Convention 1: For given reference categories j, € {1,...,L} and k, € {1,..., M}, we require
that

a(jo) = 0,
b(4,ko) = 0 forl <j<L.

Then,

w = o, ko),
a(]) = f(]7 ko) - f(jm ko)a
b(]7k) - f(]?k)_f(]vko)

Convention 2: We require that

L

> aj) =0,
k)

7j=1

> b(4,

k=1

=0 for1<j< L.

Here,

=1k=1
1 M
a(j) = 57 2 fUk) —m,
k=1 1 ;
/=1

2.6.3 Interactions

Let X = (X(j))?:1 with d > 2 numerical or {0, 1}-valued covariates X (1), ..., X (d). Some of
the latter covariates could be the dummy variables of categorical covariates as described earlier.
The standard model of multiple linear regression assumes a purely additive dependence of Y on

X, ie.

d
Y = u+ BX(3j)+e
j=1

with unknown real parameters u, 51, . . . , 84 and a centered random error €. The interpretation of
the parameters is as follows:

o pequals IE(Y)incaseof X(j) =0forl <j<d;
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e if X (/) is increased by ¢ € R units, while the other covariates X (j), j # ¢, remain fixed, then
the mean IE(Y") changes by Syc.

A more flexible model which allows for the influence of one covariate to be moderated by the

others is as follows:
d
Y = p+> BX6)+ D>, vinX(G)X (k) +e
Jj=1 (j,k)ET

with unknown real parameters p, (1, ..., 3q and i, (j, k) € Z, and a centered random error .
Here, Z is a given set of index pairs (j, k) such that 1 < j < k < dand X (j)X (k) # 0. Now, the

parameters may be interpreted as follows:

e pequals IE(Y)incase of X(j) =0forl <j <d;

o if X (/) is increased by ¢ € R units, while X (j) = 0 for j # ¢, then the mean IE(Y") changes
by Bec;

e if X (/) is increased by ¢ € R units, while the other covariates X (j), j # ¢, remain fixed, then
the mean IE(Y") changes by

<ﬁe+ d>oowX+ D) ’YekX(k)) .

j<t:(3,0)eT k>0:(0,k)eT

That means, for any fixed ¢ € {1,...,d}, the impact of the single covariate X (¢) on the response
Y is affine, but the corresponding intercept and slope are functions of X (—¢) := (X (j)) e

V = w(X(=0) + Be(X(=0)) - X(£) + ¢
with

pe(X(=0) = p+> BXGH+ > yX0)X(k),

J#L (§,k)eL:02{j,k}
BuX(=0) = Be+ Y, wuX+ Y, wmX(k).
j<t:(3,0)eT k>:(0,k)eT

Whenever one uses one of the previous models, with or without interactions, it is advisable to
replace any raw covariate X (j) with X (j) — z,(j), where x,(j) stands for a reasonable standard
value of X (j). Otherwise the parameters 3; and y;;, may be difficult to interpret.

Example 2.32 (Boston housing data). The data set ‘Boston’ (available in the R package MASS)
contains for 506 quarters in the Boston metropolitan area the median house price Y (in 1000
USD) and the values of various covariates, some of which on the level of municipality rather than
quarter. The data set is from the 1970s. When checking the raw data, one realizes that for 16
observations the value of Y has been truncated from the right at 50, that means, for these very
expensive quarters the precise value of Y is only known to be at least 50. Hence, we reduced the
raw data to the n = 490 observations with Y < 50. From all covariates, we picked the following

ones:
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’ NAME meaning reference value
X(1) CRIM per capita crime rate by town 0
X(2) ZN proportion of residential land zoned 0

for lots over 25’000 square feet
X(3) INDUS proportion of non-retail business acres per town 10
X(4) NOX nitrogen oxides concentration (parts per 10 million) | 0.5
X(5) RM average number of rooms per dwelling 6
X(6) AGE proportion of owner-occupied units 70
built prior to 1940
X(7) DIS weighted mean of distances to five 3
Boston employment centres
X(8) RAD index of accessibility to radial highways 5
X(9) TAX full-value property-tax rate per 10’000 USD 330
X (10) PTRATIO | pupil-teacher ratio by town 19
X (11) LSTAT lower status of the population (percent) 12

The reference values have been chosen ad hoc by inspecting the respective range, median and

mean. In the subsequent analyses, X (j) stands for the raw covariate minus its reference value.

A standard multiple regression analysis, assuming that
11
Y = p+) BiX(j)+e,
j=1

yields the Gauss—Markov estimators /i, Bl, ey 311 and corresponding standard errors (all rounded
to three decimals) in Table 2.1. The value /i (intercept) estimates IE(Y") for a quarter with all raw
covariates being equal to their reference values, i.e. a quarter in a town with crime rate 0, with 6

rooms per house on average, with a nitrogen oxide concentration of 0.5, et cetera.

The main interest lies in the estimated parameters Bj’ in particular, in their signs. As to be ex-
pected, the house prices decrease with the crime rate, increase with the number of rooms, decrease
with the amount of air pollution, et cetera. The ‘t ratio’ is the ratio of the estimator and its standard
error. The computation and meaning of the ‘p-values’ will be explained in the next chapter. Each
p-value is a strictly decreasing function of the modulus of the t ratio. Small p-values indicate that
the corresponding parameter . or 3; of the true regression function is significantly different from

Z€r10.

The left panel of Figure 2.6 shows a scatter plot of the values Y; versus the fitted values 2 =
f(Xz) together with the straight line ‘y = z’. In a later chapter, we shall investigate the inter-
pretation of such and related plots in more detail. But note that the Y; seem to be systematically
larger than the predictions }//\; whenever the latter are very large. Note also the opposite effect
in case of SA/Z lying between 20 and 30. Another curiosity is that one fitted value }A/; is negative.
The adjusted coefficient of determination is equal to Ridj = 0.7658, and the estimated standard
deviation equals o = 3.807.

Next, we tried the standard linear model with all (121) = b5 interactions included,

11
Y o= p+> BiXG)+ Y X)Xk +e.
j=1 1<j<k<11
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estimate | st. error | tratio | p-value

intercept 22.509 | 0.310 | 72.694 | < 0.001
CRIM —0.119 | 0.026 | —4.545 | < 0.001
ZN 0.036 | 0.011| 3.130 0.002
INDUS —0.048 | 0.050 | —0.946 0.344
NOX —13.066 3.082 | —4.239 | < 0.001
RM 3.630 | 0.360 | 10.090 | < 0.001
AGE —0.021 0.011 | —1.970 0.050
DIS —1.222 | 0.163 | —7.515 | < 0.001
RAD 0.241 0.053 | 4.517| < 0.001
TAX —0.014 | 0.003 | —4.791 | < 0.001
PTRATIO —0.831 0.106 | —7.821 | < 0.001
LSTAT —-0.372 | 0.043 | —8.732 | < 0.001

Table 2.1: Standard linear model output for the Boston housing data.
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Figure 2.6: Observations versus fitted values for the Boston housing data, without interactions
(left panel) and with interactions (right panel).
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estimate | st. error | tratio | p-value

Intercept 21.819 | 0.454 | 48.059 | < 0.001
CRIM —0.544 | 0.726 | —0.750 0.454
ZN 0.078 | 0.037 | —2.112 0.036
INDUS —0.039 | 0.121 | —0.325 0.745
NOX —12.234 | 8.091 | —1.512 0.131
RM 5.7567 | 0.656 | 8.774 | < 0.001
AGE —0.060 | 0.014 | —4.339 | < 0.001
DIS —1.111| 0.284 | —3.914 | < 0.001
RAD 0.437| 0.177| 2.471 0.014
TAX —0.018 | 0.007 | —2.449 0.015
PTRATIO —0.589 | 0.209 | —2.813 0.006
LSTAT —0.126 | 0.073 | —1.731 0.085
CRIM*NOX —2.882 | 0.721 | —=3.998 | < 0.001
CRIM*RM 0.183 | 0.039 | 4.655| < 0.001
CRIM*LSTAT 0.020 | 0.005| 4.040 | < 0.001
ZN*RAD —0.013 | 0.006 | —2.130 0.034
ZN*LSTAT —0.008 | 0.005 | —1.988 0.047
NOX*AGE —0.392 | 0.198 | —1.974 0.050
RM*AGE —0.044 | 0.020 | —2.209 0.028
RM*PTRATIO —0.483 | 0.214 | —2.259 0.025
RM*LSTAT —0.215| 0.036 | —5.964 | < 0.001
AGE*RAD 0.010 | 0.004 | 2.773 0.006
TAX*PTRATIO 0.007 | 0.002 | 3.337| < 0.001

Table 2.2: Standard linear model output for the Boston housing data, including interactions.

The right panel of Figure 2.6 shows the corresponding plot of observations Y; versus the fitted
values 371 Now dej = 0.8946 and o = 2.554. The problematic features of the model fit without
interactions disappeared. Table 2.2 shows the estimated parameters ji, f1,. .., 311, and all j;,
such that the corresponding p-value is no larger than 0.05. Note the clear evidence that association

between Y and covariates is modulated by the other covariates.

2.6.4 Paper and Blackboard Notation

In numerous papers and monographs, factors (i.e. categorical covariates) are often hidden by

means of multiple subscripts. We illustrate this type of notation in three settings.

One-way ANOVA. Starting from X; € {1,..., L}, let Yj1,Yja,..., Y, be those observations
Y; such that X; = j. Then, we may write

Yis = fj+ejs, 1<j< L, 1<s<ny,

or
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Here, fi1,..., fr, or i, a1, ..., ar, are unknown parameters, and the ¢, are independent random
errors with mean 0. The least squares estimators for fi, ..., f; are given by the subsample means
1 &
fio= Y. = — Yis.
fi J n; Z Js
s=1

Two-way ANOVA. Starting from categorical covariates C' € {1,...,L}and D € {1,..., M},
let Yjk1, Yk, - - -, Yjkn,, be those observations Y; such that (Ci, D;) = (j, k). Then, we may

write
Yiks = fiktejhs, 1<J<L1<k< M, 1<s5<nj,
or
Yiks = p+aj +bp+hjr+ejrs, 1<j< L, 1<k< M, 1<5<ng,
or

Yies = p+aj+bjp+ejps, 1<j<L,1<kE<M,1<s<nj,

Here, the parameters fj;, or the parameters i, a;, by, hji, or the parameters p,aj,b;), are un-
known, and the €, are independent random errors with mean 0. The least squares estimators for

the fj are given by the subsample means

n]'k

-~ _ 1
fik = Y. = %;Y]ks

One-way ANCOVA. Starting from C; € {1,...,L} and W; € R, let (Y1, Wj1), (Yj2, Wja),
«+vs (Yjn;, Win,) be those observation pairs (Y;, W;) such that C; = j. Then, we may write

Yjs:aj—i-ijs—l—@‘s, 1§j§L,1§$§ﬂj,

with unknown parameters ay, . .., ar,, b and independent random errors €5 with mean 0. The least

squares estimators for the unknown parameters may be written as

Z]L:1 ZZLL(WJ‘S - V_Vj')yjs
ZJL:1 ZZLI(VVJS - Wj-)2

aj = Y}—/b\W] and E =



Chapter 3

Tests and Confidence Regions

Throughout this chapter, we study linear models under the assumption that the errors €1, €3, ..., €,
are independent and normally distributed random variables with mean zero and standard deviation
o > 0. In later chapters we shall discuss situations in which this assumption is violated. We also

hold on to our assumption that the design matrix D € R™*P has rank p < n.

3.1 Multivariate Gaussian Distributions

Recall first the definition of univariate Gaussian distributions: A random variable Z follows a
standard normal or standard Gaussian distribution if its distribution is given by the following

Lebesgue density:

P(z) = (2m)71/2 exp(—:l;) :

In particular, IE(Z) = 0 and Var(Z) = IE(Z?) = 1. This distribution is denoted by N(0, 1).

For 1 € R and ¢ > 0, the Gaussian (or normal) distribution with mean p and variance o (or
standard deviation o) is defined as the distribution of X := p + 0Z, where Z ~ N(0,1). This
distribution ist denoted by N(jz, 02). In case of o > 0 it has density function

T — )2
P02 (T) = o (o (x—p) = (27m2)_1/26XP(_(202M)>.

An essential property of Gaussian distributions is that the sum of independent random variables
with Gaussian distributions follows again a Gaussian distribution. This can be verified, for in-

stance, by means of characteristic functions (Fourier transform).

Now we consider a random vector X € R*. Its distribution is completely determined by the
distribution of b' X, if b is running through all unit vectors in R¥. This fact can also be verified

with characteristic functions.

Definition 3.1 (Multivariate Gaussian distributions). Let g be a vector in RF, and let ¥ be a
symmetric, positive semidefinite matrix in R¥**_ A random vector X follows a Gaussian (or

normal) distribution with mean (vector) p and covariance (matrix) 3 if
b'X ~ N(b'p,b'b)

53
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for arbitrary vectors b € R¥. The symbol for this distribution is N (g, ).

The special distribution N (0, I,) is called the k-variate standard Gaussian (or normal) distribu-

tion.

Remark 3.2 (Existence and simulation). For any vector ;¢ € R* and any symmetric, positive

semidefinite matrix 3 € R*** there exists a random vector X with distribution Ny (u, ), and

E(X) = pn, Var(X) = X.

To see this, let Z = (Z;)¥_, with stochastically independent components Z; ~ N(0,1). This
vector follows a standard Gaussian distribution. For if we fix b € R¥, then b' Z = hzi+---+
by Zj is a sum of independent random variables with Gaussian distributions. Hence, b' Z has

Gaussian distribution with mean 0 and variance b3 + - - - + b7 = b'b.
Now we define
X = pu+FZ
with a matrix F' € R¥*¥ guch that FF' = X, for instance, F = >1/2 This random vector X
has the desired distribution, because for any vector b € R¥,
b'X =b'p+(F'b)'Z
has Gaussian distribution with mean by and variance |[F 'b||2 =b' FF'b=b'Xb.

Since [E(Z) = 0 and Var(Z) = I}, the general rules for expectations and covariances imply that
E(X)=pand Var(X) = X.

Remark 3.3 (Density functions). The k-variate standard Gaussian distribution has the following

Lebesgue density ¢:
u 2
o) = [[otm) = (2m) 2 exp(~ 1210,

kak

For any vector i € R* and any symmetric, positive definite matrix X € , the Gaussian

distribution Ny (p, 3) has Lebesgue density function ¢, 5. given by
Pu (@) = det(D)" (S (@ — )

. _ (2w 3 (@ - )
— (27)7M/2 det(x)"1/2 exp(— ; )

This follows from the transformation formula for Lebesgue measure under diffeomorphisms.

An important fact is that the image of a Gaussian random vector under an affine mapping is again

Gaussian. With similar arguments as in Remark 3.2 one can prove the following result:

Lemma 3.4. Let X be a random vector with distribution Nj,(u, ). For any vector a € R’ and
any matrix B € R®¥,
a+BX ~ Ny(a+Bu,BEB').

This lemma implies an essential property of standard Gaussian distributions, their so-called rota-

tional invariance.
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Corollary 3.5 (Rotational invariance of standard Gaussian distributions). Let X be a random
vector with k-variate standard Gaussian distribution, and let T € R*** be an orthogonal matrix.

Then, T'X follows a standard Gaussian distribution too.
Exercise 3.6. Prove Lemma 3.4.

Exercise 3.7 (Stochastic independence and normal distributions). Let X = [X [, XJ]" be a
random vector with components X ; € R guch that

o] ~ (1] 5 351)
X, k(1)+k(2) Lo B9 Zool| )

Show that the following assertions are equivalent:

(i) X1 and X5 are stochastically independent;

(ii) X,y = X5, = 0.

Exercise 3.8. Let X be a random vector with distribution N (0, X), and let A be a symmet-

ric matrix in R¥**_ Show that the distribution of X " AX depends only on the eigenvalues of
»1/2A%1/2,

3.2 Special Univariate Distributions

In the subsequent sections, the following special distributions will recur frequently:

Definition 3.9 (Chi-squared, student and F distributions). Let Zy, Z1, Zo, ... be stochastically

independent, standard Gaussian random variables.

(@) The Chi-squared distribution (X2 distribution) with k degrees of freedom is defined as the

distribution of .
Sz
i1
It is denoted by the symbol x, and its -quantile is written as X7 5.

(b) Student’s t distribution (student distribution, t distribution) with k degrees of freedom is
defined as the distribution of

It is denoted by the symbol ¢, and its 3-quantile is written as ¢.3.

(¢) Fisher’s F distribution (F distribution) with k and ¢ degrees of freedom is defined as the
distribution of

S2 1 k 1 k+¢
7z With 5% = %ZZE, T = ; >z
=1 i=k+1

It is denoted by the symbol F}, ¢, and its 3-quantile is written as F}, ¢.3.

The next exercises imply that all distributions in Definition 3.9 have continuous distribution func-

tions.
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Exercise 3.10. Let k and ¢ be positive integers.
(a) Show by means of Fubini’s theorem that X%, iy, and F}, o have continuous distribution function.
(b) Show that for 0 < 8 < 1,

1
Forp

tki-p = —trp and  Frpiop =

Remark 3.11 (Moment-generating functions). The next exercise uses the moment-generating
function of random variables Y € R. It is defined as the mapping my : R — (0, 00|, my (t) :=
Eexp(tY). If my < oo on a nondegenerate interval, then the distribution of Y is uniquely
determined by my. That is, if Y is another random variable such that my+ = my, then the
distributions of Y and Y’ coincide. Moreover, for stochastically independent random variables Y
and 7,

My z = MyMy.

Exercise 3.12 (Chi-squared and gamma distributions). For a,b > 0 let Gamma(a, b) be the
gamma distribution with shape parameter ¢ > 0 and scale parameter b > (. That means,

Gamma(a, b) is a distribution on (0, co) with Lebesgue density

fap(x) = b_lfa(b_lzx), falz) = F(a)_lwa_le_x,
where ['(a) := [° 2% e~ dz. In particular, if Y ~ Gamma(a, 1), then bY" ~ Gamma(a, b).
(i) Show that for Y ~ Gamma(a, b) and t € R,

(1—bt)~ ift<b !,

Eexp(tY) = {oo e p!

(ii) Show that for Z ~ N(0, 1),

1—2t)"Y2 ift <271,
[Eexp(tZ?) = ( ) 1 .
00 ift >27".
(iii) Deduce from parts (i—ii) and Remark 3.11 that for any integer £ > 0,
X2 = Gamma(k/2,2).

Exercise 3.13 (Student type distributions). Let Z and S > 0 be stochastically independent ran-
dom variables, where Z ~ N(0,1) and IE(S?) = 1.

(a) Show by means of Fubini’s theorem that 7" := Z/S has distribution function
F(t) = IE®(tS)

and Lebesgue density

f(t) = E(S¢(tS)).

(b) Suppose that IP(S # 1) > 0. Show by means of Jensen’s inequality that

Fit) > ®(t) ift <0,
< o(t) ift > 0.
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Deduce from that the inequalities

1 < ®7YB) ifp<1/2,
F() {> o-1(B) ifB>1/2.

(c) Suppose that S? ~ Gamma(a, 1/a) for some a > 0. Show that the density f in part (a) is

given by
2\ —(a+1/2)
£t) = ca(1+%)

with C, = (2ma)~'/?I'(a 4+ 1/2)/T(a). (Setting a = k/2 with an integer k > 0, we obtain the
density of t;.)

Chi-squared and F distributions play an important role in connection with confidence regions.

Behind that is the following basic result:

Lemma 3.14. Let X be a Gaussian random vector with mean vector 1t € R¥ and nonsingular

covariance matrix ¥ € R¥*%_ Then
(X =)' =X —p) ~ X3

Proof of Lemma 3.14. We may write X = p + /2 Z with a standard Gaussian random vector
Z < R*. But then

k
(X -p)'SHX —p) = [EVAX - = 12 = Y22 ~ X}
=1

3.3 The Joint Distribution of 0 and

To simplify the subsequent formulae, we set
I := D'D.

Recall that D is assumed to have full rank, i.e. I" is symmetric and positive definite.

Theorem 3.15. The estimators 6 and & are stochastically independent. Moreover,

~2
0 ~ N, (0,07 d m—pZ ~ 2 .
p( y O )7 an (7’1, p) 0_2 Xn—p

Remark 3.16. This theorem generalizes the well-known result of Gosset—Fisher about the sam-
ple mean of a Gaussian sample: Let Y7, Y5,...,Y,, be independent random variables with dis-
tribution N(p, 0%). Then, the sample mean Y = n~!>"" | 'Y; and the sample variance S* =
(n—1)71 3" (Vi — Y)? are stochastically independent, where

Y ~ N(g,02/n) and (n—1)S%*/6% ~ x2_,.

This follows from Theorem 3.15 when D = 1 and 68 = p, leading to =Y.
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Proof of Theorem 3.15. As to the distribution of the LSE, recall that @ is an affine function of
the Gaussian random vector € ~ N,,(0, 021 ,,). Hence, by Lemma 3.4 and Lemma 2.15,

6 ~ N,(IE(8), Var(8)) = N,(8,5°T).

As to the remaining assertions, let ¢1, o, . . ., t,, be an orthonormal basis of R™ such that
M = DR? = span(ty,...,t,),

and thus M+ = span(tyi1,...,t,). Then, the matrix T' := [t1,2o,...,t,] € R™™" is orthogo-

nal, and we may write
n
e =0oTZ = UZZitz’
i=1

with the random vector Z := ¢~ 'T'"e ~ N,,(0, I,,); see Lemma 3.4. On the one hand, it follows
from DTt,- = 0 for ¢ > p that

n p
0 =T 'D'(DO+¢e) = 0+0T'D'> Zit; = 0+0T'D'" > Zit,,
i=1 i=1
that means, @ is a function of (Zi)le. On the other hand, with H = I,, — H, the orthogonal

projection of Y onto M+ is given by

n
ﬂ(D0+e) = He = o Z Zit;,
i=p+1

because HD = 0 and Ht; = 0 for i < p. Hence
o _ |HY|? H
T T Z

This shows that & is a function of (Z;)"

i p+1, whence 8 and o are stochastically independent.

Moreover, (n — p)o?/o? = D i1 Z? follows a chi-squared distribution with n — p degrees of

freedom. OJ

A first application: confidence intervals for 0. It follows from Theorem 3.15 that for arbitrary
0< B/ <p2<1,
) 52
IP(anp;& <(n- p) o2 = < Xo- pﬁz) = P2 =P,
where we set Xifp;o :=0and X?lfp;l := 00. That means, with probability 3> — 31, the unknown

standard deviation o is contained in the interval

~ n—p n—p
o 3 , 0 5 .
Xn—p;B Xn—p;1

If we fix a test level & € (0,1) and set 1 = 0,82 = 1 — «, this leads to the lower (1 — «)-

confidence bound
~ n—p
G/

2
anp;lfa
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for 0. The choice 51 = a and B3 = 1 leads to the upper (1 — «)-confidence bound

~ [ =D
g
ngfp;a

for 0. If we choose 81 € (0,«) and 2 = 1 — v + 31, we obtain a bounded (1 — «)-confidence

interval for 0. A standard choice for $; would be «/2, but this is not necessarily the best choice.

Exercise 3.17. Write a computer program that returns for a given integer £ > 0 and test level
a € (0,1) anumber 8 = B(k, ) € (0,«) and the pair

k k
(LvU) = < 7] ) 2 >
Xksi—a+8 | Xkip

such that the ratio U/ L is approximately minimal.

3.4 Student Confidence Intervals and Tests

This section is about inference for a single linear function v ' @ of 6 with a given vector ¥ €
RP \ {0}. Particularly useful are confidence regions for ', Asa by-product one obtains a
p-value for the null hypothesis “p70 =07, as explained later.

3.4.1 Student Confidence Regions

For the construction of confidence regions we consider the student statistic

_ plo-y'e
-

~ ~ Tr— ~
Gy = 0\P T = Gllayll,

where a., 1= DT~ !4, This standard error is our substitute for the true standard deviation

op = o\/Y T 'Y = oflay||

Ty

with the standard error

of the GME v ' 6.

Note that the random variable 77, involves the data (via # and ) as well as the unknown param-
eter 6. It is a pivotal statistic in the sense that its distribution does not depend on any unknown

parameters.

Corollary 3.18. For any vector ¢ € RP \ {0}, the random variable T\, follows a student distri-
bution with n — p degrees of freedom.
Proof of Corollary 3.18. It follows from Lemma 3.4 and Theorem 3.15 that

_Y'e-vy'e
-

Z
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has a standard Gaussian distribution and is stochastically independent from . Moreover, S? :=

(n —p)5%/0% ~ X2_p0 50

A A
Tw = — =
Ve Jn—p) 'S
follows the asserted student distribution. O]

A particular consequence of Corollary 3.18 is that for any test level « € (0,1),

IP(TU’ < tnfp;lfa)
P(Ty > —th-pi-a) ¢ = 1—a.

I (|T'¢J‘ < tn—p;l—a/2)

Converting the inequalities for T%, into inequalities for 1" 0 leads to the following confidence

regions: The

e lower (1 — «)-confidence bound PO — Optn_pi—as

e upper (1 — a)-confidence bound PO+ Opln—pi—as

e (1 — «)-confidence interval [wTé + awtnfp;lfm].

Which of these confidence regions is to be used, has to be agreed on prior to the data analysis.

Since student distributions are continuous, one could even interpret the one-sided bounds as strict
bounds and replace the closed with the open confidence interval (wTé + Er\d,tn_p;l_a /2) without

changing the exact confidence level 1 — a.

Example 3.19 (Simple linear regression, Example 1.2). Here X € R and f(z) = a + bx. With
the centered vector X := (X; — X),,

-~ X'y N ( o? )

X712 X
Hence, a (1 — «)-confidence interval for the slope parameter b is given by

-~ o
bt — bt }
R T

Next we consider the regression function at an arbitrary fixed point z € R. Recall that
f@) = a+br = Y +bx—X) ~ N(f(z),0(x)?)

with
1 - X)?
o(x) == o ——I-L‘N 2) .
no X

If we replace the factor o in o(z) by 7, then we obtain the standard error () of f(z). A (1 —«a)-
confidence interval for f(z) is given by

~

[f(:c) + 3(93)tn—2;1—a/2]'
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As a function of z, the upper and lower bound are hyperbolas with asymptotes

T f(ﬁf) o ’xH}(‘iﬂ n—2;1—a/2
Note that
l\iﬂan_j&f min{|y[ ty € [A($) + 3(5U)tn_2;1—a/2]} =
if and only if
o] > H;(” bh21—a/2>

that means, the closed confidence interval for b does not contain 0.

Figure 3.1 shows a data set with n = 51 observations, together with the regression line fA'and
the 95%-confidence bounds plus asymptotes. The corresponding student quantile is ¢, 2.1 /2 =

t49.0.975 = 2.010 (rounded to three decimals).

f(x)
2

\ \ \ \ \
-0.5 0.0 0.5 1.0 1.5
X

Figure 3.1: Regression line plus pointwise 95%-confidence intervals for f(x).

Example 3.20 (One-way ANCOVA, Example 1.4). We consider covariates C' € {1,2,...,L}
and W € R, and the model equationreads Y = a(C) + bW +e. For1 < j <k < L,

~, —

a(k) —a(j) = Y (k) =Y (j) = b(W(k) = W(j)) ~ N(a(k) - a(5),0(j, k)?)

with the standard deviation

1 1 (W(k) - W())”

nG) k) wE
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where W := (W; — W(C’i))?zl. Again we replace o with & and obtain the standard error o'(j, k)
of a(k) — a(j). Then
[a(k) —a(j) = 30, k)t 1.1-as)

is a (1 — «)-confidence interval for a(k) — a(7).

Exercise 3.21. Consider the data set “Trees.txt” and the variables Y := log(volume), X (1) :=
log(height) and X (2) := log(diameter). Compute a 95%-confidence interval for each of the

parameters a, by, bo in the model equation
Y = a+b1X(1) +b2X(2) + €.

Which conclusion can you draw about the model equation Y = a + X (1) 4+ 2X(2) + ?

3.4.2 Student Tests

Instead of confidence bounds or intervals for the parameter 1) ' @ one may test hypotheses about

it. For any fixed constant c,, we introduce the test statistic

’(pr\ — Co

Ty(co) = 5o

Moreover, let tedfy(-) be the distribution function of ¢.

One-sided tests. Suppose we want to test
sl T s aly |
H,:v' 0<c¢c, versus Hy:v' 0 >c,.
Then, the null hypothesis H, may be rejected at level o € (0, 1) if
Ty(co) = tnpi-a-
This is equivalent to the right-sided p-value
1 —tedf,—p (T (co)) = tedfy_p(—Ty(co))

being less than or equal to «.

The level of this test can be checked as follows:

IP(H, is rejected) = P(Ty(co) > tn—pi—a)
T
0 —
P (T + ¥ O9-co, ———F
T4

Under the null hypothesis H,, the right hand side is less than or equal to
IP(T'(LV > tn—p;l—a) = Q,

with equality in case of ¥ ' 0 = ¢,.
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Analogously, if we want to test
H, : ¢T0 >c, versus Hy: ¢T0 < o,
then we may reject the null hypothesis H, at level « € (0, 1) if
Ty(co) < —ln—pji-as
which is equivalent to the left-sided p-value

thfn_p (T'll) (CO))

being less than or equal to a.

Two-sided test. Now we consider the testing problem
H,: I[JTB =c, versus Hyu: Q,bTO % Co.
Here one may reject the null hypothesis at level « if

|T1/J(CO)| 2 tn—p;l—a/Q'

The corresponding p-value is equal to

2+ (1= tedfpn—p(|T(co)])) = 2-tedfn—p(—[Ty(co)|)-
In case of rejection, one may even claim with confidence 1 — « that

< ¢, ifp0<cy,
AN {

> ¢, if 1,DT9 > Co.

The reason for that is that the two-sided test rejects the null hypothesis if and only if ¢, is not

contained in the open (1 — «)-confidence interval (1,bT§ + oyt for ' 6.

n—p;l—a/Z)
Example 3.22 (Confidence region for a cusp). We consider the linear model of quadratic regres-
sion, thatis, X € Rand Y = f(X) + ¢ with f(z) = ag + a12 + azx?/2. (The factor 1/2 for
22 will turn out to be convenient later.) Under the additional assumption that a; < 0, we want to
determine a confidence region for the maximizer

—ay

Ty = ——
az

of f, which is the unique point z € R such that f'(z) = a1 + agx equals 0.

A naive and conservative approach would be to compute both for a; and az a (1 —«/2)-confidence
interval, and to deduce from that bounds for the ratio z. = —aj/a2. A more elegant method is to
test the null hypothesis

Ho(z) : f'(z) =0
for each point 2z € R at level a.. Note that the GME of f/(x) is given by

ﬁ(az) = a1 + asx
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Its standard error equals

o(x) = \/211 + 28100 + Sap1?,

where . R N
Yoo o1 o2
Si0 S S| = o0t
S0 To1 Too

is the estimated covariance matrix of 6 = (do,d1,d2) . Now we set
Co = Cu(X,Y) := {z € R: Hy(x) is not rejected at level o}
= {zeR:|f(2)] <F(2)tn 31 a2}
This defines an exact (1 — «v)-confidence region for z.., because
P(Co 3 2.) = P(If(2.)] < 3(x)tn 31 _a2)
= P(|] () = F(22)] < 5wt s _aya)
=1-a.
The question is, whether C,, is really useful. With 7 :=¢,,_,.1_,/2 We may write
Co = {z € R:a7 + 2a,a,2 + a32° < ST+ 28T + 2227'23:2}
= {zeR: (a3 - S0072)a? + 2(@1dg — S1a7)w < S1y72 — ail.
In case of G2 > S572, this is a bounded open interval with midpoint
. Srl—aia
" a3 — igng .
(The set Cy, is certainly non-empty, because it contains the point —a; /as at which f’ = 0.) Note
that the condition Zi% > 532271% is equivalent to
70| > Gyt, 5 o withep=(0,0,1)T.
In other words, the p-value for the null hypothesis “as = 07 is strictly smaller than «, and the
(closed) confidence interval for as does not contain the value 0.

Exercise 3.23. Complement and implement the procedure in Example 3.22.

Exercise 3.24. Consider simple linear regression, that means, X € Rand Y = f(X) + ¢ with an
unknown regression function f(x) = a+bx. Assuming that b # 0, construct a (1 — «v)-confidence
region for the unique point

z, = fTH0) = —.
Exercise 3.25 (A very small ANOVA). Suppose we observe Y1, Y5, Y3 € R, and let us assume
that

YiI=a+¢e, Yo=a+¢e9, Y3=Db+¢3

with unknown parameters a,b € R and unobserved independent random errors €1,€3,63 ~

N(0, 0?), where ¢ > 0 is unknown too.
(a) Determine estimators a, b, ¢ and describe their joint distribution.

(b) Determine a 90%-confidence interval for b — a.
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3.5 F Confidence Regions and Tests

So far we constructed confidence intervals for a single linear function 0 of 6. Now our goal is
to construct a confidence region for the full vector 8 or for a tuple ('wTO)
subset P of RP, finite or infinite.

beP with an arbitrary

3.5.1 F Tests and Confidence Ellipsoids

A possible measure of the distance between 0 and 0 is given by the F statistic

I
P 0-07T0-0)
po

Note that this random variable F' involves the data as well as the unknown parameter 6. As
explained in the next corollary, it is a pivotal statistic in the sense that its distribution does not

depend on any unknown parameters.

Corollary 3.26. The random variable ' has distribution Fj, ;.

Proof of Corollary 3.26. Recall from Theorem 3.15 that 6 and G are stochastically independent,
where 6 ~ N,(8,0°T ) and S? := (n — p)5? /0% ~ X, This implies that

S NTE ~
Sg — (6 9)01;(9 6) _ HU_1I‘1/2(9_0>H2

has distribution X?,, because o~ 'T'!/ 2(6 — ) is a standard Gaussian random vector. Moreover, S2

and S? are stochastically independent. Consequently,

o S5 Sp
po?/o®  5%/(n—p)
follows an F distribution with p and n — p degrees of freedom. O

Corollary 3.26 leads to two statistical procedures. On the one hand, let 8, be a given candidate 8,

for the unknown parameter vector 8. When testing
H,:0=0, versus Hy:0#80,,

we may reject the null hypothesis H, at level « if the F test statistic

6-6,)'T06-6,)
po?

F,) =
exceeds Fj, ;,_p.1—q. This is equivalent to the (right-sided) p-value
1 —Fedfy, ,,—p(F(6,))

being less than or equal to «, where Fedfy, ; denotes the distribution function of Fj, 4.

This test has exact level o, because under H,, the F test statistic F'(8,) coincides with the pivotal

statistic ' and has distribution Fj, ;,_,,.
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On the other hand,

Co=Co(X)Y) = {neRP:F(n) < Fynpi-a}
= {77 ERP: (5 - 77)TI‘(§ - 77) < 32pr,n—p;1—a}
defines an exact (1 — a)-confidence region for 8. That means,
P(Cy20) = 1—q,

because C,, > 6 if and only if F'(@) = F is not greater than Fy n—p:1—a» and the latter event has
probability 1 — a.

Concerning the shape of C,,, if I is the identity matrix I, then C, is a closed ball in R? with center

) e P = & _ NP T with e
0 and radius ¢ := 0+/pFpn—pi1—a. In general, let I' = =1 )\juju4 with eigenvalues \; >

J
--+ > )\, > 0 and orthonormal eigenvectors u1, ..., u, € RP. Then, r+/2 = 1;:1 )\;ﬂ/zujujT,

and

C, = {a—l—EvzveRp,vTI‘vg 1}

= {/é +e07 V2w w e RP, ||lw|| < 1} (with w = I‘l/Qv)
p
5~ ~1/2 :
= {0+chj)\j / u;:x € R, |z gl} (w1th1:j:ujT'w).
7j=1

That means, the closed unit ball in R? with center O is rescaled in direction u; by the factor E)\j_l/ 2

for 7 =1,...,p. This leads to an ellipsoid centered at 0, and finally, the latter set is shifted by 0.

3.5.2 Simultaneous Confidence Intervals via F Tests

The confidence ellipsoid C,, for @ can be visualized in case of p < 3, but it is not so clear what
to do with it in dimension p > 3. The following lemma and corollary provide a very useful

connection between the F and student test statistics.

Lemma 3.27 (Henry Scheffé). For any vector v € RP,

.
Vo'Tv = max M
PER\{0} /9p TT L

In particular, for any constant ¢ > 0,
v' Ty < o

lpTv| < ey/yp T Ny foralleh e RP.

This lemma is true for any symmetric and positive definite matrix ' € RP*P. In our special case
of I' = DD, recall that

VTrly =

Hence, applying Lemma 3.27 to v = 0— n and ¢ = 0+/pFy n—p:1—q yields the aforementioned

connection between F and student statistics:

if and only if

and (0 —n)'T(6—n) = p°F(n).

SN
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Corollary 3.28 (Henry Scheffé). For any vectorn € RP,

F(n) = Ty
pEm) = max [T n)l,

and thus,
F = max [Tyl
VP S Ty
In particular, 0 lies in the confidence ellipsoid C,, if and only if
%70 — 0| < Gyr/DFpnpia forallyh € RP.

This corollary shows that the confidence region C,, yields simultaneous (1 — «)-confidence inter-

vals for arbitrary linear functions ¢ ' @ of 8. Namely, we replace the student confidence intervals
TA ~
[’l,b 0 + U’l/ltnfp;lfa/Q]
with the confidence intervals
|:¢T0 + a\qp pF ,nfp;lfai| )

i.e. we replace the student quantile ¢,,_.;_, /2 with the quantity \/pFj, n—p;1—a. Since Cy > 0

with probability 1 — a,, we may claim with confidence 1 — « that

¥ O c [¢T§ + 5, pr,n_p;l_a} for all 4 € RP.

Proof of Lemma 3.27. Note first that v T'v = ||[T'"/2v||. It follows from the Cauchy-Schwarz
inequality that for any w € RP,

w TV20] < [lw|[|T"/?0|

with equality if w and I''/24 are collinear. Hence,

/2
||I‘1/2v||: max u
werr\{o}  [lw]
{(1"1/2w)Tv|
= max
wekr\{0} [T~ 2w)||
_ K
= max o e—
perr\{0} [T/ 24|
|9 "ol

max —_—.
YERP\{0} /4p T Lap

Example 3.19 (Simple linear regression, continued). As seen before, for any fixed x € R, a
(1 — «)-confidence interval for the value f(x) is given by [f(:z:) + 0(%)ty—2.1-a/2). Now we
replace the student quantile ¢,, 5.1, /2 With \/2F 52,1, and obtain the interval

[f(ac) + a(x)w/ng,n,Q;l,a]
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We may claim with confidence 1 — « that f(x) lies within this interval, simultaneously for all

x € R. This is a direct consequence of Corollary 3.28. One can even say that

P(f(x) € [f@) + 5(2)y/2Fon 21 a| forallz €R) = 1-a,
This follows from the fact that the set of all vectors (1, w)T, z € R, A € R, is a dense subset of
R2; see also Subsection 3.5.3.

Figure 3.2 shows again the data from Figure 3.1 and the regression line f, plus the pointwise and
simultaneous 95%-confidence bounds for f(x). For the pointwise bounds one needs ,, .1 /2 =

t49,0.975 = 2.010, while for the simultaneous bounds one needs \/2F5 ;,_2;1—a = \/2F249,0.95 =
2.525 (rounded to three decimals).

f(x)
2

I T T T I
-0.5 0.0 0.5 1.0 1.5
X

Figure 3.2: Regression line, pointwise and simultaneous 95%-confidence intervals for f(x).

Example 3.29 (Polynomial regression). Let X € R, and consider the model equation ¥ =
f(X) + &, where the regression function f : R — R is an unknown polynomial of given order
d > 1. For our purposes, it is convenient to work with orthonormal basis polynomials. That
means, for a given data vector X € R"™ with at least d 4 1 different components, we construct

polynomials fy(x), fi(x),..., fa(x) of degree 0, 1, ..., d, respectively, such that
(X)) T fu(X) = 1oy forj ke {0,1,...,d}.

In other words, the resulting design matrix D = [fo(X), f1(X),..., fa(X)] satisfies T' =
D'D =14,,.

Suppose that
d
f@) = 051 fi(x)
j=0
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with an unknown parameter @ € R%+!. The LSE for 0 is given by
0=D'Y ~Ny1(0,0°I 1)
Hence, the GME for f(x) is given by
fl@) = $@)70 ~ N(f(2),0*|l4()]?),

where
-
’l/)(.'ll') = (fO(‘T)7 fl(x)a ceey fd('r))
Moreover, for 1 < £ < d, the GME for the ¢-th derivative f O] (z) of f atz is given by

FO) = pO(@)78 ~ N(fO(x), 0?90 (2)?)

with

We may claim with confidence 1 — «, that

f@) € [f@) £ F1p@I\/(d+ ) Farin-ara-l

and

f(é)(;p) c [J/l‘\(f)(x) + 8”1/;(5)(1-)”\/@14— 1)Fd+1,n7d71;17a]
foranyx € Rand ¢ € {1,...,d}.

The upper panel of Figure 3.3 shows a scatter plot of simulated data vectors X,Y € R™ with
sample size n = 201. In addition, one sees the polynomial fit fof order d = 2, the pointwise
95%-confidence bounds

F(x) £ &l (@) [tas0.975

and the simultaneous 95%-confidence bounds

f(x) + &|j4(x )N/ 3F3.n—3,0.95-

This scatter plot shows some systematic differences between the observed vector Y and the fitted
vector Y = J?(X ): There are certain regions for the values X; in which the differences Y; — }A/l
tend to be systematically less than O or systematically greater than 0. In the lower panel one sees
the data vectors and the simultaneous bounds for f, together with the true function f and its best

approximation f by a polynomial of the given order d. That means,
d
r) = Y Oifi(x) with 6 := D'f(X).
=0
Note that for many values x, the true value f(z) is not contained within the simultaneous bounds,

but the latter do enclose f(z). Here the estimated standard deviation turned out to be & ~ 0.7952,

whereas the true standard deviation was o = 0.5.
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70

f(x)

f(x)

-2
|

Figure 3.3: Simulated data example for quadratic regression. Upper panel: Estimated regression
function (dashed blue), pointwise (blue) and simultaneous (red) 95%-confidence bounds. Lower
panel: Simultaneous 95%-confidence bounds (red), true function f (green) and its approximation

f (eyan).
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Figure 3.4: Simulated data example for polynomial regression of order d = 6. Upper panel: Esti-
mated regression function (dashed blue), pointwise (blue) and simultaneous (red) 95%-confidence
bounds. Lower panel: Simultaneous 95%-confidence bounds (red), true function f (green) and its

approximation f (cyan).
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Df(x)

D? f(x)

Figure 3.5: Simulated data example for polynomial regression of order d = 6. Estimated deriva-
tive f ©) (dashed blue) with simultaneous 95%-confidence bounds (red), and the true derivaties
1O (green), f© (cyan). Here £ = 1 (upper panel) and ¢ = 2 (lower panel).
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For the same data, Figure 3.4 shows analogous plots for polynomial regression of order d =
6. Now the difference between f(z) and f(z) is rather small, as long as x is in the range
[min(X ), max(X )] For values x outside the latter range, the confidence intervals become very
wide. For the same data, Figure 3.5 shows the true and estimated first and second derivatives of

the regression function(s), together with simultaneous 95%-confidence bounds.
Exercise 3.30. Consider polynomials given by po(z) = 1, p1(x) = x — by and
pry1(z) = xpr(z) — bkpr(x) — cxpr—1(z),

for k > 1 with given parameters by, b1, bo, . .. and ¢y, c2, c3, . ... Show that
¢ -1 {4 ¢ ¢
pihi(@) = V(@) + apd (@) - i (@) — ), ()

fork,¢ > 1.

Exercise 3.31. Consider the model of polynomial regression. Write a computer program which
computes and visualizes pointwise and simultaneous (1 — «v)-confidence intervals for f(x), z € R.
The input arguments should be the data vectors X,Y € R", the maximal degree d > 0 of the
polynomials, the test level « € (0, 1) and a vector & of points at which f should be estimated and
narrowed down. Optionally, you could also compute and visualize pointwise and simultaneous
(1 — a)-confidence intervals for f()(z),z € Rand £ € {1,...,d}.

3.5.3 Generalizations

Inference about a vector-valued linear function of 8. Suppose we are interested in 1,bjT0,

1 < j < d, for given linearly independent vectors ¢, ...,1%,; € RP. In other words, we are
interested in the vector ¥ '8 € R? where ¥ := [y,...,1%, € RP*? has rank d < p. (The
subsequent considerations are valid for any d € {1,...,p}, but our main interest is in the case
1<d<p.)

The F tests and confidence ellipsoid for 8 can be modified as follows:
Ty _ Tp\d
ve = (¢j 9) j=1
is an estimator of ¥ ' @ with distribution
Na(¥'0, 0 %' T7'W) = Ny(¥'0,5°Tg}),

where
Iy = (T 1)L
Moreover, it is stochastically independent from &. This implies that

(TT9—'0) Ty, (¥ ¥'0)

Fy =
v d o2

is a pivotal statistic with distribution F,,_,. Again, this leads to three statistical procedures.
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Tests of one-point hypotheses for ¥ ' 6. For any given vector w, € R, we can test
H,:¥'0=w, versus Hy:¥'0 # w,,
by means of the test statistic

(U0 —w,) Ty (70 —w,)

F‘I,('wo) = 52

We may reject the null hypothesis H, at level « if Fig(w,) is greater than or equal to Fyy,,—p.1—q-
The latter condition is equivalent to the (right-sided) p-value

1 — Fedfy,—p(Fo(w,))

being less than or equal to a.

Exercise 3.32. Show that for any matrix ¥ € RP*¢ with rank d and any vector w, € R?, testing
the null hypothesis “® ' @ = w,” with the data (X,Y) is equivalent to testing the null hypothesis
“¥'@ = 0” with the modified data (X,Y — D@,) for some suitable 8, € RP. (Hint: One may
use 8, = W, for some v, € R%)

Exercise 3.33. Consider once more the data set ‘Trees.txt’ and the modified variables Y :=
log(volume), X (1) := log(height) and X (2) := log(diameter). Assuming the model equation
Y =a+ b1 X(1) 4+ b2 X (2) + ¢, test the null hypothesis that b; = 1 and by = 2 at level o = 5%.

Exercise 3.34. The oxygen saturation of blood (X, in percent) is an important physiological pa-
rameter. In particular, during surgery or in intensive care, this parameter has to be monitored
permanently. It can be measured with high precision by analyzing blood samples chemically.
Alternatively, one can measure the absorption of light when it passes through the skin of fin-
gertips. Pulse oxymeters are technical devices which produce a proxy Y for X, based on such

non-invasive, optical measurements. Ideally,
Y = X+e¢

with a random measurement error ¢ such that IE(e) = 0 and o := Std(e) is reasonably small.
From a doctor’s point of view, one should rather consider the undersaturations X :=100— X and
Y := 100 — Y, because saturations below 70 are highly critical and have to be avoided. Under
normal circumstances, the value X is way above 90. Hence, a pulse oxymeter should work with
high precision if X lies between 70 and 100, i.e. if X lies between 0 and 30.

Suppose we want to test whether a particular device works properly for a given person. To this
end, one determines the actual saturation X; and the device’s measurement Y; at n different time

points, where the ambient air is manipulated such that the true saturations vary to some extent.
(a) Suppose that
Y = a+bX +¢

with unknown real constants a and b. Specify a suitable test for the null hypothesis that the device
works correctly, that means,
H, :a=0b=1.
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(b) Suppose that
Y = a+bX +cX?+¢

with unknown real constants a, b and c. Specify a suitable test for the null hypothesis that the

device works correctly, that means,

(c) Assuming the model of quadratic or cubic regression, specify a test of the null hypothesis that

Y is an affine function of X plus measurement error.
(d) Implement your tests and apply them to one or two subsets of the data set ‘Pulsoxymeter.txt’.

The latter data set consists of several columns. The test person (prob), the measurements of the
chemical analysis of blood samples (X)) and the optical measurements by several pulse oxymeters
for each device (Y (1),Y(2),...,Y(11)). Now we restrict our attention to one particular test

person and compare the values of X with the values Y (k) of one particular pulse oxymeter.

Confidence ellipsoids for ¥'6. A (1 — «)-confidence region for w0 is given by the d-
dimensional ellipsoid

Coo=Cpo(X,Y) = {weR: Fg(w) < Fyppi—a)
= {weR: (U0 —w) Tg(P'0-w) <5%dFin p1 o)

Simultaneous confidence intervals. Suppose we are interested in the values 1 ' @ for all vectors
1 in a given finite or infinite family 7 C RP\ {0}. The next result provides simultaneous (1 — «)-
confidence intervals for ¢ ' 0, ¥ € P.

Theorem 3.35 (Henry Scheffé). Let P be an arbitrary subset of RP \ {0}, and let

d := dim(span(P)).

Then
sup |Ty| < max Tw| = VdFp
sup 1Tel < mas o) 17!
with a random variable
Fp ~ Fd,nfp'

In particular,

P (\«pT@ — 0| < Gy/dFap p1_a forallep 73) > 1—a.

Equality holds true if the set {)\’l/) Y ePAe ]R} is a dense subset of span(P).

Proof of Theorem 3.35. By definition of d, there exist linearly independent vectors ¢, ..., 1, €
‘P such that
span(P) = span(vy,...,¢) = {TA: A€ Rd}
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with ¥ = [¢4,...,%,]. Then, it follows from Lemma 3.27 that
e AT (276 -9
v = max
AcR4\{0} Vs /ATrilA
[(TX) 76— (TN T
= _max
AENO) 5 J(@A) T (2N
v w"o|
= max e

espan(P)\{0} Vo /,LZJTI\fl,lp

= max T
Yespan(P)\{0}

sup |Ty).
pEP

AV

Equality holds true, if the set {A\p : A € R,4p € P} is dense in span(P), because |Tr| is
continuous in ¥ € RP \ {0}, and |T)y| = |Ty| for arbitrary A # 0 and ¥ # 0. Since Fig <
F4—p;1—a With probability 1 — «, these considerations lead to the asserted (in)equality for

1P (1678~ 76| < /A1 forall g € P)

O

Exercise 3.36. Consider polynomial regression of order d > 2. That means, X € R, and Y =

F(X) + & with an unknown polynomial f(z) = ¢

o
=0 012

(a) Define an appropriate family P of vectors 1 € R4T!\ {0}, and determine span(7P) as well

as dim(span(P)), in the following three situations:

(a.1) We are interested in f’(z) for any = € R.
(a.2) We are interested in f”(x) for any = € R.
(a.3) We are interested in f(b) — f(a) for arbitrary different a, b € R.

(b) Check in situations (a.1-3) whether
{Mp Y eP,AeR}

is dense in span(P).

3.5.4 A Geometrical Approach to F Tests

In the previous sections, F tests appeared as a building block of confidence ellipsoids for linear
functions of 6. In the present section we shall develop a seemingly different, purely geometrical

approach.

Setting and testing problem. Our starting point is a linear model with n-dimensional observa-

tion vector

Y = p+e.
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R™ Mt

M,

Figure 3.6: Geometry of an F test.

Here p is an unknown parameter vector which is assumed to lie in a given p-dimensional model
space M C R", and € is a random vector with distribution N,, (0, o?I n), where o > 0 is unknown
as well. Now let M, be a linear subspace of M with dimension p, < p. We would like to test

H,:pe M, versus Hp:upud M,.

Construction of a test. In addition to the hat matrix H, describing the orthogonal projection
onto M, there is a second matrix H , for the orthogonal projection onto M ,. With Y := HY
and l’}o := H,Y , the observation vector Y can be decomposed into three orthogonal components:
Y=H)Y+ (H-H,Y + (I,-—H)Y
= Y, + (Y-Y,) + (Y-Y)

This corresponds to the representation of R™ as a direct sum of three orthogonal subspaces:
R" = M, ® (MNM) o M*.

Figure 3.6 illustrates these decompositions of Y and R”.

Note that

Y-Y = (I,— H)e because pp € M,
v v (H—-H,)p+ (H — H,)e in general,
° (H—-H,e ifucM,,

v _ H,u+ H,e in general,
. pw+Hy,e ifpuecM,.
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Consequently, under the null hypothesis H,, both vectors Y — IA/O and Y — Y contain only parts

of the noise vector €, whereas the signal vector p is hidden entirely in }A’O.

If the null hypothesis H, is violated, the distance Hf’ — lA/'o || tends to be larger than ||(H — H,)e]||.

This will be investigated in more detail in a later section, but a simple calculation shows that
E(|Y —Yo|?) = (p—po)o® + |ln— Hopl?,

whereas IE(||Y — 17||2) = (n — p)o?. Hence, we introduce the test statistic

Y =Y —po) _ Y = Y|/ dim(M 0 M)

3.1) = = Si2 1 T
IY =Y|*/(n—p) IY = Y|/ dim(M ™)

The enumerator of F' could also be written as

1Y =Yol/ (0= po) = (IYI* = IVoll*)/ (0~ p0),
and its denominator is equal to
Y =Y/ (n=p) = (IYI* = I¥I)/(n—p) = 5"
Theorem 3.37. Under the null hypothesis that u € M ,, the test statistic F' in (3.1) has distribu-
tion Fy,_p, n—p-
Consequently, we may reject the null hypothesis H, at level a if

F > Fp —Ppo,n—p;l—a-

The corresponding (right-sided) p-value is
1 —Fedfy,—p, n—p(EF).
Proof of Theorem 3.37. Similarly as in the proof of Theorem 3.15, we consider a suitable or-
thonormal basis ¢1, s, . .., t, of R"”. This time we require that
M, = span(ty,...,t,,) and M = span(ti,...,t,).
Moreover, we write

n
g = UZZiti
i=1

with the standard Gaussian random vector Z := o~ !(t/e)", ~ N,(0,I,). Under the null

1

hypothesis H,,
_ (p—po) '|(H — Hy)e|?

R T e R
_ (P —po)” 1HU Zpo—l—lZitiH2
(n =)o X7y Ziti]|”

B (p—1po) ™ 1p0+122

B Y-

By definition of F distributions, the latter ratio has the asserted distribution F,_,, . U
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Exercise 3.38 (R-squared and F test). If ¥ O F, = {constant functions} with dim(F) > 1,
then the standard output of statistical software for the linear model F includes the value R? as
well as the test statistic F' and the corresponding p-value for the null hypothesis “f € F,” versus
“f € F\ F,”. What is the relationship between R? and F'?

Exercise 3.39. Suppose you want to test whether a linear subspace M, C M (or a smaller linear
model F, C F) fits a data vector Y sufficiently well, where p, := dim(M,) < p := dim(M) <
n. Suppose you only know 7, p,, p and the variance estimators &> for the simple as well as 52 for

the full model. Write the test statistic ' as a function of these quantities n, p,, p, 83 and 2.

Example 3.40 (One-way ANOVA). Starting from a covariate X € {1,2,..., L}, we use the
paper and blackboard notation and identify the response vector Y~ with an array (Y}s); s, Where

}/}'s:fj+5j5a 1§jSL71SSSnj7

with unknown parameters fi, f2,. .., fr, and independent random variables ¢ ;5 ~ N (0, 02).

To verify a true association between X and Y, one could test the following null hypothesis:

Ho:fi=fa=-=fL.

This null hypothesis corresponds to the space M, of all constant arrays, and its dimension is
pPo = 1. The full model space M consists of all arrays (g;);s with g1,...,9r, € R, and its

dimension is L.

Here Y = (YJ)] s and }/}o = (Y)j & Hence, the total sum of squares,

)

SStotar = [[Y = V1|* = D (Vje = V)?

j?s

may be written as the sum of squares within groups,

SSwithin = ¥ =Y |? = 3 (¥js - ¥})?,

7,8

plus the sum of squares between groups,

SShetween = [[¥ = Yo = D (V. = ¥)?* = > n;(¥;. - V)2
J»s J
That means,

SStotal = SSwithin + SSbetween-

The null hypothesis H,, that all parameters f; are identical is rejected at level « if

F — SSbetween/(L - 1)
SSWithin/(n - L)

is greater than or equal to F7,_1 »_1.1—q-

The phrase “analysis of variance” refers to such decompositions of the total sum of squares into

different components.
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Example 3.41 (Michelson’s and Morley’s measurements of the speed of light). A famous data
example from physics are measurements of the speed of light (in vacuum) by Albert A. Michelson
and Edward Morley at the end of the nineteenth century. One particular data set, available in R as
‘morley’, comprises n = 100 measurements. These measurements are reported in kilometers per
second, and from each raw value the number 299’000 has been subtracted. The observations cor-
respond to L = 5 different experiments, and in each experiment they did n, = 20 measurements.
Ideally,
Yis = ptejs, 1<j<5,1<s<20,

where i is the true value of the speed of light. Alternatively, one could think about the model
Yis = fi+ej, 1<7<5,1<s<20,

with certain values f1, fa, ..., f5 reflecting different circumstances of the experiment. In fact,
Michelson’s original goal was to prove the existence of ‘ether’, i.e. a medium for electromagnetic
waves. So he assumed that f; reflects the speed of the lab relative to the surrounding ether. But

there exist other, unintended, reasons for the f; to be different.

To test the null hypothesis that f; = fo = --- = f5, we need the following sums of squares:

SSwithin = 523510,
SShetween = 94/514.

This leads to the F test statistic

_ 94'514/4  23/628.5
~523/510/95  5/510.632

~ 4.2878,

and the p-value for the null hypothesis equals
1 — Fedfy g5(F) ~ 0.003114.

Hence, one may conclude with high confidence that there have been systematic differences be-

tween the five different experiments.

Eventually, Michelson and his colleagues concluded from numerous high-precision measurements
that presumably there is no ether. Michelson got a Nobel award for his experimental methods, and
his findings inspired Albert Einstein to develop the special theory of relativity.

Example 3.42 (Nested function spaces). We consider a linear model F with basis functions
fi,.oos fp + & — R. Now we want to test the null hypothesis that the unknown regression
function belongs to the smaller model F, := span(fi,..., fp,), where 0 < p, < p. (In case of
Po = 0, we just set F, = {0}.) Under the assumption that the vectors f1(X), f2(X),..., fp(X)
are linearly independent, we are talking about the model space M := span( Ji(X), ..., fp(X ))
and its p,-dimensional subspace M, := span(fl(X), ce fpo(X)).

If we write f(z) = Z§:1 0; f;(z), then the null hypothesis reads

H,: (0;)j>p, = 0.
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The corresponding F test statistic may be written in two ways. On the one hand,

F o= (6; );'r>po Lo (6; )j >po

(p - p0)62

where

On the other hand, one may write

_ =po) X)) = RO IFX) = (X
(n—p)—lHY—f(X)HZ (p — po) 72

where fo and fare the LSE of f in the smaller and the full model, respectively.
Warning: With the LSE 0 for the full model,

Po
fo # ZOjfj in general!

J=1

This is only guaranteed, if

{AXD)s - (XD} L A{Fpert (X, (X))

Exercise 3.43. In Exercise 2.7, conceptual problems of linear regression as a means to obtain
“adjusted data” have been discussed. In this exercise, these reflections are complemented by
analysing the specific data set “SozialdiensteBE.txt”. Each observation (row) corresponds to one
of the 67 social services in the Canton of Bern in the year 2012. The cantonal governement of
Bern (ab)used these data and a regression model to establish a bonus-malus system for the 67

social services in subsequent years. ..
(a) Try out different linear models for this data set and search for a set of covariates having a
significant effect on the response

Y := expenditures for social welfare per year and inhabitant (‘“Kosten™).

Note that Y is just the ratio of the net expenditures per year (“NettoSumme”) and the population
size (“Bevoelkerung”), so the former variable should not be included in a model. Note also that Y’
is not specified for one of the 67 observations.

(b) The Canton of Bern used a standard multiple regression model with the covariates

X (1) = percentage of foreigners (“Auslaender”),

X (2) = percentage of refugees (“Fluechtlinge”),

X (3) = percentage of elderly people getting subsidies (“ELBezueger”),
X (4) = percentage of vacant apartments (“Leerwhg”).

Assuming that

Y =0+ 01X (1) + 02X (2) + 05X (3) + 04X (4) + &
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(with € being interpreted as noise rather than misperformance), calculate the LSE 0 for 6 =

(0o, 01,...,04)" € RS and interpret your results.

(¢) Now consider the more complex model

4
Y =0+ 0;X(G)+ Y. wmXOX(k)+e
j=1 1<0<k<4
with 0; € R, 0 < j < 4,and vy € R, 1 < ¢ < k < 4. Do you reach the same conclusions
as for the previous model? Compare the two models. Does the inclusion of interactions yield a
significantly better fit?

Example 3.44 (Polynomial regression). As in Example 3.29, let X € R, and consider the model
equation Y = f(X) + &, where the unknown regression function f : R — R is assumed to be a
polynomial of given order d > 1. Again, suppose that X has at least d + 1 different components,
and let fo(z), f1(z),..., fa(x) be polynomials of degree 0,1, ...,d, respectively, such that the
vectors fo(X), f1(X),..., fa(X) are orthonormal. With f(z) = Z;Z:o 0j+1f;(x), the LSE of 8
is given by

6 = (fj(X)TY)jZO ~ Nay1(0,0°L411).

For any order d,, € {0, ...,d}, the orthogonal projection of Y onto span(fo(X),..., f4,(X)) is
given by

do
> i fi(X).
§=0
In case of d, < d, the null hypothesis that f has order d, is equivalent to the null hypothesis
H,: f(X) € span(fO(X), e de(X)).
The corresponding F test statistic is given by

> a1 6
o j=do+1 " j+1

F, =
do (d —d,)52

with distribution F;_g4, ,,—q—1 under H,, and the corresponding p-value equals
Tg, = 1= Fiq,n—a-1(Fy,)-

For the particular data we simulated in Example 3.29, let us start with the assumption that f is
a polynomial of order d = 10. This yields an estimated standard deviation & ~ 0.4921. The
following table shows for d, = 0,1, ..., 9, the value of the test statistic F; and the corresponding

p-value ™ dy (rounded to three decimals).

[ do | O] 1] 2] 3] 4] 5] 6] 7] 8] 9]
Fy, [ 41.753 [ 43.501 | 48.104 | 46.491 [ 41.060 | 11.550 | 2.992 | 0.900 | 1.220 | 2.286

o

T4 0.000 | 0.000 | 0.000 | 0.000| 0.000| 0.001 |0.021 |0.443 |0.298 | 0.133

o

This table shows that degrees smaller than 6 are inappropriate for the data, even d = 6 seems to

be too small.
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Exercise 3.45. In Exercise 3.34 we tested for a single test person and a single pulse oxymeter,
whether the device is working properly. Now consider all data for one pulse oxymeter and specify
one or several potential model equations for the measurement Y, the true oxygen saturation W
and the test person C. Fit this model or these models to the data. Specifically, how would you test

the null hypothesis that the device is working identically with each test person?

Example 3.46 (Additive model for two-way ANOVA). We consider X = (C, D) with factors
Ce{l,...,L}and D € {1,...,M}. Now we switch to paper and blackboard notation and

consider the observation array Y = (Yjs)jx,s With

Yiks = pta; +bp+ejs, 1< L 1<ESM, 1<5<nj.

Here 1 € R, @ € RV and b € RM are unknown parameters such that a := ZL

=14 = 0 and

by == 3oL, by = 0, while the ¢, are independent random variables with distribution N(0, o2).

This model equation means that the influence of the two factors is purely additive. The corre-

sponding model space M consists of all arrays

(95 + ) .o
with arbitrary numbers g; and hy. It can be written as the direct sum of three subspaces:

M, = {(,U)j,k,s D€ R} with dim(M) = 1,
M, = {(aj)jks:a€R ap =0} with dim(M;) =L -1,
My = {(bg)jrs:beRM by =0} with dim(My) =M — 1.

To perform various F tests, we need the orthogonal projections i}g of Y onto M, (0 < ¢ < 2)and
Yo, of Y onto M, := Mo+ M, (¢ = 1,2). Specifically,

Moy = {(9))jks: g R},
Mys = {(hk)j,k,s che RM}.

)

(a) The null hypothesis that neither C' nor D have any association with Y corresponds to the
assumption that
a=0 and b = 0.

The corresponding null model space is M, and the appropriate test statistic is

Y —Yol2 [V —[[Yol?
(M+L—-2)62 (M+L—2)52

F:

with distribution F 4 L—2.n—M— 141 under the null hypothesis. Note also that lA’O = (}7) j.k,s and
|Y0||2 = n¥2 with the usual average ¥ = n~! Y iks Yiks:

(b) The null hypothesis that the factor C has no association with Y corresponds to the assumption
that
a = 0.
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The corresponding null model space is M 2, and the appropriate test statistic is

Y = Yool® _ YIP - [[Yool?
(L —1)02 (L —1)02

with distribution F7,_1 5, 1,— 41 under the null hypothesis.

(c) Analogously, one may test the null hypothesis that the factor D has no association with Y by
means of the test statistic
_ Y =Youl* _ IIYIP - [[Youl?

(M —1)52 (M —1)52

with distribution Fps_1 ,,—1,— pr41 under the null hypothesis. The corresponding null model space
is M 0,1-

Explicit computations for general design. For general design, i.e. arbitrary numbers 7,
there exist no simple formulae for the projection Y. The only thing one can say is the fol-
lowing: Suppose that Y = (95 + ﬁk)j,k,s, where all terms g;, hy, are linear combinations of
the averages Vj.. := nj| >, Vs and Y. = n}}c >, Yiks. Here nj == Y"1 njy and
Nyp 1= 25:1 n;i. Note that each partial average Y, .. is the inner product of Y~ with the array
(nj_o +1[j=jo})j,k,s € My C M, and each partial average Y., is the innervof Y with the array
(n;,l%l[k:ko])j s € Mo2 C M. Hence, if one can show that always IE(Y") = IE(Y'), then it

follows from the Gauss—Markov Theorem 2.27 that Y = Y.
The projections 17071 and 17072 are given by

Yoi1 = (V;)jrs and Yoo = (Vi)jks

respectively. Again, this can be deduced from the Gauss—Markov Theorem 2.27: For 1 < j, < L,
Y'jo.. is the inner product of Y with an array in M 1, and one can easily verify that IE(Y]O) = Gj,
whenever IE(Y) = (g;)jks- For1l <k, < M, Y,,. is the inner product of Y with an array in
M2, and IE(Y.x,.) = hy, whenever IE(Y) = (hg)jk.s-

Explicit computations for balanced design. An important special case is a balanced design, that

means, all group sizes n j;, are identical,
njr = n, forl<j<L1<k<M.

This implies that the three spaces Mg, M1, My are pairwise orthogonal: For arbitrary vectors
v = (aj)j,k,s € My and w = (bk)j,k,s € M,

17y = Zaj = ayMn, = 0,
Jik,s

1Tw = > by = Lbyn, = 0,
Jik,s

-
vw = Zajbk = aybyn, = 0.
Jik,s
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In case of a balanced design, the GMEs for the parameters y, a; and by, are obtained easily. Note

first that n; 4 = Mn, for 1 < j < L and n4y, = Ln, for 1 < k < M. Now one can write

~

Y =Y+ and Y = i}oJrf/lJr?%

where

Y, = (Y)jks € Mo,

i}l = (E.._Y)mk’s S M17
?2 = (Yk-_}_/)j,k,s € Mo,
and this leads to
£ = (ijs—}_/] _Yk-+17)j,k,s e M*.

The inclusions 171 € M, }A’Q € My and € € M~ follow essentially from the facts that Y =
Lt Z]L:1 Y. = M1 ZkM:1 Y.;.. In particular, since the decomposition of Y into a sum of
vectors in M, M1, Mo, M~ is unique,

n=yY, a; :Yj..—Y and Bk:Y.k.—Y.

The F test statistics introduced before have now a simplified representation:

(a) For the null hypotheses that @ = 0 and b = 0, we get

[Y1]* + [[Y2|?
(M+L—2)52

(b) For the null hypothesis that a = 0, we get

o1
(L—-1)02%
(¢) For the null hypothesis that b = 0, we get
R 215
(M —1)02

Example 3.47 (Hearing tests). As a data example for the testing problems in Example 3.46, we
consider the data set ‘Hearing.txt’. Twenty-four test persons listened to recordings of four different
lists of words with some background noise. The measurements Y are the percentages of correctly
identified words, and the two factors were the person (C' € {1,2,...,24}) and the word list
(D € {1,2,3,4}). Here we have a balanced design with n, = 1, and it turned out that

|V 1)? = 3231.62, [[Yo]> = 920458 and [&]> = 2506.54.
Moreover,n — L — M +1=LM —L—-M+1=(L—1)(M —1)=23-3 =69, whence

62 = 2506.54/69 = 36.327.
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For the null hypotheses that neither C' nor D has an association with Y, the test statistic turns out

tobe 3231.62 + 920.458
F = 02 2028 o40,
(24 + 4 — 2) 36.327

and the resulting p-value equals 1 — Fcdfag 69(4.940) < 0.0001.

For the null hypothesis that the factor C' (test person) is superfluous, the test statistic turns out to
be
3231.62

F=__22""2  _ 3868
(24 — 1) 36.327 ’

and the corresponding p-value equals 1 — Fedfa3 69(3.868) < 0.0001.

Finally, for the null hypothesis that the factor D (word list) is superfluous, the test statistic has the
value
920.458

F= """ — 8446
(4—1)36.327

and the p-value equals 1 — Fedfs 69(8.446) < 0.0001.

Exercise 3.48. Consider once more the data set ‘Exam.txt’. Convert this into a data set with three
variables, namely, exam score (Y), student (C € {1,2,...,88}) and subject (D € {1,2,3,4,5}).
Analyze your data with a suitable linear model.

Exercise 3.49 (Incomplete designs). In Example 3.46 we tacitly assumed that all group sizes n
are strictly positive, a so-called complete design. However, in case of an additive model for the
contributions of the two factors, one may also consider data sets in which some combinations of
C and D are not represented, a so-called incomplete design. The dimension of the corresponding

model space M C R" depends on the incidence matrix

1[n11>0] 1[m2>0] T 1[711M>0]
lpoi>0) Ipaa>0) o Lnoar>0)
1[”L1>0] 1[”L2>0] e 1["LM>0]

(a) Determine the dimension of the model space M for the following three incidence matrices:
110 110 1 00
1 1 0}, 0o 1 1|, 010
0 0 1 0 01 0 0 1

(b) Show that the dimension of the model space M equals M + L — 1, provided that the following

conditions are satisfied:

e Each row and each column of the incidence matrix contains at least one entry 1.

e Let (jo, ko) and (3, E) be two different elements of
D := {(j, k) : njr, > 0}.

Then, there exists a sequence (j1, k1), (j2, k2)s - - -» (m, km ) in D such that (j,,, k) = (5, 75) and
for 1 < ¢ < m,either jy_1 = jpor ky_1 = ky.
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Example 3.50 (Balanced two-way ANOVA). We consider the same setting as in Example 3.46,
assuming a complete, balanced design with group size n, > 1. But now the general model

equation is
Yiks = fik t€jks = ptaj+bp+hjp+ejrs, 1<j<L, 1<k M, 1<s<n,,

with parameters 1 € R, @ € R” and b € RM as in Example 3.46 and an additional matrix
h € REXM of interactions such that

(3.2) hjw =0 forl1<j<L, hy, =0 forl<k<M.
The corresponding model space is now

M = {(fir)jhs: [ € RLXM}

with dimension LM . This space can be written as the sum of the spaces My, M 1, M5 and the

additional space

My = {(hjk)jkﬁ . h € REM gatisfies (3.2)}.
One can easily verify that the four spaces My, M1, Mo, M 5 are pairwise orthogonal, whence
dim(Ms3) = LM —L—-M+1 = (L-1)(M —1).
With the partial averages

_ 1 e
ke = 7Zijs
No
s=1

one can write
Y = ?0+?1+?2+?3+§
with f’o € My, 171 € M, }72 € M as before, and

Vs i= (Vjp — Voo = Vi + 7).
g = (ijs— ]k) S MJ‘.

Suppose we want to test the null hypothesis H, that the influence of the factors C' and D on Y is
purely additive. This is equivalent to all interactions being 0, that is,

H,: h =0.
The corresponding test statistic is

Y5

F= (L —1)(M —1)52

with distribution F(;,_1yas—1),n— s under Ho.



88 CHAPTER 3. TESTS AND CONFIDENCE REGIONS

The connection between the geometrical and the former description of F tests. Recall that

in Section 3.5.3, we considered the null hypothesis
Hy:¥'0 = w,

for a given matrix ¥ € RP*¢ with rank d and a given vector w, € R?. At first, we would like
to get rid of the vector w,. For that purpose, we use a trick treated in Exercise 3.32: We choose
an arbitrary vector 8, € RP such that \IITOO = w,, for instance, 8, = \Il(\IlT\II)_le. Then
Y := Y — D@, satisfies the model equation

Y = Dé+s

with @ := 0 — 0,, and ¥ "0 = w, if and only if ¥ ' @ = 0. Hence, we may assume without loss

of generality that w, = 0 and consider the null hypothesis
H,:¥'6 = 0.
With g = D@ one can write
U9 =9'Tr'D'DO = 1'D'pp= ATp

with the matrix

A = DI 'w c R4,

That means, the null hypothesis H, is equivalent to
Hy:peM,
with the linear subspace
M, = {yeM:ATy=0} = {ye M:y L AR%}

of M. Note that the d columns of A are linearly independent vectors in M. Consequently, its
column space AR? is a d-dimensional subspace of M. Hence, M, is the orthogonal complement
of AR? within M and has dimension p, = p — d. Likewise, AR is the orthogonal complement
of M, within M, that means, AR = M N M (f In particular, the orthogonal projection onto
that space is given by the matrix'

H, = A(ATA)tAT
= prlv(v'r'p'orle)te’'rip’
= prlw(e'rle)te’'rip’
= Dr'er,v'r'n’.

'Note the analogous formula for the hat matrix H = D(D D)~ DT describing the orthogonal projection onto
DRP.
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Consequently, the geometrical approach leads to the F test statistic

|H\Y|]*/d
6.\2
Y'H\Y
do?
Y' DI 'oreg¢'r'D'y
do2
(T79) Ty (T70)
do?
= Fg(0).

F:

3.6 Alternative Simultaneous Confidence Intervals

Scheffé’s method is just one of several possibilities to construct simultaneous confidence intervals
for linear functions v ' @ of the parameter, where ) is running through a given set P C R? \ {0}.

The general goal is to find a critical value

Co = Ca,P

such that
P (|0 —4'0] <Gyc, forallyp € P) > 1-a.

In other words, we may claim with confidence 1 — « that

'O e [¢T§ + 8¢ca] forally € P.

Scheffé’s method yields the critical value

Co = VAFin—pi—o withd := dim(span(P)).

In what follows, we shall discuss two alternative methods.

3.6.1 The Bonferroni Method
Suppose that P is a finite set, that is,
q = #P < oo.

We know already that
P(lT0— 0] > Gyt, 1 ) =7

for any vector 1p € P and arbitrary numbers v € (0, 1). Consequently, if we define

= b pi—(a/q)/2’
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then the simple Bonferroni inequality implies that
P (|36 — 4" 8] <Gy, forallgp € P)
=1- IP(W)T@ — wTB‘ > 04,CqyCq fOr at least one 3 € 73)
>1-> P(p'0-9"0|>5y0c,)

PEP
= 1-> a/q
PEP
=1-oa.

Exercise 3.51 (Comparing Bonferroni and Scheffé’s method). The Bonferroni method is at least
as accurate as Scheffé’s method if

tn—p;l—(a/q)/2 < V dFd,nfp;lfou

where ¢ = #(P) and d = dim(span(P)). Write a computer program that returns for given values

of a, m = n — p and d the maximal integer ¢ = ¢(d) such that the inequality above is satisfied.

Plot for some values of a and m the pairs (d, log, ¢(d)) for a whole interval of dimensions d.

3.6.2 Tukey’s Method

The Bonferroni method is certainly conservative. But numerical examples and asymptotic con-
siderations show that in special cases it is often not too far from an exact method which has been
introduced by John W. Tukey in special ANOVA settings. We present here a generalization of
Tukey’s approach. For an arbitrary set P C RP \ {0}, one considers the random variable

T T
4769 ¢
Tp = sup |Ty| = sup ————.
PeP PpeP O
The next lemma shows that T’p is a pivotal statistic with continuous distribution.

Lemma 3.52. The distribution of T’p is continuous and does not depend on @ or o. Rather, Tp

has the same distribution as -
SUpycp [by Z|

5%/(n—p)

with stochastically independent random variables Z ~ N,(0,1), S* ~ X')27,—p’ and the unit vectors

by = |02 ' 24p € RP, 4 e P.

In general, the distribution of T’p is not a standard distribution. But it can be simulated easily
by refined Monte Carlo methods as explained in the appendix. In some special cases it can be

determined exactly or numerically. The critical value

¢, = (1 — a)-quantile of Tp

«

satisfies the equation

IP(\ME — 76| < Gye, forall 79) —1l-a
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Proof of Lemma 3.52. It follows from Theorem 3.15 that Z := o~ !'T'"/2(§ — @) and S? :=
(n — p)a?/o? are stochastically independent with Z ~ N,(0,I) and 5% ~ x3 . Moreover,

YO0 =0T V) Z = |02y b,Z,
Gy = 0\ Ty = o729 \/S2/(n - p),

whence -
SUPycp | by Z|
S2/(n - p)

The enumerator W := sup,,cp \b;Z | of T’p is no larger than || Z||, and for any fixed ¢, € P, it

P:

is no smaller than |b;[r,oZ |, the modulus of a standard Gaussian random variable. This shows that

Tp > 0 almost surely. But for any fixed x > 0,
P(Tp =2z) = EP(S*> = (n—p)W?/2*|Z) = 0,

because S? has a continuous distribution function. Consequently, the distribution of T’ is contin-

uous. O

Remark 3.53. If P = {1)y,...,1,}, then Tp has the same distribution as

max{|Wi|,..., Wy}
S2/(n —p)

with independent random variables W ~ N, (0, R) and S? ~ X%_p’ where

It SO
Ry = RN = Corr(y] 6,9, 9).

VeI T e, 9 [T,

3.6.3 Examples of Simultaneous Confidence Regions

Let us start with a general remark about the Bonferroni method and Tukey’s method. Both are ad-
visable if one is interested primarily in simultaneous confidence bounds for given linear functions
¥ '0, 9 € P, of the parameter 6. As illustrated subsequently, these simultanous bounds also im-
ply simultaneous bounds for arbitrary 1 ' @ with ¢ € span(P), although Scheffé’s method may

provide more accurate results for 1) & P.

Example 3.54 (Simple linear regression). Recall that

~

flz) = Y+b(z—-X), b= |X|*X'Y

with X = X — X1, and for arbitrary z1, 29 € R,
~ ~ ) 1 z1— X)(zo — X
Cov(f(a1), f(w2)) = o*y(z1,m2) with (w1, 22) = n+( 1 H;((H; 3

We first focus on two different potential values x1 < x2 of X. We know that

~

P(f(zj) € [f(z;) £da(z;)] forj=1,2) > 1-aq,
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provided that
da(zj) = 3(%‘)%72;17@4
with
o(xj) = oy/v(zj,25).
Alternatively,
P(f(z)) € [f(:c]) +do(z;)] forj=1,2) = 1-aq,
provided that

da(1j) = 0(2))c,
with the (1 — «)-quantile ¢,, of the following random variable:

max{|Wi|, [Wa}

3.3) =215

with independent random variables S? ~ x2_, and

W~ N2<0’ E’ ﬂ)’ a \/’Y(ﬂ??,(z,)j?imm)'

o~

In both cases, the two inequalities |f(x;) — f(z;)| < da(z;) lead to inequalities for f(z) at
arbitrary positions x € R: We write

~ ~

f@) = (@) = M(@)(f@1) = f(@1)) + Na(2)(f(22) — f(22))

with
To — T T —x

)\1(.%') =

and Ao(z) = .
To — I T2 — X1

Then
f(@) = f(@)] < Pa(@)lda(@1) + [Aa(@)|da(@s).

Numerical example. We consider once more the n = 51 observation pairs from Example 3.19.
Figure 3.7 shows the data and the estimator f, together with simultaneous 95%-confidence inter-
vals for f via Scheffé’s method and via Tukey’s method. The bounds from Scheffé’s method are

given by
F(@) £ 6(2)\/2Faa9005 ~ f(z) +5(x)V2-3.1866 ~ f(x)=+5(x) - 2.5245.
Tukey’s method yields piecewise linear bounds, namely,
f@) £ (M (@) (1) + (@) |5 (22)) - Fo.gs,

where Kg.95 is a Monte Carlo estimator of the 0.95-quantile of the random variable (3.3) with

n = 51. In the upper panel of Figure 3.7,
Tl = —0.1, To = 1.1, P~ —0.6119, and 7%0.95 = 2.259.
In the lower panel,

x1 = 0.333, 22 =0.667, p~0.5131, and FKgg5 = 2.276.
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Note that the Bonferroni method would use bn—2;1—a/4 = 149,0.9875 ~ 2.3124 in place of Kg.95.

Interestingly, Scheffé’s method performs rather well in comparison with Tukey’s method. As
expected, for x close to x; or z3, the Tukey intervals are a bit shorter than the Scheffé intervals,

but at other locations x, the Scheffé intervals are clearly more narrow.

Remark 3.55 (Extending finitely many bounds). The confidence bands in the previous example
can be generalized as follows: Let 7 = span(f,..., fp) with basis functions f; : X — R. Let
x = (z;)%_, be a fixed tuple in A7 such that the matrix

= [fim),..., fy(x)] € RPP

has full rank. The Bonferroni method or Tukey’s method yield constants c/i\(xj) =0(2j)Ca, 1 <
J < p, such that with confidence 1 — o we may assume that

~ ~

| f(z;) = fz;)| < d(z;) forl1<j<p.

Now, any function g € F may be written as g = Z£=1 Nk fr for some n € RP. In particular,
g(x) = Bn, son = B~ 1g(x). Consequently, for any z € X,

p p p p
) = Y mfr(x) = DY (B gz fulx) = > Nj()
k=1 k=1j=1 j=1

with

p
Z kjfk

k=1

Applying this to g := f— f shows that for arbitrary = € X,

() - () ‘<Z|A z)|d(z;).

)
IN
1
>~
<

In some settings, Tukey’s method involves the following new type of distributions.

Definition 3.56 (Studentized range). Let Z ~ N4 (0,T) and S? ~ X% be stochastically indepen-
dent. The distribution of
max(Zy,...,2Z,) —min(Zy, ..., Zy)
S2/0

is called the studentized range distribution with parameters k and {. It is denoted with @, ¢, and

its 3-quantile is denoted with Q) ¢.s.

In R, the distribution and quantile function of )}, ¢ are available as
ptukey(-,nmeans = k,df =¢) and qtukey(-,nmeans = k,df = /¢),

respectively.
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I I I
0.0 0.5 1.0
X

Figure 3.7: Simultaneous 95%-confidence bounds for f(x) in simple linear regression: Scheffé’s

method (red) and Tukey’s method with two starting points (blue).



3.6. ALTERNATIVE SIMULTANEOUS CONFIDENCE INTERVALS 95

Example 3.57 (One-way ANOVA, Example 1.1). We use the blackboard-and-paper notation

from Section 2.6.4. That means, we observe

Y}s:fj+5jsa 1SJSL71§3§”‘(])7

with unknown parameters fi, ..., fr € R and independent random errors €, ~ N(0, o2). Often,
one is interested mainly in the differences f; — fi, where 1 < j < k < L. With 8 = ( fj)JL:1 and
the standard basis eq, ..., ey, of RL this corresponds to the family

P = {ej—ek:1§j<k:§L}.

It consists of L(L — 1)/2 vectors spanning the (L — 1)-dimensional space of all vectors v € R
such that v, = 0. It follows from Scheffé’s method that with probability 1 — a,

fi—fr € [Y; - Y. + 3jk\/(L — 1)FL—1,n—L;1—a}

for1 < j < k < L, where 5j; := o+/n(j) =1 + n(k)~L.

The Bonferroni method leads to the simultaneous confidence intervals
D—/J ~ Y. £ 8jktnfL;lfa/(L(Lfl))]'

Tukey’s method is particularly easy to apply in the special case of a balanced design with group
sizes
n(l) =n(2) =+ =n(L) = n,.

If we define Z; := n},/Q(}_/j. — fj)/o and S? := (n — L)5?/0?, then the random variables

Z1,...,Z1,S? are stochastically independent, where Zj ~ N(0,1) and 52 ~ Xi— 1,- Moreover,

Gjk = 0+/2/no, and thus
V. =Y. — fj +
Tp = max ’ J kA i fk’

1<j<k<L Ok

_1Zi =2l
1<j<k<L \/S?/(n — L)
_ o-1/2 max(Z1,...,2r) —min(Z1,...,21)

/-1

_ 9-1/2

Hence /2 T'p has the distribution ()1, ,—1, of a studentized range with parameters L and n — L.

Hence, one may claim with confidence 1 — « that
fi—fe € [V =Y £ 5327 Qrn-1:1-0]
= Y. =Y £ 0V1/n6Qp (n,—1)L;1—0)
forl <j <k <L, where Qr n_r;1—q is the (1 — a)-quantile of Qr, 1.
Table 3.1 contains for o = 0.05 and various combinations of L, n,, the three critical values

CECheﬁe = \/(L - 1)FL—1,(no—1)L;1—a’

g = no—1)Lil—a/(L(L—1))’

Tukey . o—1/2
Ca =2 QL,(no—l)L;1—a-
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Scheffe Bonf Tukey
’ L ‘ Mo H €0.05 ‘ €0.05 ‘ €0.05

3 | 10 || 2.5901 | 2.5525 | 2.4795
5 | 10 | 3.2117 | 2.9521 | 2.8415
10 | 10 || 4.2274 | 3.3693 | 3.2445

3 | 50 | 2.4730 | 2.4217 | 2.3677
5 | 50 | 3.1039 | 2.8327 | 2.7483
10 | 50 || 4.1342 | 3.2803 | 3.1784
3 | 100 || 2.4602 | 2.4077 | 2.3556
5 [ 100 || 3.0919 | 2.8197 | 2.7379
10 | 100 || 4.1236 | 3.2704 | 3.1710

Table 3.1: Some critical values for group comparisons in balanced one-way ANOVA.

Exercise 3.58. Let v € R” be an unknown vector in R”. Suppose we only know that for some
constant d > 0,
lop —vj| < d forl<j<k<L.

Which bound can be deduced for .
>,
j=1

if 1) is a given vector in R” such that Zle ;=07

Exercise 3.59. Consider a one-way ANOVA with balanced design, that is, we observe Yj, =
fi+ejs, 1 <j< Land1 < s < n,, with unknown parameters f1, ..., fz, and independent errors
gjs ~ N(0,0?). With Tukey’s or the Bonferroni method we find a constant d= G/2/n0Co > 0
such that with confidence 1 — «, we may claim that

fi—fe e [fi—Jetd forl<j<k<L.

What can you claim about the quantities
1 .
fi— 71 kzk;&«fk’ fi— km]?;(] fr, rank of f; within (fg)E_,
t k]

forl1 <j < L?
Exercise 3.60 (Additive two-way ANOVA with balanced design). Suppose that we observe
Yis = fi+bp+eiys, 1<j<L1<k<M1<s<ny,

with unknown real parameters f1, ..., fr and by, ..., bys such that 224:1 b, = 0, and with inde-
pendent random errors €3, ~ N(O, 0?), where o > 0 is unknown. Show how to apply Tukey’s
method and studentized range distributions to obtain simultaneous confidence intervals for the
so-called main contrasts f; — f;;, 1 < j < j' < L.

3.6.4 Comparison of the Methods

A precise and general comparison of the previous methods is impossible. But at least in asymptotic

frameworks with n — p tending to infinity, some comparisons are possible.
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Lemma 3.61 (Asymptotics of various quantiles). The student quantiles admit the following ap-
proximation:

2t1€(;)1g_(i/5) — 1 as 0, €—>ooand10g(£1/6)—>0.
For fixed~ € (0, 1), the y-quantiles of the F distribution and the studentized range with parameters

k and ¢ satisty
Qr, by

2¢/2log(k)

Before proving this lemma, let us show how to apply it. In some special settings such as balanced

Fyen — 1 and — 1 ask,l{— oo.

one-way ANOVA or balanced two-way ANOVA one encounters the following situation: The pa-
rameter vector @ contains L > 3 parameters f1, . .., fr, such that the corresponding Gauss-Markov
estimators fl, ceey fL are stochastically independent with fj ~ N(fj, o2v) for some known con-
stant v > 0. Now we are interested in simultaneous (1 — «r)-confidence intervals for the so-called

main contrasts f; — fi, 1 < j < k < L. These confidence intervals have the form

[J?J - ]?k + 6\/%0&]

with

\/ (L—1)F;_y, 1 o (Scheffé),

c, = t

~ (Bonferroni),

n—pjl—a/[L(L-1)]
271/2@L,n—p;1—a (TUkGY)'

Now, the expansions in Lemma 3.61 imply that as L — co and n — p — o0,

VL (1+0(1)) (Scheffé)
Cq = 4 2v/10gL(1+0(1)) (Bonferroni)

2y/log L (1 +0(1)) (Tukey)

(where the expansion for the Bonferroni method requires that log(L)/(n — p) — 0). This shows
that Scheffé’s method is rather conservative in comparison with the Bonferroni or Tukey’s method,
while the latter two yield similar results.

Proof of Lemma 3.61. We consider stochastically independent random variables Z ~ N(0, 1),
Z ~ Ni(0,I)) and T} ~ 2. Since IE(T?/¢) = 1 and Var(T?/¢) = 2/¢, it follows from the
Tshebyshev inequality that for arbitrary fixed € > 0,

P(TZ/0¢ [1£e]) < 2/(t?).
Hence Tf /¢ converges to 1 in probability as £ — oo. The same consideration applies to S,? =
| Z||*> ~ x2, so the random variable

2 /k
= ~ F
T2/l kit

satisfies
F —, 1 ask,{— oc.
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But this is equivalent to the statement that for any fixed v € (0, 1),

Fk,f;’)’ — 1 ask,{— oco.

It follows from Exercise 3.63 that
max(Z)
2log(k)
For symmetry reasons, min(Z) has the same distribution as — max(Z). Consequently, the range
max(Z) — min(Z) is equal to 21/21og(k)(1 + 0,(1)) as k — oc. As a consequence, the random
variable

—p 1 ask — oo.

Q = max(Z) — min(Z) ~ Qi
1?0

satisfies

Q
2¢/2log(k)

In particular, for any fixed v € (0, 1),

—p 1 ask,l — oo.

QMW

21/2log(k)

For the student quantiles we have to work a bit harder. With Y, := /77 /¢, the ratio Z/Y} has
distribution t,. As shown in Exercise 3.13,

— 1 ask,f— oo.

tpa_s > ®~1(1—6) forarbitrary § € (0,1/2),
and in Exercise 3.63 it is shown that
o~1(1-90)
2log(1/9)
On the other hand, Exercise 3.62 implies that ®(—xz) < exp(—x2/2)/2 for arbitrary x > 0.

Hence,

— 1 asd 0.

P(Z/Y; > 1) = EP(Z > tY,|Y;) = E®(~1Y)) < Eexp(~Y7/2)/2.
It follows from Exercise 3.12 that
Eexp(AT7?) = (1—2)\) %2 for arbitrary A < 1/2.

Setting A = —2/(2¢), this leads to the inequality

P(z/Y; > 1) < (1+ t;)m/z

Now we choose ¢ > 0 such that the right hand side equals §. This yields the inequality

tr1s < \/f((%)*w -1)

_ \/£<exp<210g(1/c2) —log4) } 1)

= /(210g(1/8) — log 4) (1 + o(1))
= /2log(1/4) (1 + o(1)) aséio,bg(gl/é)
because exp(x) — 1 = z(1 +0o(1)) asx — 0. O

— 0,
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Exercise 3.62. Show that the standard Gaussian distribution function ® satisfies

o) o(2)
Vi+a?/d4+x/2 V2/m+ a2 /44 x)2

In particular, 1 — ®(z) < exp(—x2/2)/2 for all x > 0.

1—®(z) <

for x > 0.

Hint: Consider the function A := 1 — ® — ¢/h, where h(z) := x/2 + /c + 22 /4 for some
constant ¢ > 0. Show that

A = %(h'—c).

Now, verify and use the fact that A(0) = 1/2 — 1/v/2mc whereas lim,_, A(z) = 0.

Exercise 3.63. Show by means of Exercise 3.62 that

d1(1-9) {S V/21og(1/6) — log4 for0 < 6 < 1/2,
= /2log(1/9) (1 +0o(1)) ford | 0.

Further, show that for independent, standard Gaussian random variables Z1, Zs, . .., Z, and fixed
constants ¢ € [0, 2],

n—00 =1,2,....,n 0 ife<?2.

1 ife=2
lim ]P<' max Z; < \/clogn> = { ne=s
1

3.7 Non-Central F Distributions and Approximation Errors

To compute the power of an F test, i.e. the probability that it rejects the null hypothesis, one needs

non-central F distributions.

Definition 3.64 (Non-central chi-squared and F distributions). Let Z1, Z5, Z3, ... be a sequence
of stochastically independent, standard Gaussian random variables, and let 9, 5 > 0 be fixed num-

bers.
(a) The non-central chi-squared distribution with k degrees of freedom and non-centrality param-
eter (NCP) 62 is defined as the distribution of

(Zy+ 0 + Z5 + -+ + Z.

It is denoted with X3 (2).
(b) The non-central F distribution with k and ¢ degrees of freedom and non-centrality parameters
(NCPs) §% and 52 is defined as the distribution of
k(2 + 02+ Z3+ -+ Z7)
(N Zygy +0P + ZE oy 4+ Z,)

It is denoted with the symbol F}, ,(6?,52).

Remark 3.65 (Moments of x2(4?)). For a random variable S? ~ x%(§?),

E(S?) = k+6% and Std(S?) = v/2k + 462
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This follows from writing

k
(Z1+ 02+ Z3+ -+ 28 = k+62+ > (Z2—1)+207;
i=1
and noting that the k£ + 1 random variables le —1,..., Z,f — 1 and 26 Z; are centered and uncor-
related with variance Var(Z? — 1) = 2, Var(26Z;) = 462. In particular,

52
m—)pl aSkﬁ+(52—>OO.

A first example. Let Y be a random vector with distribution N,, (s, I,). Then,

Y1~ xa(llel?).
In particular, Remark 3.65 implies that

”Y7H22 —p 1 asn+ ||| = oo
n+ [ul

To verify this claim, let ¢1,to, . .., t, be an orthonormal basis of R™ such that g+ = ||p/|¢1. Then
Y has the same distribution as

n n
pw+> Ziti = (Zi+|lpl)t+ ) Zits
i=1 =2
with independent, standard Gaussian random variables Z1, Zs, ..., Z,. Consequently, |Y||? =
S (¢]Y)? has the same distribution as

n

(Zr+ e+ 28 ~ xalel?).
i=2
Remark 3.66 (Stochastic orders with respect to NCPs). The distributions x7 (62) and Fy (62, §2)
are continuous and strictly increasing (in the sense of stochastic order) in § > 0. Furthermore,
Fk’g(éﬂ, 52) is continuous and strictly decreasing (in the sense of stochastic order) in ) > 0.
More precisely, let T5 and U 53 be the random variables described in Definition 3.64 (a) and (b),
respectively. For an arbitrary threshold ¢ > 0, both probabilities IP(T5 < c¢) and IP(Us5 < ¢)
are a continuous and strictly decreasing function of § > 0 with limit 0 as § — oo. Furthermore,

IP(U; 5 < c) is a continuous and strictly increasing function of 6 > 0 with limit 1 as § — co.

Exercise 3.67. Let Z be a standard Gaussian random variable. For 6 € Rand r > 0 let
h(6,r) =P ((Z+68)>*<r).

Show that & : R X [0, 00) is a continuous function with A(-,0) = 0, where h(—4,r) = h(d,r) > 0
for r > 0. Further, show that for fixed r > 0, h(J, r) is strictly decreasing in § > 0 with limit 0 as
0 — o0.

Prove Remark 3.66 by conditioning on all random variables Z;, except Z; or Zj 1.
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Application to F tests. Now let us consider a random vector
Y =p+e

with an unknown mean vector ¢ € R™ an an unobserved random error € ~ N,,(0, 21 ). For given

linear spaces M, C M C R” with dimensions p, < p < n, we want to test
H,:pe M, versus Hy:pe M\ M,.

With the corresponding projection matrices H , and H, recall the F test statistic

”HY - HOYHQ/(p - po)

= Ty —EYR /-

Under the null hypothesis H,, this test statistic has an F distribution with p — p, and n — p degress
of freedom. The following theorem specifies its distribution in the general case, without any

assumptions on L.

Theorem 3.68. The test statistic F' has distribution F), (62,62), where

—Po,—p

Hp—H, - ~H
_ |[Hp plo g 5. k= Hpl

g g

0 :

Remark 3.69. Note that Theorem 3.68 does not assume that 4 € M. In fact, one may re-
interpret the F test as a test of

H,: Hpe M, versus Hy:Hpe M\ M,.

Under this null hypothesis, F has distribution £, ,,_ (0, 8%) with 0 = ||x — H | /. This fact
and Remark 3.66 imply that under H,,

IP(H, isrejected) = IP(F > Fp_p, n-pii-a) <

with equality if and only if 4 = Hp, ie. p € M.

Remark 3.70 (Power of the F test). Under the usual assumption that & € M (i.e. u = H ), the
test statistic F* follows Fj,_,, n,—,(62,0), where § = || — H,p| /0. If we denote the distribution
function of F,_,, ,—p(62,0) temporarily with G(-), then

IP(H, isrejected) = IP(F > Fp—p, n—p:i—a)
= a ifd=0,

- 1 - G(S(Fp_po7n_p;1—a) > o lf(S > 0,
— 1 asd — oo.

Proof of Theorem 3.68. We just refine the proof of Theorem 3.37. We choose an orthonormal
basis t1, to, ..., t, of R™ such that
M, = span(ty,...,t,,),
M = span(ty,...,t,),
H/“l’ - HOH’ = ||Hl’l' - HOlJ’H tpo+1 = O-(Stpo+17

p—Hp = |[p—Hp|t,,, = odt,, .
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With the random vector Z := ¢! (tZT s) ?_

_, ~ Ny(0,I,,) we can write

n
Y = M+UZZiti
=1

and may conclude that

o (HY —H,Y) = (Zpot1 + 0)tpyt1 + Zp,otp,+2 + - + Zpty,
o Y —HY) = (Zpy1 + )ty + Zpsotpra + -+ Zntn.

Hence,
Fo— ((Zpo+1+5)2+Z§o+2+"’+Zz%)/(p_p0) o~ F (52 52)
= T p—po,n—p\0 >0 J;
(Zppr+ 0>+ 225+ -+ Z3)/(n = p)
by definition of the non-central F distributions. O

Representing x7 (%) and Fy ;(62, %) as Poisson mixtures. As shown in Exercise 3.71 below,
non-central chi-squared distributions may be represented as mixtures of ordinary chi-squared dis-

tributions. Precisely,

(34) X2 (6%) = E e_)‘ﬁ : Xiﬁj with A := 62/2.
=0

The probability weights e =\’ /! on the right hand side are the weights of the Poisson distribution
Poiss(A).
In other words, let N, Z1, Zs, Z3, . . . be stochastically independent random variables, where N ~

Poiss(0?/2) and Z; ~ N(0, 1). Then x2(62) is the distribution of

k+2N

> 7.
=1

Similarly, let N, Z1, Z>, Z3, . .. and N , Zl, Zg, Zg, ... be stochastically independent random vari-
ables such that N' ~ Poiss(62/2), N ~ Poiss(62/2) and Z;, Z; ~ N(0,1). Then Fj, ((62,62) is

the distribution of .
-1 2
k= > il Z

1Nz
Exercise 3.71 (Non-central x? distributions). (a) We have verified in Exercise 3.12 that for Z ~
N(0,1) and t < 1/2,
Eexp(tz?) = (1—2t)"'/2

Show that for arbitrary 6 € Rand t < 1/2,

IE exp(t(Z + 5)2) = (1—2t)" 2% exp(%ﬂ) with \ := 6%/2.

(b) Deduce from part (a) and Remark 3.11 the Poisson representation in (3.4).
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Confidence bounds for approximation errors. In many applications, the conclusion that a
simplified model (M ,) is not entirely correct is not very surprising. Nevertheless it is possible
that the distance between p and M, is irrelevant for practical purposes. Moreover, even if the F
test does not reject the null hypothesis that o € M ,, there is no evidence for the null hypothesis to

be true. A potential remedy for both problems are confidence bounds for the standardized distance

5l Hop
Houll

Let us assume that & € M. Then our test statistic F' has distribution F),_,, (62, 0), and its
distribution function is denoted by GG5. That means,

G5(T) = IP(FST)

According to Remark 3.66, for any fixed » > 0, G,(r) is a continuous and strictly decreasing
function of > 0 with limit 0 as n — oco. Moreover, G5(F) is uniformly distributed on [0, 1].
Consequently, for « € (0, 1),

IP(Gs(F) <1—a),
l—a = ]P(G(S(F>2a)7
P(Gs(F) € [a/2,1 — a/2]).

Solving the inequalities for Gs(F') on the right hand side for § > 0, we obtain the following

confidence regions for §:

e The lower (1 — «)-confidence bound

ao(F) = min{n>0:Gy(F) <1-—a}
=0 if Go(F) < 1—a,
= unique 7 > Osuch that G, (F) =1 —a if Go(F) > 1 -«

e the upper (1 — «)-confidence bound

bo(F) := min{n >0:G,(F) < a}

=0 if Go(F) < a,
= unique 7 > 0 such that G,)(F') = o if Go(F) > a,

e the (1 — a)-confidence interval
[aa/Q(F)7 ba/Q(F)] :

Note that 1 — G (F) is our p-value for the null hypothesis “p € M ,”. Thus, the lower (1 — «)-

confidence bound a,, (F) is strictly positive if and only if this p-value is strictly smaller than .

Exercise 3.72. Consider a one-way ANOVA with balanced design. That is, we observe
}/}S:fj_'_gjs’ 1§]§L71§8§n07

with unknown parameters fi, fa, ..., fr, and independent random errors €, ~ N(0, 02).
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(a) Specify the distribution of the test statistic F' for the null hypothesis

H,:fi=fa=-=fr.

In particular, provide an explicit expression for the NCP §2.
(b) Sketch the distribution function G5(-) = IP(F < ) for 6 € {0,1,2,3}, L = 5 and n, = 20.
(¢) Sketch for L = 5, n, = 20 and o = 0.05 the power function

6= P(F>Fr 1 Lmn,—1)1-a)

(d) Suppose you obtain F' = 1.2 in the previous setting. Determine an upper 95%-confidence

bound for the parameter 0! Zle (fi — )2

Exercise 3.73. How could one combine the confidence bounds for § = || — H || /o and for o
to obtain confidence bounds for the approximation error ||p — H pl|?

Exercise 3.74. Suppose that we apply the confidence bound a, (Y") or b, (Y") for ||t — Hop|| /o
to an observation vector Y ~ N, (u,0%I,), where pu need not be in M. Is any of the two
bounds still a (1 — «)-confidence bound for the modified parameter 0 = ||Hp — H ,p|| /o, while
0 = ||p — Hp|| /o is an unknown nuisance parameter?

3.8 Calibration

For the sake of simplicity, we discuss the calibration problem only in the context of simple linear
regression. That means, we consider generic observations (X,Y) € R x R such that

Y = a+bX +¢

with unknown parameters a and b # 0 and a random measruement error €. Here, we think about
X being a quantity of interest which may be measured exactly with an expensive method, while

Y is an indirect measurement which is relatively easy to obtain.
Data generation and analysis consists of two separate parts:

Calibration phase. In the first phase, calibration (or training) data D, consisting of (X1,Y7),
(X2,Y3), ..., (Xp,Y,) are obtained. We assume that these n pairs are stochastically independent
and satisfy

Y, =a+X;,+¢, 1<1<n,

with fixed values X; and independent errors €1, €9, ...,&, ~ N(0, 02). The calibration data are

used to estimate the unknown parameters a, b and o > 0.

Prediction phase. Later on, we are dealing with one or several pairs (X,,Y,), where only Y,
is observed. By means of D and Y,, we would like to estimate the value of X, or compute a

confidence region for X, assuming that

Y, = a+bX,+e, with e, ~ N(0,\o?).
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Here, A € (0,1] is a given scaling factor. For instance, A = 1/m, if Y, is the average of m

independent measurements for the same X,,.

Note that €1, €9, ..., €, and ¢, are considered as independent random variables, while X, Xo,

..., X, and X, are treated as fixed numbers.

Point estimation. A natural estimator for X, would be

. Y, —a _ Y, -Y
X, = 9o % _xylo 1
b b

It results from solving the approximate equation Y, ~ a + ZXO =Y + E(Xo — X) for X,.

Instead of the point estimator )?O we would like to compute a confidence interval C(D,Y,) for
X,. A first and commonly used confidence interval is

Y, £ 6VA®(1—-a/2)—a = Y, - Y £ VAR (1 - /2
0.y, = [P EPAT ARS8 g Yon X RIS 0/)
b b
It is motivated by the fact that with probability 1 — o, the unknown value X, satisfies the inequal-
ities
1Y, —a—bX,| = |eo] < VAc® 1 —/2).

Hence, we rely on (a, b, o) being sufficiently close to the true triple (a, b, o), so the uncertainty
about X, is mainly due to the variability of Y,. However, if we want to take into account the

uncertainty of (a, b, o), there are two different points of view.

Single-use confidence regions. Let us first consider only one pair (X,,Y,). Our requirement is
that
P(X, € C(D,Y,)) > 1—«

for arbitrary values of a, b, o and X,. Here, the randomness in D as well as in Y, is taken into

account.

The standard recipe, computing a point estimator for X, plus or minus a certain constant times
a standard error, would only work approximately. Instead we resort to the inversion of tests,

similarly as in Example 3.22. To this end, we consider the random variable

Y,—a—bX, = Y,— Y —b(X, — X)
- _

= gy —&— (b—b)(X, — X).

With Q := Y | (X; — X)?, the random variables ¢,, & and b—b = S ei(Xi — X)/Q
are stochastically independent and Gaussian with mean 0 and variances Ao, 02?/n and 02/Q,

respectively. Consequently,

- 1 (X,—X)?
Y, —d—bX, ~ N(O, 0—2()\+n+(Q)>).
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Moreover, this random variable and & are stochastically independent. Hence for x € R,

Y, —d— b Y, — Y — bz — X)

- X
SR ey e Fs o VS S VTR Fap 4 0

defines a test statistic for the null hypothesis that X, = x, and

T(X,) ~ t

n—2-

Hence, a (1 — «)-confidence region for X, is given by

Coz(Dvyo) = {CC eER: |T(33)’ < tnf2;17a/2}'

Elementary algebra reveals that the inequality |T'(x)| < t,,_9.1_q/2 is equivalent to the quadratic

inequality
35 (0P —c/Q)r— X)) —2(Y, - V)(z - X) < (A +1/n)— (Y, - Y)?,

where

~ ~

Co = O 75n—2;1—cu/2'

Typically, > > ¢2 /@, which is equivalent to the student test of “b = 0" giving a p-value strictly
smaller than «. Then, the inequality (3.5) may be solved for x, and we obtain the following

(1 — «v)-confidence interval for X,:

~

(DY) = x4 2oV O U — /@) + (%~ V)2/Q]
bQ_E%/Q bQ_CQ/Q

Multiple-use confidence intervals. Often the calibration data D are used for inference about
many future pairs (X,,Y,). In this case it is appropriate to consider the minimal conditional
coverage probability of a confidence region C(D,Y,) for X,, given the calibration data D. That
means, we are wondering about the value of

(3.6) Jnf IP(X, € C(D,Y,) | D).

If the latter quantity is at least 1 — «, one can guarantee that, in the long run, for at most « -
100 percent of future pairs (X,, Y,), the resulting confidence region C(D,Y,) fails to cover X,,.
Unfortunately, the infimum (3.6) is a random variable, and we cannot exclude calibration data D

of low quality, resulting in poor estimators of a, b and .

However, it is feasible to construct confidence intervals C'(D, Y,) such that with given confidence
1 — 3, the minimal conditional coverage probability (3.6) is at least 1 — «. Here is an explicit

recipe to construct C' (D, Y,):

Step 1: We start with an upper confidence bound for o, namely,

_ [ n—2
o =0 3
Xn—2;v
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for some ; € (0, 1). That means,
P(o<o) =1-—m,

because the random variable (n — 2)52 /02 has distribution x2_,.

Step 2: Let us assume temporarily that o > 0 was known. Then we could adapt Scheffé’ s method

and claim with confidence 1 — 5 that

~

F@)— f@)] < o/1/n+(@-X)2/Q/ 31y, forallzcR.
Since f() and o are stochastically independent, we may conclude that
IP(U <& and f(z) € [{(x),T(x)] forall z € ]R) > (1= 71)(1 =),

where

o~

[f(), a@)] = [Fla) £ o3/1/n+ (@ - X2/Q\/x31 ]

For suitable parameters 71, 72, the bound (1 —~1)(1 —~2) equals 1 — 3, for instance, if y; = v =
1—-+1-0.

Step 3: Note that

IP(YO € [f(X,) £\ 2007 (1 - a/z)]> ~1-a,
and with probability at least 1 — 3,

[f(z) £ X260 071 (1 - a/2)]
C [Uz) = N5 07H(1 — o/2), G(x) + \V25 0711 — a/2)]

for any « € R. Hence the confidence region
C(D,Y,) = {:p ER:Y, € [l(z) - \V%F D11 — a/2),i(z) + N5 071 (1 — 0/2)] }

has the desired properties. Its explicit computation amounts to solving two quadratic inequalities,

and it is a compact interval, provided that b* > &> X510/ Q-

3.9 Random Effects

In certain applications, it is appropriate to view some components of € as random variables. In the

present section, we describe two particular examples of such models with random effects.

One-way ANOVA. Starting from X € {1,2,..., L}, our model equation (in blackboard-and-
paper notation) was:

Yjs = p+aj+ejs, 1<j<L, 1<s<n()),

where a4 = 0, say.
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Specifically, one could think about L different test persons who participate in a certain perfor-
mance test once or several times. In the model equation above, Y, would be the measure of
performance of the j-th test person in its s-th trial. The parameter a; describes the the average
performance of person j in comparison with the other L — 1 persons in this study. However, if we
view the L test persons as a random sample from a larger population of individuals, one should

rather consider the following model:
Yis = p+Aj+¢c5,, 1<j<L,1<s<n(j),
with L + n stochastically independent random variables A; and ¢;,, where
A; ~ N(0,0%) and ej5 ~ N(0,0%).

Now, p stands for the average performance of an individual from the population, o4 quantifies
the person-to-person variation of performance, and o quantifies the random fluctuations of one

person’s performance over time.

The null hypothesis that @ = 0, corresponds now to the null hypothesis that 0 4 = 0. But often,
the insight that 04 > 0 is not very surprising. More interesting would be confidence bounds for
o4 or o4/o. At least in case of a balanced design, such bounds can be computed quite easily.

From now on we assume that

In this case,

Vi, = u+A;j+&. and Y = p+A+¢

with A = L~} Z]L:1 A;. Here,

SSwithin = »_(Yjs = V;.)? = Y (gjs — &;.)°

J»$ 7,8
and
SSbetween = Z(Y} - Y)Q = No Z(V} - V)Q
J»s J
with
Vi = Aj+&5. ~ N(O,Ui + UQ/TLO).
The random variables Vi, Va,...,Vy, and (¢, — &;.);,s are centered, uncorrelated, and their joint

distribution is Gaussian. Thus they are independent, and this implies that SSpetween and SSywithin
are stochastically independent, where

SSwithin 2

Ssbetween 2 d
~ Xp-1 an o2 ~ Xn-L-

neo? + o2

This implies that the standard F test statistic

Ssbetween/(L - 1)

F —
SSwithin/ (1 — L)
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satisfies the relation
F

_— ~ F .
no(oca/o)? +1 L-1,n-L

This implies confidence bounds for the ratio o 4 /. On the one hand, with probability 1 — «,
F < [nO(UA/U)2 + 1] FLfl,nfL;lfou

and the latter inequality is equivalent to

F +
Y (E—
FL—l,n—L;l—a

On the other hand, with probability 1 — a,

F > [nO(UA/U)2 + 1] FL—l,n—L;ou

and this leads to the upper (1 — «)-confidence bound

()
_— n
FL—I,n—L;a ¢

foros/o.

Two-way ANOVA: Cross classification without interactions, balanced design. Starting from
covariables C' € {1,...,L}and D € {1,..., M}, we considered the model equation

ijs:N+aj+bk+5ija 1<j<L,1<k<M,1<s<n,,

where a4 = by = 0.

In the specific Example 3.47, it might be appropriate to view the test persons as random sample
from a population. This leads to a mixed model with the random effect “test person” and the fixed

effect “word list”.

Generally, let
}/ij:M—i_Aj—i_bk—i_E]kSa 1§j§L71Sk§M71SSSnOa

with independent random variables A; ~ N(0,0%), jxs ~ N(0,0?), and unknown parameters
nweER,be RM where by = 0. Here,

Yi. = n+A;+¢&;.,
Y. Z,LL—FA—{—bk—Fe_.k.,
Y = u+A+e

This implies that the F test of the null hypothesis “b = 0” remains the same, because under the

null hypothesis, the residual array & as well as the array Yo = (Y. — ¥) , depend only on e.

Ik,
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Now, let us investigate the F test statistic for the null hypothesis “a = 0” or “o4 = 0"

o U o o
(n —L-M + 1>_1 ijkys()/jks v Yk;. + Y)2
(L—1)""Mno Y ;(V; = V)?

(n —L—-—M + 1)_1 Zj,k,s(gjks —&j.. — €.+ 5)2

with V; := A;j + &;.. ~ N(0,0% + 02 /(Mn,)). Here one can verify that

F
~ F .
Mno(O'A/0'>2 41 L—-1n—L-M+1

Again, this fact leads to confidence bounds for the ratio o 4 /o with given confidence level.

Exercise 3.75. Compute for Example 3.47 a lower 95%-confidence bound for o4 /o in the fol-

lowing mixed model:

with independent random variables A; ~ N(0,0%), ;1 ~ N(0,0?), and unknown parameters
gER4andUAZO,J>O.

3.10 A Data-Scientific Interpretation of F-Tests

We end this chapter with a somewhat unusual view towards linear least squares regression. This
part is based on a recent discussion paper of Diimbgen and Davies (2025). So far, we considered
the observed data as realisations of random variables with certain properties. In some settings,
however, it is not so clear whether such a model is justified. For instance, the Boston Housing Data
which we looked at earlier describe about five hundred houses that had been on the market in a
particular time period. Should these data be considered as a random subset of some population? If
yes, which population, and is it realistic to treat the given subset as if it had been drawn completely

at random?

Alternatively, one could use linear regression to describe ostensible associations between a certain
response vector Y € R™ and a covariate vector X € X" in a purely exploratory fashion, treating
the data Y and X as fixed. Specifically, let us review the F test in such a context. As in previous
sections, we describe the potential association between X and Y by means of a design matrix

D = [Di,D,,...,D,)

of full rank p < n, where D; = f;(X) for certain functions f1, ..., f, : X — R. The question is
whether the approximation of Y by

Y = DID'D)"'D",
is “substantially better” than the the approximation by

Y, = D,(D.D,)"'D], D, := D, D,,...,D,),
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where 0 < p, < p, and 170 = 0 in case of p, = 0. How could one specify “substantially
better” in case of fixed data? One possibility is to compare the approximation of Y via Y with

the approximation via

i}* = D*(DID*)_ID;rv

where

D* = [DI,DQ,...,DPO, Zla--pr—po}

with stochastically independent random vectors Z1, ..., Z,_, ~ N,(0,I,). Instead of standard
Gaussian distributions one could use other distributions for the Z;; the only important feature is
that Z; # 0 almost surely and that BZ ; 4z ; for any orthogonal matrix B € R™"*", where wds

means “is distributed as”. Now we define a model-free p-value
P(Y - V.| < [Y - Y1)).

Note that the only randomness comes from the artificial columns Z; of D,. This p-value is
the probability that replacing the given colums Dy, 1,...,D, with Zy,...,Z,_, leads to a
fit which is at least as good as the original one. The smaller it is, the higher is the relevance of
Dy, 1,...,D,.

In fact, one can compute this model-free p-value explicitly: If Y = }A’o, then

v 7 Y - Y|?
6D P T IYF) = Bl )

where Bedf, , denotes the distribution function of the beta distribution with parameters a,b > 0.
(The precise definition will be given later.) Surprisingly, this p-value coincides with the model-
based p-value

1Y — Y5|%/(p— po)
(3.8) 1= Fedfyp,n-p = )
which we derived earlier. Thus our model-based p-value has a new model-free interpretation

without the need to justify model assumptions such as homoscedastic, centered Gaussian errors!

Proof that (3.7) and (3.8) coincide. Let us first recall the definition of Beta(a,b), the beta dis-
tribution with parameters a,b > 0. This is a probability distribution on (0,1) with density
fap(uw) == B(a,b)"tus"1(1 — u)*~1, where B(a,b) = fol u® (1 — u)’~! du. One can show
that Beta(a, b) describes the distribution of G,/ (G,+G}) with stochastically independent random
variables G, ~ Gamma(a,c) and G, ~ Gamma(b, ¢), where ¢ > 0 is arbitrary. In particular,
since x7 = Gamma(k/2, 2), the distribution Beta((n — p)/2, (p — po)/2) describes the distribu-
tion of T2 /(T2 + S?) with independent random variables S? ~ X?)—po and 7% ~ x2_,. But then
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it follows from the Pythagoras identity [|[Y — Y,||2 = ||[Y — Y2 + ||Y — Y,||? that

Iy - v|? T Iy - v|?
pu— < o~ A~ o~
st sirrnly g ) = PEes < gy )
1
=1P
(1+52/T2 TLHY Y,y - Y||2)
IP(S2 Iy - Yy2>
O\ Ty -y
_]P(SQ/p po) 1Y = Yo|?/(p po>)
T2/(n—p) — 52
1Y = Y,|2/(p — po)
=1- chfp_pmn_p( 52 ),
by definition of F distributions. 0

Proof of (3.7). It suffices to show that

2
M ~ Beta((n —p)/2,(p —po)/2).

It follows from the Pythagoras identity || Y — Y, |2 = [|[Y — Y. |2 + ||, — Y, ||? that

Y =Y _ Y=Y

1Y - Yo 32 1Y - Yol

Consequently, since B ~ Beta(a, b) is equivalent to 1 — B ~ Beta(b, a), it suffices to show that

o2
H ta((p = po)/2, (n = p)/2).

Without loss of generality we may assume that p, = 0 and 170 = 0. Indeed, if p, > 0, let H,
describe the orthogonal projection from R™ onto the linear span M, of the vectors D1, ..., D, .
WithY := Y—IA/O =Y -H,Y and Zj = Z;—H ,Z, the random vector lA’* is the orthogonal
projection of Y onto

span(Dy,..., Dy, Z1,..., Zpp,) = M, +span(Zy,...,Z, p,),

and the latter two spaces are orthogonal. Thus, Y, is equal to lA’O plus the orthogonal projection
of Y ¢ M Ol onto the random linear subspace span(Z Tyeoes Zp,po) of M Ol In other words,
Y, — Y, coincides with the orthogonal projection of ¥ onto span(z Tyeees Zp,po). But note
that Z Tyoens Z p—p, are independent with standard Gaussian distribution on M i, that is, v' Z j o~

N(0, ||©||?) for arbitrary & € M~. Thus we may replace R™ with its linear subspace M 7.

In the case of p, = 0, the claim reads

Y- ?
1Y|]?

~ Beta(p/2, (n —p)/2).
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With the unit vector U := ||Y'||"}|Y||, the left-hand side equals
TU,D,) =U'D/(D]!D,)'D]U.

The distribution of 7'(U, D) does not depend on U. Indeed, any other unit vector V' € R™ may
be written as V' = B'U for some orthogonal matrix B. With D, := BD, it follows from
D! D, = D] D, that

T{U,D,) = V'D,(D!D,)"'D/U = T(V,D,).

But D,, has the same distribution as D, by spherical symmetry of the standard Gaussian dis-
tribution. Consequently, we may replace the fixed unit vector U with the random unit vector
|Z||~1Z, where Z follows a standard Gaussin distribution and is independent from the columns
of D, =[Z,,...,Z)]. Consequently, we want to show that

1Z|722"D,(D/D,)"'D; Z ~ Beta(p/2,(n—p)/2).

To this end, we condition on the matrix D,. Let by, ..., b, be an orthonormal basis of R™ such
that span(by,...,b,) = span(Zy,...,Z,). Then D,(D]/D,)"'D] = >? bb/ and I,, =
S i, bib , whence
p n
11122 D.(DID,)"' D] Z = > (6] 2)* | Y (b] 2)*.
i=1 k=1

Conditional on D, the latter ratio has the same distribution as

p

ZZE/ZZ,% ~ Beta(p/2, (n —p)/2).

1=1 k=1

Since this conditional distribution is independent from D, the unconditional distribution is also a

beta distribution with parameters p/2 and (n — p)/2. O
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Chapter 4

Regression Diagnostics

In the previous chapter, we derived various statistical procedures under the strong assumption that
the errors ¢; are independent with distribution N(0, o2). An obvious question is what happens if
the errors are independent and homoscedastic, but not necessarily Gaussian. As we shall see, this
question is linked to another one: Are there single design points X; which are “outliers” in the
sense that the corresponding observation (X;, Y;) has a strong influence on the estimator J?or the
fit Y? A second important question is how to check various model assumptions graphically.

4.1 Leverage

The results of a linear model fit are to be taken with a pinch of salt, if single observations have
a strong influence. We are not talking about outliers in Y but about special design matrices, i.e.
special conﬁguratlons of the pomts X; € X. To identify potentlally problematic observations, we

consider the vector Y = D8 and the residual vector e=Y — Y.

In case of Var(e) = oI,
E@Ee') = o) I-H)I-H)" = ¢*(I—-H).

In particular,
E((Y; - Y:)?) = o*(1 — Hy).

The number H;; is the so-called leverage of the i-th observation. It is a number between 0 and
1. The larger it is, the stronger the influence of observation (X;,Y;) on the fitted vector Y. As

mentioned before,
n
ZHZ‘Z‘ = p.
i=1

Hence,
p

max H; > =—.

i=1,...,n

3

Consequently, a necessary condition for the maximal leverage being small is that the number p of

parameters is small compared to the number n of observations.

115
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Example 4.1 (Simple linear regression, Example 1.2). With the sum Q := Y7 ;(X; — X)? of

squared centered X -values, }A/, is given by

o DX - XY,

n
(Xi—X) = ) HyY;
j=1

Q
with _ _
1 X —X)(X; - X
g 1, XX - %)
n Q
Hence, the leverage of the ¢-th observation is given by
1 (X;—X)?
H;y = —4+—F—.
Q

Figure 4.1 shows the regression line for a simulated data vector Y € R?? and two different vectors
X € R?, Below a bar plot of the respective leverages is displayed. To illustrate the influence
of the observation X; with the largest X -value, we also show the resulting regression lines after
replacing the corresponding value Y; with Y; £ 10.

Exercise 4.2 (Leverages in simple linear regression). Consider simple linear regression with X &
Rand Y = a + bX + . Suppose that the n > 2 observations have been ordered such that
X1 <Xy <. < X,,. Whenis Hy,, = 1?7 And what is then the value of the remaining leverages
Hi;, 1 <i<n?

Exercise 4.3 (Leverages in One-way ANCOVA). Deduce a general formula for the leverages in
the model of one-way ANCOVA (Example 1.4).

4.2 An Application of the Central Limit Theorem

The essential message of Lindeberg’s Central Limit Theorem is that the sum of stochastically
independent random variables follows approximately a Gaussian distribution if each summand has
only little influence on the total sum. Theorem A.15 in Section A.6 provides precise formulations

of this statement.

Now, we apply this result to linear models. We consider stochastically independent random errors

€1,€2,...,En, assuming only that for some constant K > 1,
(4.1) Std(g;) = ¢ and IE(e}) < Ko forl <i<n.

The next theorem implies that our student tests and confidence regions are still approximately
valid, if the maximal leverage gets small. Precisely, as the maximal leverage converges to 0, all

standardized Gauss—Markov estimators
T T
0— 0
z, - 0¥
O

and the corresponding student pivotal statistics

_Y'e-vy'e

= 5

are approximately standard Gaussian, even if the single errors are non-Gaussian.

Ty
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(X, Y;) (X, Y)

10

| (I) ’:I-) 1 IO 1 I5 2I0 | (I) 1 I0 2I0 3I0 4I0
(X1, Hy) (X1, Hy)
. HHTTTTHHTTTTHH . st
(I) ’:I-) 1 IO 1 I5 2I0 (I) 1 I0 2I0 3I0 4I0

Figure 4.1: Illustrating leverage for simple linear regression.

Theorem 4.4. Under condition (4.1),

[P(Zy < 1) = ®(r)|
Sup — 0 as max H; — 0.
pero\[0},rer | [IP(Ty < 1) — ®(r)] =l

Proof of Theorem 4.4. For ¢ € RP \ {0} we define the unit vector
b=>b(yp) == (¢ T ') /?°DI 'y € M
with T' = D "D and the model space M = DRP. Then,

Zy = b'e/o and Ty = (0/0)Zy.

We first focus on the random variables Z,,. With Y; := b;e; /o, the assumptions of Theorem A.15
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are satisfied, and

3R < 3/4 < 3/4
Z|b\ (i) /o® ;\bm) Jod 1max|b|K

because of Y, b? = 1. Hence, it suffices to show that

max |bij — 0 as max H; — 0.
beM:||b||=1,1<i<n =1,..n
But with the standard basis e, . . ., e, of R, the left hand side may be written as
max lef b = max le] Hb|
beM:||bl|=1, 1<i<n beM:||b||=1, 1<i<n
= max ‘(Hei)—rb\
be M:||b||=1, 1<i<n
= max |He,|
1<i<n

= max Hu
1<i<n

The first step uses the fact that Hb = b for any b € M, the second step used symmetry of H,
the third step follows from the Cauchy—Schwarz inequality, and the last step uses H ' H = H.

Consequently,

Ay = sup ‘IP(Z¢ <) —(I)(r)‘ — 0 as max Hj — 0.
$eRP\{0}, reR 1<i<n

It remains to prove the same conclusion for

Ap = sup }IP(Td, <r)-— @(r)‘.
HERP\ {0}, reR

But Ty, = Z,,/S with the ratio S := 0 /0, and it follows from Theorem 2.17 that
S2 — 12
w51 - B{(S22))
(5~ 17 -
< B(($*-1)%) < Agi=

K—-3)T+2
& — 0 as max H;; — 0.
n—mp 1<i<n

Hence, for arbitrary 6 € (0, 1], Markov’s inequality implies that
P(|S— 1] 2 48) < E((S-1)%)/0" < Ag/d,
Moreover, for any r € R,

C [Zy <raslUNIS —1] > 4],

[Ty < 7] = [Zy < 57] {3 [Zy < 6]\ (IS = 1] > q],

where 15 and 795 are the minimum and maximum of {(1 —0)r,(1+0 )r} respectively. Conse-

quently,

< @(TQ(S) — (I)(T) + Az + As/(SQ,
®(r5) — ®(r) — Ay — Ag /62

—N—
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These considerations show that

Ar < sup | B((1+&0)r) — ®(r)| + Az + Ag /s>
reR,{e{-1,1}
If we set § 1= min{Aé/S, 1}, say, the right hand side converges to 0 as max;— .., Hi; — 0; see

also Exercise 4.6 OJ

Theorem 4.4 tells us that student confidence intervals or student tests are approximately valid if
the maximal leverage is small while the errors are homoscedastic and the ratios IE(¢}) /o are not
very large. The same conclusion is true for F confidence regions or F tests, provided that the first
degree of freedom is fixed. Recall our definition of an F statistic,
(TTO—T70) Teg(T'6—T'0)

ko?
with a matrix ¥ € RP** having rank k, where 'y := (¥ 'T'"1®)~1, If the errors are indepen-
dent with distribution N(0, 02), then Fy follows the distribution function Fedfy, ;.

F\I; =

Corollary 4.5. For a fixed integer k > 1, suppose that p > k, and let Gy, be the distribution
function of S? /k, where S? ~ X% Under condition (4.1),

sup ’]P(Fq, <r) —Gk(r)‘ — 0 as max H; — 0.
WeRPXk rank(®)=k, r>0 i=1,...,n

Proof of Corollary 4.5. In the proof of Theorem 4.4, we showed that
Ap = sup ‘IP(st/Eg T) —@(r)’ — 0 as max H; — 0.

be M:||b||=1, r€R =1

Note that F'y may be written as
Fy = |Te|*/k
with
Ty = 6 'Aje and Ay := DT OTY? e RV,

Note that the columns of A lie in the model space M. Moreover, A; Ay = I, so the columns
are even orthonormal. Consequently,

sup ’IP(’UTT\I; <r)—®(r)|

veERF:||v]|=1,7€R
= sup ’IP((A\pv)Ts/ﬁ <r)—a(r)| < Ar,
veRF:||v||=1,r€R

because Agw is a unit vector in M whenever v is a unit vector in R¥. By means of the Cramér—
Wold theorem (Theorem A.14), these considerations show that the distribution of Ty, converges
weakly to the standard Gaussian distribution Ny,(0, I};) as max;—1, .., Hi;; — 0, uniformly over
all ¥ € RP** with rank k. But then the continuous mapping theorem, applied to the mapping
t — ||t]|%/k on R yields the assertion about the distribution function of Fyg. O

Exercise 4.6. Let G : R — R be a bounded, continuous function such that the two limits
G(£00) := lim,_, 1 o, G(r) exist. Show that for A € R,

sup‘G()\r)—G(r)‘ — 0 asA— 1
reR
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4.3 Residual Analysis

4.3.1 Quantile-Quantile-Plots for Normality

To check the plausibility of our assumption that the errors ¢; have a Gaussian distribution, one
could employ a quantile-quantile-plot (Q-Q-plot) of the residuals. At first, we introduce this
method for samples of independent, identically distributed (i.i.d.) observations and general con-

tinuous distributions. Then, we modify the methods for our regression setting.

Q-Q-Plots for LI.D. Observations

Suppose that X1, Xo, ..., X, are stochastically independent with continuous distribution function
F'. Then, F(X1), F(X2), ..., F(X,) are stochastically independent with uniform distribution on
[0, 1]. For the order statistics X 1) < X2) <+ < X(y) this implies the following formulae:

bk (1 — tok) < 1
n+ 2 ~ 4(n+2)’

k
IE(F(X(k)» = thr = 1 and Var(F(X(k))) =

see Exercise 4.7. Hence we may expect that F'(X 4, ) is rather close to t,,.

Exercise 4.7 (Uniform order statistics). Let Uy < Ugg) < -+ < Uy, be the order statistics of
independent random variables Uy, Us, . . ., U,, with distribution Unif]0, 1].

(a) Show that U, has density function f, on [0, 1], where

—1
fr(z) = n(Z B 1>:Ek_1(1 — )"k,
Hint: For 2 € [0, 1], Uy, < x if and only if Y )" | 1j7,<5] > K, and the latter random sum follows
a binomial distribution.

(b) Show that part (a) implies the formula

/01x4(1—x)md:n - (g+m+1)_1<g_;m>_1

for arbitrary integers £, m > 0. Then, show that

tnk(lftnk) < 1
n+2 = 4(n+2)

E(U(k)) = thr = and Var(U(k)) =

n—+1

Q-Q-Plots. Let F, be a given continuous distribution function. To check the assumption that

F = F,, one may generate a scatter plot of the pairs

(Fy ' (tar), X)) € RxR

o
and check whether they are “sufficiently close” to the first diagonal (“y = x”). The rationale
behind this is that F' = F,, implies that FO(X(k)) R~ ks 50 X(g) & Fo o).

It depends on the sample size and the distribution function F,, what “sufficiently close” means. To
get an impression what a typical Q-Q-Plot would look like in case of F' = F,,, one should simulate

several samples from £}, and produce the corresponding Q-Q-Plots.
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Location and scale families. Suppose that

X; ~ F()(;'u’)
g
for a given continuous distribution function F, and unknown parameters u € R, ¢ > 0. With

suitable estimators 7 and &, there are two possible variants of a modified Q-Q-plot: One could

generate a scatter plot of the pairs
(Fy " (tnk)s X (1))

and check whether they are close to some straight line. Or one generates a scatter plot of the pairs

~

(F()_l(tnk)7 X(k)A—H>

o
and checks whether they are close to the main diagonal.

Example 4.8 (Q-Q-plots for Gaussian distributions). Suppose that the location-scale family is
driven by the standard Gaussian distribution function F, = ®. Figure 4.2 shows typical Q-Q-
plots in four different settings with a sample of size n = 500 from a distribution P. In all four
cases we used 1 = median(X) and ¢ = IQR(X). In the upper left panel, P was a Gaussian
distribution. In the upper right panel, P = ¢3. One sees clearly that P has heavier tails than a
Gaussian distribution, because the smallest sample quantiles are smaller and the largest sample
quantiles are larger than one would expect in a Gaussian sample. In the lower left panel, P
is a gamma distribution with shape parameter 3. Here the Q-Q-plot reveals clearly that P is a
right-skewed distribution, because the smallest sample quantiles tend to be closer and the largest
sample quantiles tend to be further away from the center, compared to a Gaussian sample. Finally,
the lower right panel shows the Q-Q-plot of a sample from Beta(2.5, 3), that is, a distribution on
(0, 1) with density proportional to 2:*/2(1 — :)2. This distribution has lighter tails than a Gaussian
distribution, and this property is visible in the Q-Q-plot as well.

Exercise 4.9 (Q-Q-curves). Consider the Q-Q-plot for the standard Gaussian distribution: For
an observation vector X € R"™ one plots the pairs (<I>_1(tn;€),X(k)), 1 <k <n,with t,; =
k/(n+1). If the components of X are independent with distribution P and continuous distribution

function F', then for large n, this Q-Q-plot resembles the set

{(@ " (w), F'(u)) :ue (0,1)}.

Depict this set in the following situations:
(i) P = Gamma(3,1).

(ii) F(z)=¢€"/(1+€").

(iii) P = (1/3)N(—2,1) + (2/3)N(1,1).

Exercise 4.10 (Q-Q-Plots for ¢ distributions). (a) Write a program which generates a Q-Q-plot
for an arbitrary data vector X and the distribution function F, = F,, of ¢, for any given value
v > (. Use the sample median and a suitably standardized interquartile range as a location and

scale estimator.
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Figure 4.2: Some normal Q-Q-plots.
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(b) Find a data set with daily stock prices for some company or the daily values of a stock index

over a longer period of time. Convert these values K1, K, K3, ... into log-returns

Xt = loglO(Kt+1/Kt).
Now use our program from part (a) to check the assumption that the log-returns follows a ¢ distri-
bution up to an affine transformation.

Additional question: Is it a plausible assumption that the log-returns are stochastically indepen-
dent?

Q-Q-Plots for Linear Models

When fitting a linear model, one sorts the residuals £; in ascending order and obtains z?(l) < 5(2) <

-+ < E(n)- Then one generates a scatter plot of the pairs

(@ (tnk) . Ey)

or of the pairs

4.2) (@ (tuk), £ /7).

Under the assumption that the errors are homoscedastic with centered Gaussian distribution, these
points should be close to the straight line through (0, 0) with slope o or 1, respectively, at least if

the ratio p/n is small. This is explained in Exercise 4.11.

Obviously, the points being close to a straight line is rather vague. To get a feeling for the typical
appearance of a Q-Q-plot in case of homoscedastic Gaussian errors, one should compare the Q-

Q-plot for the original data with a scatter plot of the points

(@7 (tn)s Z(r)

or

~

7z
43 S t), =B )
- (70 577 =)

where Z € R™ is a simulated random vector with distribution N,,(0,I,,), Z := (I — H)Z, and
Z(l) < 2(2) < - < E(R) are the ordered components of Z. Under the null hypothesis that
e ~ N, (0, I,), the scatter plot of the pairs (4.2) and the scatter plot of the pairs (4.3) have the

same distribution. Precisely, the two random vectors

g Z
(F9) (20"
G i 1Z1/v/n=p/ k=1
have the same distribution.

This graphical comparison can be turned into an exact Monte Carlo test. Let 7'(D,Y") be a test
statistic which quantifies the deviation of the points in the Q-Q-Plot (4.2) from the main diagonal,

for instance,
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Then one could simulate independent random vectors Z (1), Z (2), L (B ), and compute the

Monte Carlo p-value

(DY) = #{Se{l""’B}:T(BD—;f(S))ZT(DvY)}-i-l.

Under the null hypothesis that the errors €; are homoscedastic and centered Gaussian,
- [(B+1)a]
P(7m(D,Y) < < = =
(ﬂ'( YY) < a) < Bl
for any a € (0,1).

Exercise 4.11 (Estimation of the error distribution). Suppose that the errors ¢; are stochastically
independent with distribution @, where [z Q(dz) = 0and 0 = [ 2?2 Q(dx) < co. The empiri-

cal distribution @ of the residuals &; is given by

~ 1 &
Q(B) = nzl[aefz] for B C R.

Show that @ is a consistent estimator of () in the following sense: For any bounded, Lipschitz-

continuous function h : R — R,
IE‘/h(:c) O(da) — /h(x) Q)| = 0 asp/n -0,

where [ h(z) Q(dz) =n~? > | f(&). (Hint: Consider first the empirical distribution ) of the

errors €;.)

Exercise 4.12 (Approximation by Lipschitz-continuous functions). Let (X, d) be a metric space,
and let A : X — R be bounded. For L > 0 define

hra(z) = inf (h(y) + Ld(z,y)),

hpa(z) = sup (h(y) — Ld(z,y)).
yeX
Prove the following claims:

(a) hp,1and hp o are Lipschitz-continuous with constant L, and

inf h(y) < hrp1 < h < hro < sup h(y).

yeX yeX

(b) For any fixed x € X, hy, 1 and hp, o are non-decreasing and non-increasing in L, respectively.

Moreover, if h is continuous at x, then

lim hrj(xr) = h(z) forj=1,2.
L—o0

(By means of this exercise, one can replace the assumption of Lipschitz-continuity in Exercise 4.11

with continuity.)



4.3. RESIDUAL ANALYSIS 125

4.3.2 Plots of Residuals versus Functions of the Covariates or the Fit

Besides the assumption of normality, one should also check the linear model itself and the assump-
tion of homoscedastic errors. To this end, one searches for certain features of the residual vector
€ which indicate a violation of those assumptions.

One possibility is the graphical display of the pairs
(Vi &),

where V' = (V;)™_; € R" is a vector which may depend on X or Y. Often one chooses Vi = 171
or the values of a certain numerical covariate. When looking at such a scatter plot, one should

check it for two types of tendencies:

e Tendencies in the local mean: Suppose that the residuals tend to be negative in certain regions
determined by V and positive in other regions. This indicates that our linear model is incorrect,
ie. [E(Y) ¢ M.

e Tendencies in the local variability: Suppose that the local means of the residuals are approxi-
mately 0, but their moduli show some association with components of V. This indicates that the

errors are heteroscedastic.

Judging such a scatter plot may be difficult if the distribution of the components of V' is very non-
uniform. This can often be ameliorated by replacing V' with the vector of its ranks. If numerous
components of V' are tied, one should not use the usual averaged ranks but ranks in {1,2,...,n}

with random allocation amoung observations with equal values of V.

Example 4.13 (Baseball income data). We illustrate these methods with a data set about n = 263
professional baseball players. The response Y is the annual income (in kUSD), and we consider
just one numerical covariate X, the number of seasons (including the current) the player was on a

professional team. Since only a few values X; are larger than 20, we replace X with min(X, 20).

The left panels of Figures 4.3, 4.4 and 4.5 show the data together with polynomial fits of order 2, 3
and 4, respectively. The right panels show a scatter plot of the corresponding residuals versus ranks
of X, where the latter have been assigned randomly in case of ties. Although Ridj is largest for
quadratic regression, the scatter plot of the residuals indicates clearly that the model of quadratic
regression seems to be too simple. For d = 4, this effect is weaker at least, but homoscedasticity
is clearly questionable. Furthermore, Figure 4.6 shows a normal Q-Q-plot of the residuals and
a scatter plot of the leverages versus X. The Q-Q-plot indicates a strongly right-skewed error

distribution (if the errors were i.i.d.).

In view of the apparent strong deviation from homoscedasticiy and normality of the errors, we
repeated these analyses with the log-transformed incomes log;,(Y;) in place of the incomes Y;.
The next section provides a more systematic treatment of such transformations. Figures 4.7 and
4.8 show results of polynomial regression of order d = 4 and d = 5, respectively, applied to the
log-transformed incomes. The residual plots look much better than before, and also the value of
Rgdj increased substantially. Since the residual plot in Figure 4.7 shows some structure for small

values of X, we increased the order from d = 4 to d = 5. Figure 4.9 shows the corresponding
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Figure 4.3: Baseball data: Data and quadratic fit (left panel, Ridj = 0.259), plot of residuals

versus ranks of X (right panel).
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Figure 4.4: Baseball data

ranks of X (right panel)

: Data and cubic fit (left panel, dej = 0.256), plot of residuals versus
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Figure 4.5: Baseball data: Data and quartic fit (left panel, Ridj = (.258), plot of residuals versus
ranks of X (right panel)
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Figure 4.6: Baseball data: Normal Q-Q-plot of the rescaled residuals for quartic regression (left
panel) and plot of leverages versus X (right panel).
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Figure 4.7: Modified baseball data: Data and quartic fit (left panel, dej = 0.483), plot of residuals
versus ranks of X (right panel).

normal Q-Q-plot of the residuals and a scatter plot of the leverages versus X. The Q-Q-plot looks
much better now, except for two rather large outliers (belonging to two young players with very
high incomes). But note that increasing d led also to an increase of the maximal leverage, while

the residual plot in Figure 4.8 shows still some structure for small values of X.

Note that even for order d = 5, the residual plot in Figure 4.8 indicates some unwanted tendencies
for small values of X. Moreover, the scatter plot of the pairs (X;,log;,Y;) indicates that the
strongest changes occur for smaller values of X. Hence, we also tried polynomial regression
for the doubly log-transformed pairs (log,y X;,log;oY;). Results of this analysis are shown in
Figure 4.10. The maximal leverage is now smaller than 0.065. The residual plot shows (still) the
two outliers and indicates that the variability is smaller for small values of X, but otherwise there

is no visible structure as before, and the value of Rgdj increased slightly.

Example 4.14 (Solar panel data). In the lecture, we saw a detailed analysis of a data set with
the following data for n = 761 days from October 2022 through October 2024. For each day, in

addition to the date the values of the following variables are available:

Prod: energy production of solar panels on a particular roof (kWh),
Sun: hours of sunshine,

Prec: precipitation, i.e. the amount of rain during the day (ml),
Temp: mean temperature between 8 am and 6 pm (°C),

Humid: mean humidity between 8 am and 6 pm (percent),

Wind: average wind speed between 8 am and 6 pm (km/h).

The task was to predict Y := Prod from the other five covariates and an additional seasonality

variable
Season := cos(2m(Time — 0.471)),

where Time is a rescaling of the date such that 31/12/2022 equals 0, and 31/12/2023 equals 1. The
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Figure 4.8: Modified baseball data: Data and quintic fit (left panel, Ridj = 0.489), plot of residuals
versus ranks of X (right panel)
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Figure 4.9: Modified baseball data: Normal Q-Q-plot of the rescaled residuals for quintic regres-
sion (left panel) and plot of leverages versus X (right panel).
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Figure 4.10: Doubly log-transformed Baseball data: Data and cubic fit (upper left panel, dej =
0.495), plot of residuals versus ranks of X (upper right panel), normal Q-Q-plot of rescaled resid-
uals (lower left panel) and scatter plot of leverages versus X (lower right panel).
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value 0.471 corresponds to 21/06/2023, so Season describes a sine curve with maximal value 1
on June 21, and minimal value —1 around December 21. Figure 4.11 shows the values of Prod
versus Time. The vertical green lines correspond to 31/12/2022 and 31/12/2023, while the red
lines indicate 21/06/2023 and 21/06/2024.

Mean production = 40.77 : residual standard error = 25.35
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Figure 4.11: Energy production of solar panels over time.

Eventually, the following regression model was favoured: Multiple linear regression with all pair-

wise interactions for the following variables:

X (1) = Season, X (2) = Sun, X(3) = (15 — Sun)*,
X (4) = Temp, X (5) = VPrec, X (6) = Humid.

Interestingly, including the variable Wind did not improve the results substantially. This model
involves 1+6+ (g) = 22 parameters. Figure 4.12 shows a scatter plot of Y versus Y and a scatter

plot of the leverages versus Time, the maximal leverage being ~ 0.19.

Figure 4.13 shows various residual plots: A normal Q-Q-plot of the rescaled residuals and plots
of &; versus (the ranks of) lA/, Time, Sun, Temp and Wind. The Q-Q-plot indicates only slight
deviations from normality. (The very small residuals can be traced bach to days on which the roof
was covered completely or partly with snow.) The scatter plot of residuals versus Sun indicates a
slight heteroscedasticity, with reduced variability for very small or very high values of Sun. This is
not so surprising. On days with intermediate duration of sunshine, it plays an important role when
the sun is shining precisely, because sunshine close to noon yields more energy than sunshine in
the morning or afternoon. The scatter plot of the residuals versus the ranks of Wind shows no

structure at all, confirming our decision to exclude Wind from the regression analysis.
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Residual standard error = 5.098
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Figure 4.12: Regression analysis of energy production data: Scatter plot of Y versus Y (left panel)
and of leverage versus time (right panel).

Here is a final remark to this example which is related to the next chapter. Suppose that
Y = f(X)+¢

for some unknown continuous regression function f on R® and a centered random error € which

is independent from the covariate tuple
X = (Season, Sun, (15 — Sun)4,Temp, v/ Prec, Humid).

and has standard deviation o. An estimated lower bound for o can be obtained as follows: For a
suitable metric d(-, -) on RS, let

1 n
7=y ;(Yz‘ —Y5))?/2,
where J (i) € {1,...,n} \ {i} such that
d(Xi, Xy0) =  min  d(X;, X;).
Ko Xow) = iy g W0 X9)

This number & can be viewed as a rough lower bound for o, because for large sample sizes we

expect that X is close to X ;(;) and, by continuity of f,
Yi = Y0 = & — <0,

so IE(52) ~ o. For our particular data we used

6
- N~ 2 .
d(z, @) = | > (2() — () /S()2
j=1
where S(j) is the sample standard deviation of the values X1 (j), ..., X, (7). This resulted in the
value & = 5.132. Since this value is close to (and even larger than) & = 5.098, it seems unlikely

that alternative regression models would yield substantially better approximations }A/l of the Y;.
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Figure 4.13: Regression analysis of energy production data: Normal Q-Q-plot of scaled residuals
(upper left panel), and scatter plots of residuals versus (ranks of) Y, Time, Sun, Temp and Wind.
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Exercise 4.15. Perform a residual analysis for the data set “Goats.txt”. Discuss your results.

Exercise 4.16 (Tukey’s F test). The scatter plots of pairs (VZ(?), é}) correspond to a variant
of F tests which has been proposed in some special settings by J. Tukey: Suppose we observe
Y ~ Np(m,0%I,), and let M C R" be a given p-dimensional model space. Now we would
like to test the null hypothesis that 4 € M. To this end, one could embed M into a larger
linear subspace M, with p < p,. = dim(M ) < n and perform an F test of “pu € M” versus
“pu e M, \ M. Interestingly, we do not have to specify the space M , beforehand, but we may
choose M, by means of Y!

Forz € M andp < j < p,letb;(x) € M+ such that
bj(x) by(x) = lj—g forp < j,k < p..

Show that .
L1 (bj(Y) €)%/ (pe — p)

g
(Jel2 = S0 o (0;(V)T8)2) [(n—p.)

P+—P,—Px
in case of p € M.
Exercise 4.17 (Tukey’s F test for non-additivity). Consider independent observations
Yir ~ N(ujr,0%), 1<j<L1<k<M
We assume that
pik = p+aj+bg

with unknown parameters i € R, @ € R” and b € RM, where a, = 0 = b,.. The corresponding
Gauss—Markov estimators are given by

p:=Y, a =Y;—-Y and /l;k =Y,-Y.
Now, we would like to test whether (1¢;1); » has indeed the additive structure above.

(a) Show by means of Exercise 4.16, that under the null hypothesis of an additive structure,
W2
(S~ WHJEM ~ L= 0D

~ Fiov-r—w,

where £j, := Yy, — Y; -Y;+Y,and

= Yk [SELR

(b) Apply this test to the data set “Hearing.txt”.

Exercise 4.18. For some d € N, let f : R — R be twice continuously differentiable in an open
neighborhood of 0. With the standard basis ey, es, . .., eq of R? we define

hi(x) := f(ve;) — f(0) forl1<j<dandz€R.
Suppose that 1;(0) # 0 for 1 < j < d. Show that
f@) = fO0)+ Y hie)+ Y euphil@)hy(ey) +o(|z]*) asz—0

1<j<d 1<j<k<d

with suitable constants ¢, € R.
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4.4 Transformations

If the residual plots indicate heteroscedastic errors, an obvious question is how to proceed. Often
it is possible to enforce homoscedasticity by means of a simple non-linear transformation of the
raw response. In many applications with non-negative response Y, the standard deviation of Y;
seems to be proportional to (IE Y;)” for some v € (0, 1]. In case of Poisson distributed variables,
this is true with v = 1/2, see Exercise 4.19. This suggests to replace Y; with 7', (Y;), where

y' -1

T, (y) = L=v
log(y) ifv=1.

if0 <~ <1,

Indeed, suppose that Y may be written as Y = p + p7Z with a real constant ;> 0 and a random
variable Z such that IE(Z) = 0 and ¥ Std(Z) << p. Incase of 0 < v < 1,

ﬂ177(1 + /jyle)l*'Y -1
L—n
p (1= Z) -1
I—n
= Ty(p) + Z.

T’Y(Y) =

Q

Here, we utlilized the Taylor expansion (1 + x)'=7 = 1 + (1 — 7)z + O(2?) as z — 0. In case
of v = 1, the Taylor expansion log(1 + z) = x 4+ O(z?) as z — 0 implies that

Ti(Y) = log(p) +log(l+ Z) ~ log(p) + Z = Ti(u) + Z.

Analysis of variance or regression analysis with Poisson distributed response are quite frequent in
biology or medicine, for instance, when counting cells under the microscope. Another example is

the analysis of low-dose X-ray images. Here one often takes the transform

T(y) == 2y/1+y

in place of T} /5(y) = 2,/y, which improves the Gaussian approximation.
Exercise 4.19. Let Y be a random variable with distribution Poiss(\).

(@) Show by means of the CLT and Slutsky’s lemma or with characteristic functions that the
standardized random variable (Y — \)/+/A converges in distribution to N(0, 1).

(b) Show by means of part (a) and Slutsky’s lemma that for any fixed @ > 0, the distribution

of vVa+Y — v/a+ X converges weakly to a Gaussian distribution with mean 0 and standard

deviation 1/2 as A — oc.
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Chapter 5

Nonparametric Regression

In this chapter, we consider the special case of a numerical covariate X. We have already seen the
models of simple linear and polynomial regression. But with increasing order of the polynomials,

the latter method becomes numerically and statistically unstable. For the general situation that
Y = f(X)+e

with a sufficiently smooth, but unknown function f : R — R, there are numerous alternative
approaches under the general name nonparametric regression. We shall touch on three of them.
There is a rich literature about nonparametric regression. For the second method in this chapter,
local polynomials, we refer to the monograph of Fan and Gijbels (1996) and the literature cited

therein.

5.1 Spline Regression

5.1.1 Definition of Splines

A function f : [a,b] — R is called spline of order d with knots a =ty < t; < --- < t,, = bifit
satisfies the following conditions:

(a) On each interval [t;_1,tx], f is a polynomial of order d.
(b) fisd — 1 times continuously differentiable.
(In case of d = 1, the latter requirement means that f is continuous.) In particular, we talk about
linear splines, if d = 1,
quadratic splines, if d = 2,
cubic splines, if d = 3.
In what follows we write
Sato,t1, ... ty) == {splines of order d with knots g, t1, . . . ,tm}.

137
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Remark. Some authors would talk about splines of order d + 1 here, because on each interval

[tk—1,tx] the polynomial function f is given by d + 1 parameters.

5.1.2 Polynomial Representation and a First Basis

One can easily verify that the set Sy(to,t1,...,tn) is a linear space of functions on [a, b]. But

what is the dimension, and what would be possible basis functions?

By assumption, for k = 1, ..., m, there exist coefficients by, o, bi1, . . ., bg ¢ such that

f(z) = Py(x) = wa(a: —tr1)! forx € [tp_1,tx].

With Ay, := ¢, — ti_1, one could also write

d
Py(x) = Zbk] .%'—tk-l-Ak)
7=0
d 7 .
= Yohs D (]) A e - n
7=0 1=
d d j
= (X (1)l ) - o
i=0 j=i
Hence,
PEL) _ fOm) _ fOt-) _ PO
(5.1 bet1,i = : = : = : = .
’ 7! 7! 7! 7!
d ,. o
— Z <].>Ailbk,j forl <k<m,0<i<d.
=i N
Consequently, if we specify the polynomials P, Ps, ..., P one after another, we have d + 1 free
parameters by, ..., by g for ;. Having specified P, ..., P} for some & < m, the coefficients
bk+1,05- -+ br4+1,4—1 are given by (5.1), and only the coefficient by 4 of P41 can be chosen

arbitrarily. Precisely, by 1,4 — by q specifies the change of the d-th derivative of f at the point ¢,
divided by d!,

F Dt +) = [ Dt —)
bk+1,d — bkd = i )

These considerations show that
dim(Sd(to,t1,...,tm)) = (d+ 1) + (m— 1) = d+m.
They also suggest a first basis for Sy(to,t1,. .., tm):

fi(z) == (z—to)"! fori=1,...,d+1,

farran(@) = (@ —tp)d fork=1,...,m—1,
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where y4 := max(y, 0) denotes the positive part of a real number y. Writing an arbitrary function
f € Salto,t1,...,tn) as alinear combination

d+m

f=> 6ifi
i=1

of these basis functions, the connection between the coefficients 0; and by, ; is:
0; = bl,i—l fore=1,...,d+ 1,
9d+1+k = bk+1,d - bk,d for k = 1, N 1.

That is, for 1 < k < m, the value d! 65,1 is the change of the d-th derivative of f at the point
th.

In the special case of m + 1 = 4 knots, one could also choose any basis f1, fa, ..., fq+1 for the

polynomials of order d, and then augment these by the two functions

fara(z) = (=) and  fays(z) = (v —t2)].
The advantage is that the latter two functions have disjoint support.

In the special case of m + 1 = 5 knots, one could use, for instance, the following basis:

fi(z) == (z—to)" ! forl<i<d,
fara(x) = (th — )¢,
fara(z) = (t2 — )%,
fars(@) = (z—12)],
fara(z) = (x—13)%.

5.1.3 B Splines

A disadvantage of the basis functions defined in Section 5.1.2 is that the resulting design matrix is

often ill-conditioned. Indeed, two columns ((XZ - tk,l)i)?zl

would like to construct basis functions f1, fa, ..., fin+q such that the angles between the vectors

can be nearly collinear. Hence, we

fj(X) are sufficiently large.

Precisely, we want to specify nonnegative basis functions By, . .., Byt such that
{z € a,b] : Bj(x) >0} = (tj—1-q4,tj) N[a,b].

Here, we specify arbitrary additional knots ¢t 5 < t;_4 < --- <tgp=aandb =1, <ty <
-+ < tym4q. For the general theory, we refer to de Boor (2002) or Schumaker (1981); see also

Section A.4 in the appendix for more details.

Special case: Linear Splines. A function f € Si(to,t1,...,ty) is uniquely defined by its
values at the m + 1 knots. In particular, let B; 1 € S1(to, 1, .., tm) be such that

1ifj=i—1,
Bialty) = {o ifj#i—1
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Figure 5.1 shows these basis functions in case of m = 5 and (to, t1,...,tn) = (0,1,2,4,5,6).

For this particular basis,
0i = f(ti-1)
forany f € Si(to,t1,...,tm)andi=1,...,m+ 1.

Q
—

0.8

0.6

0.4

Figure 5.1: Basis functions B;; for §1(0,1,2,4,5,6).

B splines of arbitrary order. The basis functions for linear splines appear within a general

recursive construction. For a given integer d, > 1, we start with the functions

B.o(x) = 1, <per)y 1 —do < z2<m+d,.

Then, ford = 1,2, ...,d,, we define the auxiliary quantities A, 4 := t, — ¢,_4 and the functions
T—1t,_1_4 t,—x
B.a(x) = ———— B.-14-1(z) + B.a-1(z)
Az—l,d Az,al

for1 —d,+d < z < m+d,. As shown in Section A.4, foreachd € {1,2,...,d,}, the functions
Bj 4,1 < j < m+ d, constitute a basis for Saq(to,t1,. .., ty) with the desired property that

=0 onR\ (¢t_g,t5),
> 0 on (tj_d,tj).
Moreover,
m-+d
(5.3) Z Bjq = 1 on|a,b].
j=1

Figures 5.2 and 5.3 show these B spline basis functions for S;(0, 1,2,4,5,6), d = 2,3. In both
cases,weused t, :=0.1-zforz <Oandt5y, :=6+40.1-zforz > 0.
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Figure 5.2: Basis functions B; o for S3(0,1,2,4,5,6).

Special case: Cubic splines with equidistant knots. Suppose that the knots ¢, are equidistant,
thatis, tx —tx_1 = A > 0 for 1 < k < m. Augmenting these knotsby t, = a+ zA forz € Z, a
basis of B splines for S3(to, . . ., ) is given by

Bys(x) := bo((z — tp—2)/A),

where
2/3 —s2+s3/2 if|s| <1,
bo(s) == < (2—|s])3/6 if1 <|s| <2,
0 if [s| > 2.

That these functions By, 3, 1 < k < m + 3, are cubic splines can be deduced from

—2s + (3/2) sign(s)s? if |s| <1,
() = { —sign(s)2— [sl)?/2 if1<|s| <2
0 if |s| > 2,
-2+ 3s| if]s] <1,
bi(s) = ¢ 2—|s| if1 <|s] <2,
0 if |s] > 2,
3sign(s) if0 < [s] <1,
b)(s) = < —sign(s) ifl<|s| <2,

0 if 5] > 2.

That they satisfy the properties (5.2) and (5.3) can be verified with elementary calculations.
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Figure 5.3: Basis functions B} 3 for S3(0,1,2,4,5,6).

5.1.4 Precision in Case of Linear Splines

Suppose that all values X; are in a compact interval [a, b], and we work with linear splines with
equidistant knots ¢,, ; = a + (j/m)(b — a), 0 < j < m. This means, the estimated regression

function f may be viewed as an estimator of the function

fom = arg min \f = 9glln,
gesl(tm,ﬂv-”vtm,m)

where

n
Bl = |0 1> (X%
i=1
see also Section 2.5. In addition, let
h —h
Lip(h) := sup —| (w2) (1) )
a<zi<z2<b T2 — X1

Theorem 5.1. In case of homoscedastic errors ¢; with variance o2,

—~ 2
E(IF = fI2) < If = fom]2 + 1

If f is differentiable on [a, b] with Lip(f’) < oo, then

Lip(f)*(b—a)®

2

If we choose m = m(n) = (C + o(1))n'/® for some C' > 0, then

E(|f - fI7) = O™,
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This theorem shows that by means of linear splines, one can estimate a Lipschitz-continuously
differentiable regression function up to an estimation error of order Op(n_2/ ®). In fact, one can
show that under these assumptions, no other estimator would exhibit a faster rate of convergence.
But proving the latter result is beyond the scope of the present course.

Proof of Theorem 5.1. With the hat matrix H, we may write
E(|f - fll7) = E(r 'HY — f(X)|?)
= E(n '|Hf(X) - f(X)+ Hel?)
= [If = famly + E(n"|He|]?)

2
p(n,m)o
= 1~ Sl + PEIT

where p(n, m) is the dimension of the model space
{g(X) 1g € Sl(tm,07 v 7tm7m)}-
Now, the first part of Theorem 5.1 follows from the fact that p(n, m) < m + 1.

As a surrogate for f,,,, we consider the interpolation spline f,, € Si(tm,0,---,tm,m) With
fm(tmi) = f(tm,) fori =0,...,m. Then,

< max |f(z) — fn(2)]?

z€la,b]
< L?(b — (1)47
~  64m?
where L := Lip(f’). The latter inequality is a consequence of Exercise 5.2. This proves the
second part of Theorem 5.1, and the last part follows from an elementary calculation. O

Exercise 5.2 (Linear interpolation and extrapolation). Let f be differentiable on [a, b] such that
L := Lip(f’) < oo. For fixed points a < 2y < x1 < b, set

(f(z1) = f(20))-

Tr — X0

9(z) = f(zo) + —
T ZTo

That means, ¢ is the unique affine function such that g(z¢) = f(x¢) and g(z1) = f(x1). Show
that
[f(x) = g(x)] < Lz —wollx — 21]/2

for arbitrary = € [a, b]. Deduce from this inequality that

If —g| < L(zy —x0)*/8 on [zg,z1].

5.2 Local Polynomials

If the regression function f is d times continuously differentiable, it follows from Taylor’s formula
that

d Sk
flx+s) = Zf(k)(a:)H +o(s?) ass— 0.
k=0
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Thus, f may be approximated locally by a polynomial or order d. To estimate f(z), one could
choose a neighborhood U(z) of x and work with the model of polynomial regression for the
subsample of observations (X;, Y;) such that X; € U(x).

Here is a more general description: For a fixed point 2, we choose nonnegative weights w; (),
1 < ¢ < n, such that
#{X; :wi(z) >0} > d+1.

Then we minimize the weighted sum of squares

n d -
> ) (v~ L Ly

as a function of @ = (ay){_, € R¥*L. Leta(z) = (ay (x))gzo be the unique minimizer. Then

Gy () may be viewed as an estimator of f*) ().

5.2.1 Examples for the Weights w;(x)

Nearest neighbor method. We choose an integer k = k(n) between d + 1 and n and define

( ) 1 1f]a;—Xl]§Rk(a;),
w;(x) =
0 if |x—Xz] >Rk(.7})

Here Ri(z) < Ra(x) < --- < Ry (x) are the distances |z — X;| between the point = and the
observed X -values in nondecreasing order. The numbers k(n) should satisfy lim,,_, . k(n) = oo

and lim,,_,c k(n)/n = 0.

Kernel functions. Let K : R — R be a nonnegative function such that 0 < [ K(z)dz < .
Then, we define

T — X,-)
h
with a suitable bandwidth h = h(z, X') > 0. In our explicit examples, we use the Epanechnikov

wi(z) = K(

kernel
K(z) := max(1—22,0).

Alternatively, one could use K (z) = exp(—22/2).

5.2.2 Explicit Computation

We may rewrite the weighted sum of squares as

n d R k
S o) (v~ Y e XY = v(e) - D)al?
i=1 k=0

with

Y(z) = (\/wi(x)Y;)?zl e R
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and '
(Xz — .%')]_1

c Rnx(d—&-l).
(j—1)! >i§n,j§d+1

Consequently,

a(z) = argmin||Y (z) — D(m)aHQ.
acRd+1

The special cases d = 0 and d = 1. For an arbitrary vector v € R", we define its weighted

mean

n n
O(z) = Y mi(x)u with m(z) = wiz)/ Y wj().
i=1 j=1
In the special case d = 0, we end up with the estimator
f@) = Y().

In the special case d = 1, we may write

with
(e = Y mia) K Z
i=1
S()? = Y mi(a)(Xi — X (2))?
=1

These formulae result from elementary calculations in the subsequent exercise.

Exercise 5.3. Let X, and Y, be random variables on a common probability space such that
IE(X2),IE(Y2) < oo and Var(X,) > 0. Show that

E((Y, —a—bX,)?
is minimal in a, b € R if and only if

a = IE(Y,) — bIE(X,),
Cov(X,,Y,)  E((X,—-IE(X,))Y,)
- Var(X,) Var(X,)

Apply this result to two fixed vectors x,y € R" and the random variables X, := x;, Y, = vy,
where J is a random variable with values in {1, 2, ...,n} and given weights m; = IP(J = 7).

Example 5.4 (Baseball data). For the data in Example 4.13, Figure 5.4 shows a scatter plot of
the decimal logarithms of annual incomes (Y') versus the number of years, truncated at 20 (X).
In addition, we show the the LSE f for f, assuming that f belongs to Ss3(to,t1,to,t3,t4) with

t; = 0.5+57. This is the curve in the center. The other four curves are pointwise and simultaneous
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(via Scheffé) 95%-confidence bounds for f. Precisely, the estimator and confidence bounds are

for the approximating function

fo = argmin [|f — gl
g€S3(to,t1,t2,t3,t4)

Figure 5.5 shows the same data and the locally linear estimators f, based on the Epanechnikov
kernel and the global bandwidths h = 2 and h = 4.

3.0
1

25

2.0

0 5 10 15 20

Figure 5.4: Spline estimator for f in Example 5.4.

Exercise 5.5. Implement the locally linear and locally quadratic estimators. Compare the meth-

ods by means of simulated data.

5.2.3 Precision of Locally Linear Estimators

In this section, we derive a rough bound for the precision of locally linear estimators. For more

precise and general results we refer to Fan and Gijbels (1996).

The locally linear estimator f(:z:) can be written as

= Zm(m)n(x X))Y,
i=1

where _ _
(z — X(2))(t = X(x))
S(x)? '
One can interpret X (x) and S(z) as mean and standard deviation of a discrete probability distri-
bution (),

K(z,t) == 1+

Zm z)1x,en)-
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Figure 5.5: Locally linear estimator for f in Example 5.4, with bandwidths & = 2 (dashed line)
and h = 4 (continuous line).

o~

Then, the expected value of f(x) may be represented as

> mla)n(e X0 06) = [ F(Om(e.t)Qula).
i=1
One can easily verify that

//@(x,t) Q.(dt) = 1 and /tm(m,t) Q. (dt) = =x.

~

Hence, IE f(x) = f(x), whenever f is an affine function. But now we want to assume only that f
is differentiable such that

Lip(f) < L < oo.
In this case,

L(t —x)?

f@) = f@)+ f@)t—2) +r(@t) with |r(z 6] < ——F—,

SO

Ef(z) = f(a:)—i—/r(a:,t)m(x,t)Q(dt).

Introducing the absolute moments

M(z) = /\t—xm(dt), P>,
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of (), we may conclude that

[E f(2) = f(x)]

IA

/ I, £) (e, )] Qe ()

T — X — X 21t — X X

-2 S(x
: §<M2<w)+W(M4(x) / WQz(dﬂ)l/ )
< g1+ E5E)

where the last two steps follows from the Cauchy-Schwarz inequality and the definition of S(x).

On the other hand, with the local maximal variance

o(z)? = i.gl(%;o Var(e;),

~

the variance of f(x) may be bounded by

~

Var(f(g;)) = Z 7T7;(1,‘)2K,(1’, XZ-)2 Var(g;)
=1

< o(2)? max m(z) / (12 Qu(dt)

i=1,...,n
_ , (z—X(2))* [(t-X(x))?
— o) max m(o) (1+ O / O Qu(dt))
(z — X(2))?
= 0'(33)2 Z:Hll,axm TFl(CC) (1 + S($)2 ),

where the second last step follows from [(t — X (z)) Q(dt) = 0.
All in all, we obtain the following inequality:

Lemma 5.6 (Error bound for locally linear estimators). Under the previous conditions,

~ ~

E((f(z) - f(2))%) = (Ef(z) - f(2))* + Var(f(x))

(LQ]WM + U(x)2 _max m(x)) (1 + WW)

(5.4) 5 i=1,mm S(z)?

This lemma shows that My(x) as well as o(x)? max; 7;(z) should be as small as possible, but

these goals can not be achieved simultaneously.

Example 5.7. Specifically, let X; = i/n and Var(e;) < o2 for 1 < i < n. Suppose that the
weights have been defined via the nearest neighbor method with some number k(n) > 2. For
any = € [0,1], @ is the uniform distribution on the set {j/n : a(z) < j < b(x)} with integers
0 < a(z) < b(x) < nsuchthatk(n) < b(z)—a(z) < k(n)+1. Precisely, b(z)—a(z) = k(n)+1
can only occur if k(n) = 2m(n) + 1 for some integer m(n) > 1 and z = (¢ — 0.5)/n for some
integer £ € {m(n)+2,...,n—m(n)},s0a(z) =¢—m(n)—2and b(x) = £+ m(n). In general

- a(xz) + 1+ b(x)

X(z) = o o _ (@) —a@)?—1 _ k(n)’ -1

12n?2 - 12n2

and S(x)
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Moreover, since (a(z) +1)/n < x < b(x)/n, unless < 1/n and a(x) = 0, b(z) = k(n), we
know that |j/n — z| < k(n)/n for a(z) < j < b(x), whence

My(z) < (k(n)/n)",

and

o X)) < ML
Thus,
A a _ (DPk(n)t o 3(k(n) +1) Lk(n)* | o
B((F@) - 1@)) < (F50 +00) (0 T =) = 00550 + i)

To obtain a minimal order of magnitude for this bound for fixed L and o2, the quantities n =4k (n)*
and k(n)~! should be of the same order. This is the case if k(n) is precisely of order O(n*/),

and then,
E((f(z) - f(2))?) = O(n™*%)

uniformly in € [0, 1]. In particular,
fl@) = f(z) = Op(n~"").

The same orders of magnitude result with kernel-based weights, provided that the global band-
width h = h(n) is of order O(n~1/%).

5.3 Regularization

Finally, we describe a special case of smoothing methods which are known under the general
names regularization or penalization. Generally, we estimate the regression function f by mini-
mizing

n

Z(Y; — 9(Xi))? + APen(g)

over all functions ¢ : R — R. Here, A > 0 is a given penalty parameter, and Pen(-) is a
penalty function. The quantity Pen(g) € [0, oo] measures “irregularity” of g. By means of this
penalty we prevent overfitting in the sense of choosing functions g which essentially interpolate
the observations (X, Y;). The parameter A plays a similar role as k(n) and h(z, X') in connection

with local polynomials.

5.3.1 Smoothing Splines

For a function g : R — R, let
Pen;(g) := / J (x)? dz,
R

provided that g is absolutely continuous; otherwise we set Pen;(g) := oo. That g is absolutely
continuous means that g(t) — g(s) = fst g (x) dx for some ¢’ € L (R) and arbitrary s,t € R.

loc
Further, let
Pens(y) = [ o'(@)’
R
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if ¢ is differentiable with absolutely continuous derivative g’; otherwise we set Pens(g) := oc.
When minimizing Pen; (g) or Pena(g) under certain constraints, functions of the following type

appear:

Definition 5.8 (Natural linear and cubic splines). Consider m € N and real numbers ¢ty < t; <
con <t

A continuous function f : R — R is called natural linear spline with knots g, t1, ..., ty, if fis
constant on (—o0, tg], constant on [t,,, c0), and affine on each interval [t;_;,t;], 1 < j < m. The

set of all such functions is denoted with S (¢, t1, ..., tm).

A function f : R — R is called natural cubic spline with knots tg,t1,...,tn, if f is twice
continuously differentiable, and if the second derivative f” has the following properties: f” = 0
on (—00, to] U [ty,, 00), and f” is affine on each interval [¢;_1,¢;], 1 < j < m. The set of all such
functions is denoted with S§*(¢g, t1,. .., tm).

Remark 5.9. Both function classes ST (¢, t1, . . . , tm) and S5 (¢, t1, . . . , t,y,) are linear spaces
with dimension m + 1.

In case of SP?%(t,ty,...,tm), one can simply extend any function f in the usual spline space

Si(to,t1,. .., ty) to a constant function on (—o0, tp] and on [t,,, c0). In particular, any basis fi,
J2s vy frns1 of Si(to,t1, - . ., t) becomes thus a basis of ST (¢, t1,. .., ).

In case of S§*(tg, t1,. .., tm), the restriction of any function f € S¥*(to,t1, ..., tm) to [to, tm]
defines a function in S3(to, t1, . . ., t,,) with the additional property that
(5.5) f"(to) = f"(tm) = 0.
On the other hand, any function f € Ss(to,t1, ..., ty) satisfying (5.5) (with f”(to) and f”(t,,)
interpreted as one-sided derivatives) may be extended to a function in S5 (¢, t1, . .., t,,) via
f(to) + f'(to)(x — to for x < 1o,
(5.6) fla) = {0 T~ )
f(tm) + f'(tm)(x — ty) forz > t,.
To construct a specific basis of Sé‘at (to,t1,...,tm), we start with an arbitrary basis fi, fo, ...,
fimts of Ss(to,t1, ..., tn) such that fy,42(x) and fp,43(x) are proportional to (t; — )3 and

(z — tm—1)3., respectively. In particular, fi2 = fl, 19 = fig = 0on [t1,ty], and fris =
w3 = [mys = 0on [tg, ty,—1]. Consequently,

. £ (to) i (tm)
i) = () = o fa(@) = o fnss(2)
m+2( 0) m+3<tm)
"(to)(t1 — x)3 "(tm) (@ = tm—1)3
) fi(bo)(t — @)y [ (bm) (& — tm 1)+’ v € lto b,
6(t1 — to) 6(tm — tm—1)
defines linearly independent functions f1, fa, ..., fms1 in Sz(to, t1, - .., tm) with the additional
property (5.5). By means of the extension (5.6), we obtain a basis of S};at (to,t1y. . tm).

The following lemma about smooth interpolation will be the key ingredient for our main result in

this section.
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Lemma 5.10. Consider m € N and real numbers tyg < t1 < --- < t,,, and zg, z1,. .., Zm.
Further, let g : R — R be an arbitrary function with the property that

(5.7) g(tj) = z; forj=0,1,...,m

(a) There exists a unique function g, € Snat(to, t1,...,tm) which satisfes (5.7). This function
minimizes Pen; (g) among all functions g satisfying (5.7).

(b) There exists a unique function g, € Snat(to, ti,...,tm) which satisfes (5.7). This function
minimizes Pens(g) among all functions g satisfying (5.7).

Proof of Lemma 5.10. The proof of part (a) is essentially a consequence of Exercise 5.11. Hence,

we focus on part (b). For x € R define

tm — T r—t
Xo(z) = tm—to and A\, (z) = " _7?0.
m m

Obviously, Ao(x) + A (z) = 1, and in case of z € [to, tm], Ao(z), Am(x) € [0, 1]. Now, for an

arbitrary function g with Pens(g) < oo and any point = € [to, t,,,], we investigate the difference

A(x) = Ao(z)g(to) + Am()g(tm) — 9()
in more detail:
A(z) = Xo(x)(g(to) — g(2)) + Am(2) (g(tm) — g())
= —)\o(x)/ J'(s) ds—l—)\m(:r)/mg'(s) ds

:,mu)[7¢@>y@mds+Amuy/m@%ﬂg%@>@

(because Xo(z)(x — o) = A ()

tm
= / / t)dtds + A / / t)dtds
to Js

tm

=Aay/@—m wﬁ+x<y/<m—w¢mﬁ.

to x

= / K(z,t)g"(t)dt
R

(t —to)(tm — )

Consequently, for z € [tg, t],

with

fortg <t <z,

tm - tO
Kat) = § @=t)tn=t) (o
tm - tU
0 else.

The constraints (5.7) on g are equivalent to

(5.8) g(to) = 20, g(tm) = 2z, and /K(tj,t)g”(t) dt = ¢; forl<j<m,
R
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where ¢; := Ao( )20 + Am(tj)zm — z;. The functions K (t;,-), 1 < j < m, are in the space
S (tg, t1, ..., tm), have compact support and are linearly independent. Hence, there exists a

unique linear combination h = Z i aJK (t;,-) saytisfying the equations
/Kt],t t)dt = ¢j, 1<j<m.

In particular, there exists a unique function g, € S§**(to,t1,. .., ty) solving (5.7), and g/ = h.
For any other function g satisfying (5.7) and Pens(g) < oo, we can write ¢” = h + r with a

function » € L?(R) satisfying the equations
/ K(t;,0r(t)dt = 0, 1<j<m.
R
In particular, [, h(t)r(t) dt = 0, whence

/Rg”(tfdt = /Rh(t)QdH/Rr(t)?dt > /Rh(t)zdt.

Equality holds if and only if » = 0 almost everywhere, which is equivalent to g = g,. O

Exercise 5.11. Letg : [a,b] — Rbe absolutely continuous that means, there exists an integrable

function ¢’ : [a, b] — R such that g(z) )+ [0 g/ (t) dt forall z € [a,b]. Show that
b b) — 2
/ o > >b o(a)
a —a

with equality if and only if ¢’ = (g(b) — g(a)) /(b — a) almost everywhere on [a, b).

Now we come back to our regularization estimator:

Theorem 5.12. Consider arbitrary data vectors X,Y € R" such that #{X1,...,X,} > 2. For
arbitrary numbers k € {1,2} and X\ > 0, there exists a unique function f,\ : R — R minimizing

n

Hy(g) := Y (Vi — g(Xi))* + APen(g)
=1

among all functions g : R — R. Denoting the different elements of { X1, ..., X, } withty < t; <

nat

. < t, the function f)\ belongs to S3i* | (to, t1, ... tm).

Proof of Theorem 5.12 and construction of f,. The target functional H (g) may be rewritten
as S3(X,Y) + Hy(g) with

FI)\(Q) = sz Yi +)‘Penk( )

w; = #{E c Xo =t}

yi = w; Z Y,

0: Xy=t;
and S(X,Y) = 3710 320, x,—r, (Ye — :)?. Now let

F . SpPat(to, t1, ... ty)  ifk =1,
LSyttt t) if R =2,
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According to Lemma 5.10, for each function g : R — R there exists a unique function g, € F
such that g, = g on {tg, t1,. .., tm}. Moreover, Peny(g,) < Peng(g) with equality if and only if
g = ¢o. Hence, it suffices to consider functions g € F. Now, we choose a basis f1, fo, ..., fim+1
of F and write g = Zmﬂ 8 f; for some 6 € R™*1 In this case,

Hy(g) = c—2b'0+6"A,0

with ¢ = Y- w;y? and

(Z wzyzfj )m"‘l’
(Z witise) 2 [ P00 wa)"

The latter matrix A is symmetric and positive definite, because 8 A0 = 0 would imply that
g® =0and g = 0on {to,...,tn}, whence g = 0 and @ = 0. Consequently,

0, = (eM)m+1 = A7'b
is the unique minimizer of H and yields the unique minimizer f)\ = Zmﬂ O f; of Hy. O

Example 5.13. We illustrate the regularization paradigm with n = 800 simulated data pairs
(X;,Y;) € [-3.5,3.5] x R, where f(z) = sin(2x) and g; ~ N(0, 0.52).

Figure 5.6 shows the regularization estimator fA)\ with penalty Pen; (f) and six different values of
A. Figure 5.7 shows the estimator f,\ for one particular value of A together with the true function
f (green and dotted line). The choice of A will be explained later.

Figures 5.8 and 5.9 show analogous plots for the regularizetion estimator f)\ with penalty Pena( f).

5.3.2 A Related Approach

As in the previous section, let ¢y < t; < - -+ < t,,, be the different elements of { X1, Xo,..., X, },
and write w = (w;)", y = (yi)1", With
= #{0: X, =t;}, and y; = wi' Y Y
0: Xyo=t;
If we are only interested in estimating f on the set {fo,t1,...,ty} of observed X-values, there

exists a rather simple and general approach to regularization: One minimizes

sz Yi +)\gTAg

=y dlag(w)y — 2y diag(w)g + g (diag(w) + AA)g

with respect to g = (g;)i% € R™*+1 where A is a symmetric and positive semidefinite matrix
in Rm+1)x(m*1) " The vector g corresponds to (g(t;))", with g : R — R. Then, the unique
minimizer

i = (diag(w) + AA) " diag(w)y
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lambda = 0.1: sh0 =0.5198, shl =0.4984 lambda = 1: sh0 =0.5198, shl =0.504
o N
— - -
2 o- 2 o
> >
- _] - ]
1 I
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I I
N ~ —
- — -
8 o — 8 o
> >
- _] — ]
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o | o
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> >
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Figure 5.6: Different estimators of f via linear smoothing splines.
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lambda = 4: shO =0.5198, shl =0.515

Y, f(x)

Figure 5.7: One estimator of f via linear smoothing splines, plus true f.
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lambda = 0.001: sh0 =0.5192, shl =0.5028 lambda = 0.01: sh0 =0.5192, shl =0.5072
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Figure 5.8: Different estimators of f via cubic smoothing splines.
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lambda = 0.4: sh0 =0.5192, shl =0.5179

Figure 5.9: One estimator of f via cubic smoothing splines, plus true f.
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m

of H, is our estimator of (f(ti»i:o'

Concerning A, there are many possibilities. Suppose we want to imitate the penalty functional

Ltom g'(t)? dt. If ¢’ is approximately constant on [t;,¢;1] for some j € {0,...,m — 1}, then with
Aj = tj-‘rl — tj,

L — q(t;
M ~ g’(t) fortE[tj,th]-

A
Thus we replace ftto’” g (t)% dt with
m—1
AT (g(ti) —g(ty)” = g" Ay g,
=0
where
m—1
7=0
v = (Lizjt1) — Limg))izo-

Suppose we want to approximate the functional ft';m g"(t)% dt. If g is approximately constant on

[tj,tjyo] for some j € {0,...,m — 2}, then

~ ¢'(t) fort € [t;,tj+a].

2 (g(tj+2) —g(tjt1)  g(tj41) — g(tj))
Aj+ A A A

Indeed, the previous approximation is an exact equality if g(t) = a + bt + ct?/2 for t € [t;,tj42].
Note also that

2 (Q(tj+2) —9(tir1)  g(tj41) — g(tj)) .
Aj+Aj Aji1 Aj ’
with
v, = 2 Vimjr2] = Yimje) =gy = 1[i=j1)m
J Aj + Aj+1 Aj+1 Aj i=0
Thus we replace f;o"‘ g"(t)?dt with g " A, g, where
m—2
Ay = Z bjv;v;
=0
and
Ag+ Ay ifj=0,m=2,
b A0+A1/2 ifj=0,m >3,
j =

Am1/24 A ifj=m—2,m>3,
(Aj+Aj+1)/2 ifl<j<m—-3m>4.

5.3.3 Choosing the Regularization Parameter

Regularization estimators as well as locally polynomial estimators and other nonparametric pro-
cedures depend often on certain tuning parameters. In what follows, we describe two possible
strategies for choosing the regularization parameter A > 0 automatically. Similar ideas are appli-

cable to other nonparametric techniques.
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Cross validation. Fori = 1,2,...,n, let [X_;,Y _;] be the data matrix [X, Y| without the
row (X;,Y;). For given A > 0, one estimates the regression function f from the reduced data

(X _i,Y_;] by f)\,l The overall quality of these n estimators is measured by the sum of squares

Q)

n

Q) = D (Vi = fri(X)%

i=1

Now, one minimizes ()(\) over all A > 0 in a given set.

Comparing two variance estimators. For A > 0, let f)\ be the corresponding regularization
estimator of the regression function f. This yields an estimator of the standard deviation o > 0 of
the (homoscedastic) errors, namely,

i = (o Z(y ~Aear)”

In addition, let &, be an estimator for o which does not depend on A or f,\ and is reliable for a large
class of regression functions f; explicit examples will follow soon. As explained in Exercise 5.14,
the estimator &, is monotone increasing in A > 0. Now, we compare & with 7, and choose A > 0

such that both are essentially identical.

Exercise 5.14. For an arbitrary set X, let @ : X — Rand P : X — [0, 00| be two functions.
Suppose that for real parameters 0 < A\ < p there exist minimizers z of () + AP and z, of
Q + pP over X, where P(z)), P(x,) < co. Show that

Qxx) < Qz,) and P(zy) > Play).

A first estimator of the noise level. In case of X; < X5 <-.. < X, one could estimate o by

~ 1 n—1 ) 1/2
(59) g, = (2(71_1) ;(Y:H—I _Y;) > )

as proposed by Rice (1981). The rationale behind this estimator is that Y;41 — Y; = €;41 — &5,
provided that f(X;) ~ f(Xi41), and IE((gi41 — &;)?) = 202 in case of homoscedastic errors.

Exercise 5.15. Suppose that X1 < Xy < --- < X,,, and let 0, be given by (5.9). Suppose further
that IE(e?) = 02 and [E(e}) < Ko? for 1 < i < n and some constant K > 1.

(a) Show that

R . 1 n—1
E(G?) = 0%+ p* with p?:= 2 =1) Z(f(Xi+1) — f(Xi))*.
i=1
Show also that
pz < maX1§i<n(Xi+l - Xi) X f’(t)2 dt.

2(n—1) X,
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(b) Show that the “estimator”

1 Z
v2 e . —_ .
7 2(n —1) i:1(51+1 =)
satisfies the following inequalities:
Ko* 8c?
E(52) = o2 2y < d (62— 52— 2)2) < 2
(63) = 0% Var(e}) < = and B(E2-of YY) < —Top

(c) Deduce the inequality

IE(( 20* _1> ) < 2K+4.
a2 + p? n—1

A second estimator of the noise level. Let us assume that the errors have a variance depending

continuously on X, that is, Var(Y;) = Var(e;) = o(X;)? for some continuous function o(-). The
quantity o5 = n~ >0 (Vi — f)\(XZ))Q may be viewed as a proxy for =t >"" | 7 and thus as

an estimator of

i=1
Now, with tg < t; < -+ < ty, wo,W1,..., Wy, > 1 and yo,y1,...,ym € R as before, we

estimate o (¢;)? as follows, assuming that m > 3:

For j € {0,m},if w; > 1, we set

e e D I (1

w; —1
J i X;=t;

Ifw; =1, weset 5(t;)? == (t1)%if j = 0 and 5(¢)? := G(tim—1)? if j = m.
Forl <j7<m —1weset

2
Diximt, (Yi =) + (5 — (1= X)yj—1 — Njyj)

5(t;)” = A EY R vy
w; — 1+ 1/w, + (1= Xj)?/wj—1 + Af/wjta

with )‘j = (tj — tj—l)/(tj—i-l — t]’_l). Then we set

1 & 1 &
(5.10) 52 = =Y 5(X;)? = - Z;wj a(t)2.
J:

n -
=1

Exercise 5.16. Show that IE('(¢;)?) = o(t;)? in the following two situations:
(i) j € {0,m} and w; > 1.

(ii) j c {1, cee, MM — 1}, U(tj_l) = O'(tj) = O'(tj+1), and f is affine on [tj_l,tj+1].

Example 5.13 (continued). Our particular choice of A = 4 for Figure 5.7 and A = 0.4 for
Figure 5.9 was based on approximate matching of o, (‘sh1’ in all plots) with 7, (‘sh0’ in all
plots). The latter was computed via (5.9) for the linear smoothing splines and via (5.10) for the

cubic smoothing splines.



Chapter 6

General Considerations about
Estimation

In this chapter, the estimation of regression functions is embedded into a rather general framework.
To do so, we are using concepts of statistical decision theory which are treated in more detail within

courses on mathematical statistics. In particular, we introduce so-called (log-)likelihood functions.

6.1 Means and Quantiles as Optimal Predictors

Suppose we want to predict the value of a yet unobserved random variable ¥ € R by a fixed
real number v with maximal precision. For the time being, the distribution of Y is assumed to be
known. Depending on how we define “precision”, we obtain different solutions. In general, we
quantify the size of the prediction error v — Y by its prediction loss

p(v—Y)
for a given convex loss function p : R — R. We also assume that p is coercive, that is,
p(t) — oo as|t| — oco.
Our goal is to determine a prediction v € R such that the mean prediction loss
Ep(v—Y)

is minimal. The next lemma provides explicit solutions for two and a half particular cases.

Lemma 6.1 (Optimal prediction).

(a) Mean squared prediction error: Suppose that IE(Y?) < oo. In case of p(t) = t2,

Ep(v—-Y) = Var(Y) + (v — IE(Y))2

Hence, the optimal prediction of Y is given by
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(b) Mean absolute prediction error: Suppose thatIE |Y'| < co. Let p(t) = |t|. ThenIE p(v—Y)

is minimal in v if and only if v is a median of L(Y'), that is,

P(Y <v) < 1/2 < P(Y <w).

(c) Quantiles: Suppose that IE |Y| < co. For a given number vy € (0, 1) let

21—yt ift >0,

p(t) = (1—29)t+ {27ﬁ| o

Then IE p(v — Y') is minimal in v if and only if v is a vy-quantile of L(Y"), that is,
PY <v) < v < IP(Y <w).

Remark 6.2 (Existence of moments). The assumptions in Lemma 6.1 that IE(Y2) or IE |V are fi-
nite, may be weakened as follows. For any convex loss function p, we could replace the prediction
loss p(v — Y') by the difference

plv—Y) = plv,— Y)

with an arbitrary reference value v,. If IE p(v — Y)) is finite for all v € R, then minimizing
v — IEp(v — Y) is equivalent to minimizing v — E[p(v — Y) — p(v, — Y)]. The modified
prediction loss has the advantage that in case of p(t) = #2, it suffices to assume that IE Y| < oo,
and in case of p(t) = (1 — 2v)t + |t|, we do not need any further moment assumption. The main
conclusions that IE(Y") or any ~y-quantile of £(Y") are optimal, respectively, remain valid and may
be viewed as special cases of the more general Theorem 6.3 below.

In what follows, the left- and right-sided derivatives of a function 4 : R — R are denoted by

h(y) — h h(y) —h
h(z—) = lim hly) = i) and h'(r+) := lim hly) = i) (3:),
y y—x Y\ Yy—x
respectively. In what follows, we assume some basic knowledge about convex functions on the
real line as presented, for instance, in Section 3.1 of Diimbgen (2021). In particular, if p: R — R
is convex, then for arbitrary points s < t < u,
p(t) — p(s)
t—s

plu) — p(t)

6.1 —

< pt-) < P0t+) <

Theorem 6.3. Let p : R — R be convex, and suppose that for arbitrary v € R, the expectations
E o/ ((v—Y) =) exist in R. For arbitrary v, € R,

R(v) = E[p(v—Y) - plvy — Y)]
defines a convex function R : R — R such that
R(v+) = Ep((v-Y)=).

If, in addition, p is coercive, then R is coercive too, that is, R(v) — oo as [v| — oo. In this case,
the set V. := arg min, . R(v) is a compact real interval. It consists of all points v € R such that
R'(v—) <0< R'(v+).
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The inequalities (6.1) imply that IE p'((v — Y') &) exists in R for arbitrary v € R whenever
IE p(v — Y') exists in R for arbitrary v € R.

Proof of Lemma 6.1. The main statement in part (a) is a well-known identity from probability
theory. If we only assume that IE |Y'| < oo, optimality of v = IE(Y") follows from the following

calculations:

E[p(v—Y) = p(v,—Y)] = E[-20Y +v* + 20,Y — 7]
= —20IE(Y) 4+ v + 20, E(Y) — v?
= (v—E(Y))* - (vo — E(Y))*.

Part (b) is a special case of part (c) with v = 1/2, and part (c) could be derived with elementary
calculations. But the arguing would be similar to the proof of Theorem 6.3. Thus we derive part (c)
from Theorem 6.3: The function R > ¢ — p(t) := (1 — 2)t + |¢| is convex and coercive, and its

one-sided derivatives at t are given by

Plt—=) = 1 =2+ 1ps0) — lp<op = 2(Lps0] — V),
Plt+) = 1 =27+ 10 — L) = 2(1p=0) — 7)-

Since the functions p/(- &) are bounded, R(v) := IE(p(v —Y) — p(v, — Y')) defines a convex

function R : R — R with one-sided derivatives

Rw-) = 2(Pv—-Y >0)—7) = 2(IP(Y <v) —7),
R(v+) = 2P(v—Y > 0) =) = 2(P(Y <v) ).

As stated in Theorem 6.3, a point v minimizes R if and only if R'(v —) < 0 < R'(v+), and the
latter conditions are equivalent to the inequalities P(Y < v) <~ < IP(Y <w). O

Proof of Theorem 6.3. For arbitrary real numbers a < b and two different points v, w € [a, b], it
follows from (6.1) that

plw—=Y) = p(v = Y)

Pla-Y)4) < < P(b-1)-).

In particular, if [a, b] 3 v,, we obtain the inequality
(v = ¥) = plo V)| < Jo— o] max{—p((a— ¥) +),0(b - ¥) )}

for any v € [a, b], and the random variable on the right hand side has finite expectation. Hence
R(v) is well-defined in R. One can easily deduce from convexity of p and linearity of expectations

that R is convex, too.

As to the one-sided derivatives, for different points v, w € (a,b),

(w=Y)=pv-Y)

Y

Rw) = R(v) _ . p

w—v w —v
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and
plw—Y) —p(v
w —v

plw—Y)—plv-Y) | {p’((v—y>+> as w \, v,
w—v P((v=Y)=) asw Mw.

"I <m0~ ¥) )00~ V) )},

Hence, by dominated convergence,

R(w) — R(v) . Ep(v-Y)+) asw\ v,
w—v Ep)(v-Y)-) asw Mv.

Now suppose that p is convex and coercive. Coercivity of any convex function h : R — R
is equivalent to lim; oo B/ (t ) € (0,00] and lim;—, o h'(t+) € [—00,0). Convexity of p
implies that p/((v — Y') &) is monotone increasing in v € R. Hence, by monotone convergence,
Rvt) =Ep(v-Y)%) = limy_00 p'(t£) > 0 as v — oo, while R'(v+) = Ep'((v —
Y)+) — limyy_o p/(t £) < 0 as v — —oo. This proves coercivity of R.

If R is convex and coercive, the set V, of its minimizers has to be closed and nonempty (by
continuity and coercivity) and an interval (by convexity). In other words, V, is a compact interval.
That v € V, is equivalent to R'(v—) < 0 < R/(v+) is a standard result of convex analysis:
On the one hand, if R'(v—) > 0, then R(w) < R(v) for w < v sufficiently close to v, and
R'(v+) < 0 would imply that R(w) < R(v) for w > v sufficiently close to v. On the other hand,
if R'(v—) <0 < R'(v+), then (6.1) implies that R(w) > R(v) + R'(v—)(w — v) > R(v) for
allw < v, and R(w) > R(v) + R'(v+)(w —v) > R(v) for all w > v. O

Empirical mean prediction error. In most applications, the distribution of Y is unknown and
has to be estimated from empirical data. Suppose we observe stochastically independent copies

Y1,Ys, ..., Y, of Y. Then the empirical mean prediction error
1 n
R(v) =~ plv—Y;)
i=1

suggests itself as a surrogate for R(v) := IE p(v — Y'). For the explicit examples in Lemma 6.1,
minimizing E() leads to the sample mean, a sample median or a sample y-quantile, respectively.

Here is a general result showing that for large sample sizes n, any minimizer v of the empirical

risk function R has to be close to the set V. of minimizers of the theoretical risk function R.

Theorem 6.4. Let p : R — R be convex and coercive such that IE p/((v — Y') £) exists in R
for any v € R. Let v be any minimizer of the empirical risk function R, and let V, be the set of
minimizers v of R(v) = E[p(v —Y) — p(v, — Y)|. Then for any fixed § > 0,

lim P (7 < min(Vs) — & or © > max(Vi) +4) = 0.

n—oo

Proof of Theorem 6.4. Note that R(v=+) and R'(v+) are monotone increasing in v € R. By
definition of V4, the points v; := min(V,) — ¢ and ve := max(Vi) + ¢ satisfy the inequalities
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R'(v1+) <0< R'(va—). If v < vy, then
0 < R@+) < R(vi+) = Zu + R (v +)
with
~ 1 &
Zm = R(oi+) = R(i+) = =Y [0 (1 =Y)+) —Ep (1 —Y)+)].

n“
=1

Likewise, v > vo implies that
0> R@-) > R(vy—=) = Zns+ R (va—)
with
1 n

Zny = R(vy—) = R(ra—) = - [ (v =Yi) =) —Ep ((va = Y)—)].
i=1

By the weak law of large numbers, lim,,_,oc IP(|Z,,x| > €) = 0 for any fixed e > O and k = 1, 2.
Consequently, with €; := —R'(v; +) > 0 and €2 := R'(v2 —) > 0,

IP(0<wviort>vy) < P(Zy1 > e 0rZpg < —€2) < P(Zp1 > €1) + IP(Zyo < —€2)

converges to 0 as n — oo. O

6.2 Loss Functions and Risks

The considerations in the previous section may be generalized as follows: Let Y be a random
variable with values in a measurable space (), B). Now we want to make a “decision” v in a
“decision space” V about the yet unobserved value Y. For a given loss function L : V x Y —
(—00, 0o} which is measurable in the second argument, the quality of a decision v is quantified by
the loss of v,

L(v,Y),

or the risk of v,
R(0) i= BLE.Y) = [ Llv.y) Pldy)
i.e. the mean loss of v.

In the previous section we encountered already two and a half important examples: In all cases,
Y =V =R, the “decision” was a prediction v of Y, and L(v,Y") = p(v —Y") for a given convex,

coercive function p : R — R.

Exercise 6.5. Let Y > 0 be the health costs which a randomly chosen customer of a health
insurance company will cause next year. Let e > 0 be the annual premium he or she has to pay,
and let v > 0 be his or her retention. Hence, the net revenues of the insurance company for this

customer are given by

e —max(Y —v,0) = e+ min(v —Y,0).
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Now we would like to determine a retention v which is fair in the sense that

(%) IE(e — max(Y —v,0)) = 0.

(a) Show that there is a unique solution of (x), provided that e < IE(Y") < 0.

(b) Determine a convex function p : R — R such that solving (x) is equivalent to minimizing
Ep(v—Y)orE(p(v-Y)—p(=Y)).

Exercise 6.6. Let Y be a real-valued random variable. We identify a value y € R with the
indicator function R 5 ¢ + 1< and would like to predict this function by some function
v : R — R. Suppose that our loss function is given by

L(v,y) = / (0(t) — 1y )” M (dt)

for some finite measure M/ on R. Determine all functions v with minimal risk R(v) = IE L(v,Y).

The special case of a finite set )). Here, Y is a categorical random variable whose distribution
is determined by the probability weights

p(z) = P(Y =2), ze).

Now our decision space V is the set RY of all functions v : )V — R, and we consider three different

loss functions:

Example 6.7 (Least squares for categorical observations). We identify Y with the random indi-
cator function J 3 z — 1,y which we would like to predict by a fixed function v € V. Let the
loss of v be given by
L(v,Y) = Z(v(z) - 1[Z:y])2.
z€Y

Here one can show that R(v) = IE L(v, Y) is minimal if and only if
v(z) = p(z) forze ).

Exercise 6.8. Prove the optimality result in Example 6.7.

Example 6.9 (Likelihood for categorical observations). We present two different loss functions
whose definition is not so obvious at first glance. Both are related to likelihood methods as pre-

sented in the next section. We assume now that
p(z) > 0 forallze ).

The two loss functions L1, Ly are given by

Li(v,y) = Ze”(z) —v(y),

zey

Ly(v,y) = log(>_ @) — u(y).

zey
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The corresponding risks are

Ri(v):=ELi(v,Y) = Z ev(®) — Zp(z)v(z),

z€Y z€Y

Ry(v) :=IE La(v,Y) = log<2 e”(z)) - Zp(z)v(z).

z€Y 2€Y
In both cases, the sum ) ;__,, e¢¥(*) > ( appears, and this is strictly increasing in each value v(z).
But the second sum } |y, p(2)v(z) prevents us from letting v(z) — —oc for each 2 € V.

For R, one can show that

Ri(v) > 1= p(2)logp(2)

z€Y
with equality if and only if v(z) = log p(z) forall z € Y.

The risk function Ry(v) is minimal at v € RY if and only if

v(z)
Zeev(y) = p(Z) forallzéy.
yey

In other words, for some constant ¢ € R,
v(z) = logp(z) +c¢ forallz € ).

A unique solution can be enforced by additional constraints, e.g.

1) Zyey @ =1 or
(ii) v(yo) = 0 for a reference category y, € ) or

(i) >, eypv(y) = 0.
Variant (ii) will be used in the context of logistic regression.
Exercise 6.10. Prove the optimality results in Example 6.9.

Exercise 6.11 (Mean squared loss in general). We have seen that the mean of a random variable
Y € R is an optimal predictor with respect to mean squared prediction error. This example as well
as the settings in Exercises 6.6 and 6.8 can be viewed as special cases of the following abstract
setting: We observe a random variable Y € ) which can be mapped into a real Hilbert space
(H, {-,-), || - ||) via a measurable mapping 7" : ) — H such that IE(||T(Y)||?) < oco. If H is our

decision space, and if the loss of a decision h € H is defined as
L(h,Y) = |lh—T(XY)|?,

what is the unique minimizer h of R(h) := IE L(h,Y")?
Specify H and 7T for the three situations mentioned before.

How could you modify L(h,Y") to obtain the same minimizer under the weaker assumption that
E|[T(Y)] < o0?
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Empirical risk. In case of stochastically independent copies Y7, Ys, ..., Y, of Y with unknown

distribution, one can estimate R(v) by the empirical risk
~ 1 &
R(v) = - z; L(v,Y;).
1=

Let P be the distribution of Y, and let P be the empirical distribution of Y7, Ys,...,Y,,. That is,
P(B):=#{i:Yie BY/nfor BC Y,and [ hdP =n~' " h(Y;) for h : Y — R. Then we

may write

R(v) = / L(v,y) P(dy) and R(v) = / L(v,y) P(dy).

6.3 Maximum Likelihood Estimation

Suppose that the distribution P of Y is unknown, but let (Py)pco be a given family of probability
distributions Py on (Y, B) which contains P or at least a “good approximation” of P. Now our
goal is not a “decision” about Y but the definition and estimation of a “true parameter” 6, € ©,
having observed Y.

More precisely, suppose that Py admits a density function pg with respect to a measure M on
(), B). For instance, let Y = R?, and let pg be a (Lebesgue) probability density of Py in the usual
sense. Or let ) be a countable set, and let py be the weight function of Py, thatis, pg(z) = Py({z})
for z € ). Now one may try to estimate the “true parameter” 6, € © by means of the negative
log-likelihood

L(0,Y) := —logpe(Y).

The random functions 6 — py(Y') and 6 — log pg(Y') on the parameter space © are the so-called

likelihood function and log-likelihood function, respectively.
Suppose that

(i) P = Py, forsome §, € O,
(ii) [ |logpe|dPy < oo forall§ € O,
(iii) P, # Py foralln,8 € © withn # 6.

Then the parameter 6, is the unique minimizer of
R(9) := IEL(,Y).

This follows immediately from the subsequent Lemma 6.12. If L(GA, Y) = mingeo L(6,Y) for
some parameter 0 = a(Y) in ©, we call 0 a maximum likelihood estimator for 6,. If assumption (i)

is not satisfied, one may view § as an estimator of a minimizer of the risk R(").

Lemma 6.12. Let P and () be probability distributions on ) with density functions p and q,
respectively, with respect to some measure M. Further let [ |logp|dP < oco. Then,

—/log(q) dP > —/log(p) dpP

with equality if and only if P = Q).
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Proof of Lemma 6.12. The asserted inequality is equivalent to the claim that the so-called Kull-
back-Leibler divergence [log(p/q)dP is greater than or equal to zero, with equality if and only
if P = Q. To verify this, we write

/ log(p/q) dP = — / log(q/p) pdM
{p>0}
= —/ log(l—i—u)de
{p>0} p

- / (g —p)dM
{p>0}

= 1-Q({p>0})

> 0.

v

Here we used the inequality log(1 + t) < ¢ for all ¢ > —1, which is strict whenever ¢ # 0. Hence
the equality [ log(p/q) dP = 0 implies that M ({p > 0} N {p # ¢}) = 0. This implies already
that Q = P on the set {p > 0}. Butsince 1 = P({p > 0}) and Q(Y) = 1, this implies that
Q({p=0}) =0, whence Q = P. O

Independent, identically distributed random variables. Suppose we observe stochastically
independent copies Y7, Yo, ..., Y, of Y. Under the assumption that the distribution of Y equals
Py, for some unknown 6, € ©, the distribution of the vector Y = (Y;)7_, is given by one of the

density functions
n
Y'oy = po(y) =[] re(vi)
i=1

with respect to the product measure M©" on (Y™, B®™). The corresponding negative log-likeli-

hood function for Y is given by
n
L(6,Y) = =) logpy(Yi).
i=1

In other words,
wILE.Y) = RO) = [ L0.9) Pldy),

and this may be viewed as an estimator for R(#) = [ L(6,y) P(dy). Hence, maximum likelihood
estimation of 6, based on the observation vector Y, is equivalent to minimization of the empirical

risk R(-) for the single observations.
Example 6.13 (Bernoulli variables and binomial distributions). Let )V = {0, 1}, and set p :=
IP(Y =1),i.e. P = Bin(1,p). Further let © = [0, 1] and Py = Bin(1, ). The weight function
pg of Py is given by
pp(0) = 1—6 and py(l) = 6.

Consequently,

L(0,y) = —(1—y)log(1l —0) —ylogh
and

R(#) = —(1 —p)log(l—0)—plogh.
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Since

— 0 ifo<6
R(0) = 0—p {< if 0 < 0 <p,

0(1-0) |>0 ifp<o<l,
the unique minimizer of R(-) is p.

If we observe independent copies Y7, Ys,...,Y, of Y, then p := n-t 2?21 Y; is a natural esti-
mator for p. This is also the maximum likelihood estimator based on Y and the minimizer of the

empirical risk R(-), because
n'L(6,Y) = R(6) = —(1—p)log(l —6) — plog.

Exercise 6.14 (Hardy—Weinberg model). We consider a population of diploid organisms and a
particular gene with two potential alleles A and a. With respect to this gene, the individuals have a
genotype in ) := {AA, Aa, aa}.

For a randomly chosen individual from that population, let Y be its genotype and p(z) := IP(Y =
z) for z € ). Theoretical considerations (Hardy—Weinberg law) suggest that p(-) = pg, (-) for an

unknown parameter 6, € [0, 1], where

po(AR) = 62 pp(Ra) := 20(1 —0) and pp(aa) := (1 —0)>

Determine for this example the risk function R(f) := —IElogps(Y) and its minimizer for
arbitrary weight function p(-). That is, do not assume a priori that p(-) = pp,(-) for some
0, € [0,1]. Then determine the maximum likelihood estimator for 6,, based on independent
copies Y1,Ys, ..., Y, of Y.

Sample location parameters as maximum likelihood estimators. In Section 6.1, we repre-
sented the sample mean and sample quantiles as minimizers of empirical risk functions. They
may also be viewed as maximum likelihood estimators, if we choose appropriate statistical mod-
els (Py)per. In general, let py be a strictly positive probability density on R, and for § € R let P
be the distribution with density function

po = po(-—0).

~

Then a maximum likelihood estimator § = 0(Y') is a minimizer of
n
L(6,Y) = =) logpo(Y; —0).
i=1

This is also a minimizer of R(f) = n~! o, p(6 —Y;) for a given convex, coercive function
p: R — R, provided that
poy) = crexp(—c2p(~y))

for certain constants ¢y, co > 0.

In case of p(t) = t2, we obtain the density function py of a centered Gaussian distribution. In case
of p(t) = [t|, we are dealing with Laplace distributions, while in case of p(t) = (1 — 2v)t + ||,

we obtain non-symmetric Laplace distributions.
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Exercise 6.15. Show that the function
p(t) = log(1+ cosh(t))

is strictly convex with limy;_,o p(t) = co. Show that the minimization of 7" | p(f — Y;) with
respect to 8 € R corresponds to maximum likelihood estimation for certain families of logistic
distributions. The logistic distribution with mean p and scale parameter ¢ > 0 is given by the
density function p, +(y) := po,1((y — p)/o) /o, where

el 1

Po(t) = (I+e)?  etet+t2

6.4 Application to Regression Problems

In regression settings, we consider observation pairs (X,Y) € X x ) and want to model and
estimate the conditional distributions L(Y | X = z), x € X, or some aspects thereof. For a given
decision space V and a given loss function L : V x Y — R, we are looking for a regression
function f, : X — V such that

E L(fo(X),Y)

is minimal.

Concerning the distribution of X, we do not want to restrict ourselves. It should be possible that
X or at least some components of X may be chosen arbitrarily by the experimenter. Thus we

focus on the conditional distributions £(Y | X = z), x € X, and aim for functions f, satisfying

fo(z) € argmin IE(L(v,Y)| X =2) forallz e X.
veV

For instance, in case of ) =V = R and L(v,y) = p(v — y),

f(a) = {IE(Y\X:J;) if p(t) = 2,
’ Median(Y | X =) if p(t) = [t].

Now we want to estimate this optimal regression function f, from independent observations
(X1,Y7), (X2,Y2), ..., (X, Ys), where the X; are treated as fixed points in X, and L(Y;) =
LY |X =X;)fori=1,...,n. Obviously, f, minimizes the risk

R(f) = R(f, X) = Y EL(f(X),Y)
=1

among all functions f : X — V. Typically, this optimality property determines f, uniquely on the
set { X1, Xo,..., Xy}, but at points = ¢ {X1,..., X, }, the value f,(x) is only specified under

additional model assumptions.

A naive estimator for f, is given by a minimizer of the empirical risk, i.e. the observed loss

R(H=RSX, V)| _ .
A R UE R0



172 CHAPTER 6. GENERAL CONSIDERATIONS ABOUT ESTIMATION

among all functions f : X — V. But the resulting estimator is often useless. For instance, suppose
that all X; are pairwise different, that Y =V =R and L(v,y) = p(v—y) with argmin, g p(t) =
{0}. Then f minimizes the empirical risk }?E(f) if and only if f(X;) = Y for 1 < i < n. Two
strategies with higher potential are:

(i) Restricting f to a particular family F of functions.

(i) Minimizing

R(f) + Pen(f)
in place of R , where Pen is a penalty term quantifying the “irregularity” of f.
p (f) (f) is a penalty quantifying gularity” of f

Both strategies (i) and (ii) appeared already in the context of least squares estimation. Ap-

proach (ii) is called “regularization” or “penalization”; see Section 5.3.

Example 6.16 (Regression quantiles). We illustrate strategy (i) above with regression quantiles,
introduced by Koenker and Basset (1982), without going into computational details. We consider
observation pairs (X,Y’) € [A, B] x R and want to estimate the y-quantile f.(z) of L(Y | X = x)
for various values of v € (0,1) and = € [A, B]. To this end, we assume that f, is an element of a

given finite-dimensional vector space F of functions on [A, B]. Then we estimate f., by
N n
fy € argmin Y p,(f(X;) - Vi),
feF o

where p (t) == (1 — 27v)t + |¢|.

We applied this method to the baseball data from Example 4.13. Again, we consider the decimal
logarithms of the yearly salaries (Y) and the number of seasons (X), where for one observation
the value X = 24 has been replaced with X = 20. Figure 6.1 shows regression quantiles ﬁ for
v = 0.1,0.25,0.5,0.75,0.9, where F consists of all functions f(z) = Z?:o a; logyo(z)" with
real parameters ag, a1, a2, a3. Figure 6.2 shows the resulting regression quantiles ﬁ in case of
F = 85(0.5,4.0,11.0,20.5). Close to the boundaries 0.5 and 20.5 one sees a weakness of this
method: There is no guarantee that f,y < fn for0O<y<n<l.
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Figure 6.1: Regression quantiles for Baseball data in cubic model.
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Figure 6.2: Regression quantiles for Baseball data in spline model.
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Chapter 7

Logistic Regression and Related Models

In this chapter, we focus on categorical response variables Y with values in a finite set ). The
goal is to model and estimate the conditional distributions £(Y | X = z), z € X. Our starting

point will be a dichotomous variable Y.

7.1 Logistic Regression

Let Y = {0, 1}. Here are two explicit examples for a dichotomous response Y":

o Credit defaults: Let X € X describe various properties of a potential customer of a bank, i.e.
a private person or some company, who is applying for a loan. This feature vector X may also
include details of the loan itself, e.g. its amount. Then let Y indicate whether this customer will

fail to pay the loan.

e Successes or failures of medical treatments: Let X be a vector of covariates containing features
of a patient as well as specific information about an upcoming medical treatment for him or her.

The response Y indicates whether the treatment will be successful or not.

The conditional distribution £(Y | X = z) is completely determined by the conditional probability
plz) =PY =1|X=2) = EY|X ==x).

Since this number is always within [0, 1], a linear model for p(-) doesn’t make sense. Note also

that the observations are heteroscedastic in general, because
Var(Y| X = z) = p(z)(1 —p(z)).

A possible way out is to choose a monotone increasing, bijective mapping ¢ : R — (0, 1) and to

assume that

with a regression function f : X — R as before. That means, f is an element of a finite-

dimensional linear space F of real-valued functions on X

Concerning the so-called inverse link function ¢, two choices are particularly popular:

175
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e Probit regression with the standard Gaussian distribution function,

o Logistic regression with the logistic function,

fv) = 1-(25;)2@) - exp(—lu)+1'
Here
f(z) = logit(p(x)),
where
logit(u) = 1og<1 . u) 0<u<l.

In the present section, we consider only logistic regression. A theoretical justification for this
particular model will be given later. The regression function f can be interpreted in terms of odds
and odds ratios: The odds of Y = 1, given that X = z, are equal to

PY=1|X=2) _ p(x)
PY=0|X=2) 1 —p(x)

= exp(f(z)).
For two different points x1, x2 € X we obtain the odds ratio

p(z1) pla)  _ ople) (U —plaa)) o
1—p(a;1)/1—p(;1;2) T Q- plz) plza) p(f(z1) — f(z2)).

7.1.1 Maximum Likelihood Estimation

As in previous chapters, we consider stochastically independent observations (X1, Y1), (X2, Y2),
ooy (X0, Yy) in X' x{0, 1}, where the X; are viewed as fixed points (via conditioning, if necessary)
while IP(Y; = 1) = p(X;) for some unknown functionp : X — [0, 1].

Log-likelihood function and maximum likelihood estimator. Under the assumption that p =
Lo f, for some unknown function f, € F, we obtain the following negative log-likelihood function
L=L(|X,Y): F—->R:

n

L(f) = =3 (Yilog /(X)) + (1 = Yi) log(1 — £(f(X))))

=1

= 3 (log (1 + exp(F(X0))) — Yif (X)),

i=1

A maximum likelihood estimator (MLE) for f, is any minimizer fof the negative log-likelihood

function,

f=fC1X,Y) € argmin L(f).
feF
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As we shall see later, fis typically uniquely determined. The plausibility of this approach becomes
visible by considering the expected negative log-likelihood function R = R(- | X) : F = R:

R(f) = BL()
=—Z( o £(/ (X)) + (1= (X)) log (1 — £(f(X.))))

n

= > (log (1 + exp(F(X)) ~ (XD F(X))).
i=1
Indeed, for fixed p € [0, 1], the unique minimizer of [0,1] 5 § — —plogd — (1 —p)log(1l —6) is
equal to p; see Chapter 6. Consequently, if indeed p = (o f, for some f, € F,then R(f.) < R(f)
with equality if and only if f(X) = f.(X).

Exercise 7.1. Verify that the negative log-likelihood function can be written as

= S (@Y - I

with h(r) := —log{(r), r € R. Show also that h is strictly decreasing and strictly convex with
lim, o0 A(r) = 0.

(Note that this representation is true for any link funktion ¢ : R — (0,1) such that {(—v) =
1 —4(v) forv € R.)

Exercise 7.2. Suppose that the linear space F contains all constant functions. Show that an MLE

f € F satisfies necessarily the equation

Soufx) = Yo%

Generalize this conclusion to other functions g € F.

Existence and uniqueness of the MLE. Suppose we have chosen basis functions fi,. .., f, of
F. Then any function f € F may be written as f = Z§:1 6, f; for some vector § = (9]-)5:1 €
RP, and f(X;) = d, 6, where

= (fj(Xz‘))§=1
These vectors form the design matrix D = [d;, do, .. ., dn]T € R™*P, Now, both L and R may
be re-interpreted as functions on RP and have the form

n
L) = =) (a;id] 0 —log(1 + exp(d] 0)))
i=1
with certain numbers a; € [0, 1], namely, a; = Y; if L =Landa; = p(X;) if L = R. One
can easily verify that £(-) is the derivative of the function ¢ — log(1 4 exp(¢)). This implies that
gradient and Hessian matrix of L are given by

n

VL) = =) (e —U(d]0))d,

i=1
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and

1771 )

D’L(6) = > _1'(d]0)ddf
=1

respectively. Here the derivative of ¢ equals
= 01— € (0,1/4].

Consequently, for arbitrary vectors v € RP,
n
v D’ L(O)w = Y I(d]0)(v'd;)* > 0
i=1

with equality if and only if v is perpendicular to the space span(dy, ..., d,). Consequently, D2L

is always positive semidefinite, whence L is a convex function.

Concerning strict convexity, suppose that span(dy, ..., d,) = RP, that means, the design matrix

D has full column rank,
(7.1) rank(D) = p.

Then the Hessian matrix DQE(O) is positive definite for any 8 € R?, a sufficient condition for strict
convexity of L.If (7.1) is violated, there exists a nonzero vector v € R? such that vTDQE(O)v =
0 for all 8 € RP. But this implies that for any fixed n € RP, z(n + twv) is linear in t € R, so L
fails to be strictly convex. Hence condition (7.1) is necessary and sufficient for strict convexity of

L.
Under the assumption (7.1), there exists a unique or no minimizer of L. As we shall see later in
Lemma 7.7, a minimizer exists if and only if

(7.2) lim VL(ru) w > 0 foranyu € R?\ {0}.

r—00

But
n n
VL(ru) u = Z(E(rd;ru) —a;)d] u — Z(l[djwo] - ai)diTu (r = 00),
i=1 1=1
because lim;_, () = 0 and lim;_,~, ¢(t) = 1. Consequently, (7.2) is equivalent to the condi-
tion
n

(7.3) > (igrusg —@i)d{w > 0 forallu € R”\ {0}.
=1

Since all summands (1[ dTu>0] ai)diT u in (7.3) are non-negative, one may reformulate this

condition as follows: There exists no vector u € RP \ {0} such that

;=1 ifd} :
(7.4) a 1 ZTu>0
a; =0 ifd; u<O.

On the other hand, if (7.1) is satisfied and if there exists a vector w # 0 with property (7.4), then

there exists no minimizer of L.
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Special case: Non-degenerate p(-). Suppose that condition (7.1) is satisfied, and let 0 <
p(X;) < 1 for all 4. Then the function L = Rhasa unique minimizer. Indeed, condition (7.4)
would imply that for some vector u # 0, d;-ru = 0 for all 4, a contradiction to condition (7.1).

Special case: Multiple logistic regression. Suppose we observe (X;,Y;) € R? x {0, 1}, and
let F consist of all affine functions f. That means, f(x) = a + b' x for certain parameters a € R
and b € R%. With @ := [a,b"]" we obtain the design vectors d; = [1, X,/ ]T. Now one can show
that condition (7.1) is equivalent to the requirement that the vectors X1, ..., X, should not lie on

a hyperplane in R?, see Exercise 7.4.

Under assumption (7.1), there exists a unique minimizer 6 of Lifand only if there is no hyperplane
in R? separating the two sets { X; : ¥; = 0} and { X; : Y; = 1} (weakly). That means, there may
not exist a pair (v,7) € (R?\ {0}) x R such that

{(X;:Yi=0} c {xeR¥:v'x<r} and {X;:Y;=1} c {zeR*: v x>}
In particular, the values Y7, Ys, ..., Y,, may not be identical.

Exercise 7.3. Let X = (X;)!_; be a fixed vector with pairwise different components X; € R,
and let Y = (Y;)!"_; be a vector of independent Bernoulli random variables with parameter p €
(0,1). Compute the probability that the MLE for the standard model (all affine functions on R)
does not exist. What is its value in case of p = 1/2?

Exercise 7.4. Let 1, xo,...,x, be vectors in R, and let D := [d1 d> ... d,]" with d; :=

[1,2,]". Show that the following four conditions are equivalent:

(i) rank(D) < d.

(ii) span(xy — 1,23 — x1,..., T, —x1) # RY
(iii) span(z; — &, x2 — T, T3 — ,..., T, — &) # R%, where & := n~! Yo .
(iv) The vectors &1, x2, ..., x, lie on a hyperplane in RA.

Exercise 7.5 (Newton procedure and iteratively reweighted least squares). Recall that the nega-
tive log-likelihood L(-) for logistic regression has the following first and second derivatives:

vz&9>:=——§f(n——ad19»d% D’L(0) = ﬁff%d?eﬁkdi-
=1

i=1
(a) Determine the minimizer h, of the second order Taylor approximation
1
h +— L(0)+VL(O) h+ 5hTD?Lw)h
of L(@ + h). This leads to the following algorithm: If @ is our current candidate for 6, then
P (0) := 6 + h, is the next and hopefully better candidate.

(b) Alternatively, one could consider the following target function: If 8 is our current candidate
for 6, then we want to determine h such that

" (Y; — £(d] (6 + h)))?
2 ¢(d]6)

i=1
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is minimal. (Note that ¢/ (d; @) = Var(Y;) if IP(Y; = 1) = ¢(d; 9).)

Suppose we replace £(d; (0 +h)) with £(d; 8)+¢'(d; 8)d; h. Show that the resulting minimizer
h, is given by

n
i (Y —d h)?

where w; == £/(d} @) > 0 and Y; := (Y; — £(d] 8)) /w;.
(c) Show that the optimal vectors in (a) and (b) coincide.

(d) Verity that h, may be determined with the following R commands:

a < D%x%8,

p + 1/(1+exp(—a)),
v < 1/sqrt(2 + exp(a) + exp(—a)),
h, + qr.solve(v «* D, (Y — p)/v),

where D = [d;,dy, ..., dn]T and Y = (Y;)iL,.

(e) Parts (b) and (d) yield an iterative scheme, in which each step involves the minimization of a
weighted sum of squares. (In the appendix, this approach is explained within a broader context.)
Write your own program to compute the MLE 0.

Exercise 7.6 (Logistic regression with mis-specified model). Simulate a sample X = (X;)1%

from the standard Gaussian distribution. Then set Y; := F(X;), where F' : R — [0, 1] is given by

(a) F(z) ={(z) = exp(z) /(1 + exp(z));
(b) F(x) = ®(x) (standard Gaussian distribution function);
(¢) F(z) =max(0,1 —exp(—x));

)
(d) F(z) = max(0,min(1, (z +1)/2)).

Fit a standard logistic model, i.e. F'(z) = ¢(a + bx) for some real parameters a and b, to your
“data” with R. Note that for the R function glm, the response variable Y may take values in [0, 1];
just ignore the corresponding warning message. Then plot the true function F' together with the
fitted logistic function £(d + b-).

Lemma 7.7 (Coercivity of convex functions). Let f : RP — R be a convex function. Then the

following three properties of f are equivalent:

(i) The function f is coercive, that is,

£(8) = 0o as 8] — oo.

(ii) For any fixedu € RP \ {0},

f(ru) > f(0) for sufficiently large r > 0.

(iii) The set of minimizers of f is a compact (and thus nonempty) set.
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If f is even ditferentiable, property (ii) is equivalent to the following one:

(ii’) For any fixed u € RP \ {0},

lim Vf(ru) u € (0,o0].
r—00
Proof of Lemma 7.7. Note first that f is necessarily continuous, which is a well-known fact from

convex analysis.

We first show that conditions (i) and (ii) are equivalent. Suppose that condition (i) is satisfied.
Then, for sufficiently large R > 0,
= inf 0)— f(0)) > 0.
7= it x((0) — £(0))

In particular, for u € RP \ {0} the difference f(ru) — f(0) is at least v whenever r > R/||lu||.
Thus, condition (ii) is satisfied too.

Suppose that condition (i) is violated. That means, there exist a real threshold v and a sequence
(05)n>1 in RP \ {0} such that lim,,_, ||6,|| = oo but f(6,) < « for all n > 1. Since the
unit sphere in R is compact, we may even assume that u,, := ||0,|~'6,, converges to a unit
vector uw as n — oo. But for arbitrary numbers r > 0, the numbers \,, := 7/||8,| > 0 satisfy

limy, 00 A, = 0, so continuity and convexity of f imply that

flru) = £(0) = lim (f(ru,) - £(0))
= lim (f((1 = A0+ An8,) — £(0))
< lim (1= A)£(0) + Aaf(8) — £(0))
< lim Ay (v = £(0))

0.

Hence, condition (ii) is violated too.

Now suppose for the moment that f is even differentiable. To prove equivalence of conditions (ii)
and (ii’), note that for any fixed w € RP \ {0}, the function r — h(r) := f(ru) is convex on
R with derivative h/(r) = V f(ru) "u. Since h’ is nondecreasing, the limit lim, ., h/(r) exists
in (—o0, 00]. If condition (ii) is satisfied, then h(r) > h(0) for some r > 0, and convexity of h

implies that
h(r) — h(0)

r

Vf(ru)Tu =h'(r) >

> 0,

which proves condition (ii’). If condition (ii’) is satisfied, then for sufficiently large » > 0, the

derivative h'(r) is strictly positive. But then convexity of h implies that for s > r,
f(su) =h(s) > h(r)+h(r)(s—7r) — oo ass— oo,

so condition (ii) is satisfied too.

It remains to show that conditions (i) and (iii) are equivalent. Suppose that condition (i) is satisfied.
Let (6,,),>1 be a sequence in R? such that lim,_, f(6,) = v := inf{f(0): & € RP}. By
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coercivity of f, this sequence is bounded, so we may replace it with a subsequence (if necessary)
such that 8, := lim,,_, », €, exists. Now, continuity of f implies that f(8,) = . In particular, the
set of minimizers of f may be written as { f = f(6,)}. This set is nonempty, closed by continuity
of f and bounded by coercivity of f. Hence condition (iii) is satisfied.

Suppose that condition (iii) is satisfied. Let 8, be a minimizer of f. If R is strictly larger than the
maximum of ||@ — 8, || over all minimizers of f, it follows from continuity of f that

v i= min ~ (f(6, +u) — f(8,)) > 0.

u€eRP: ||lu||=R
But then it follows from convexity of f that for any v € R? with ||v| > R and u := R||v||~tw,

] Iicdl

Bl) -~ s = Blis0, 4w - s09) = 120

f(Oo+v) = £(6.) = £(60+ B

This shows that f(6) — oo as ||@ — 6,| — oo. But since ||@ — 6,|| and ||| differ at most by

||6,]|, this is equivalent to condition (i). O

7.1.2 The Asymptotic Behavior of the Log-Likelihood Function

We consider a similar setting as at the end of the previous section, but embedded into a triangular
scheme: After conditioning on covariates, if necessary, for each n € N we observe (d,1, Yn1),
(dn2, Yn2), ..., (dun, Ynn) with fixed vectors d,,; € R? and stochastically independent random
variables Y,,; € {0, 1}, and we write

Now we investigate the asymptotic behaviour of the negative log-likelihood function L,, : R — R
and its pointwise expectation R,,, that means,

Ln(0) = Z (Y56 — log(1 + exp(d,;,0))),
R, (0) = — Z(Pmd;’e —log(1 + exp(d,;0))).
i=1

Here and throughout the sequel, asymptotic statements refer to n — oo. Two first assumptions

are:
(A.1) For sufficiently large n, the design matrix D), := [dy1dyp2 - - dnn]—r has rank p.
(A.2) For each n € N, the function R,, has a minimizer 8,, € RP.

Assumption (A.1) implies that for sufficiently large n, both functions L,, and R,, are strictly con-
vex. Together with (A.2), this implies that 8,, is the unique minimizer of R,,. Here we emphasize
that we work with the model of logistic regression without assuming that it is correct. If yes,

assumption (A.2) is automatically fulfilled:

(A.2%) For each n € N, there exists a vector 8,, € RP such that p,,; = E(d;ﬂn) forl <i<n.
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The next assumptions concern the gradient of L,

n

VLa(6) = =) (Yai — £(dy;8)) dui,
=1

more precisely, the matrix
I‘; = Var( I/ZVL anz pm dnzd;zrz
In addition, we consider the Hessian matrix of the functions L,, and R,,,

ni'ni:

D?L,(0) = D*R,(8) = nI'y(0) with T',(8) := %Ze’(d; d d.

(A.3) There exist symmetric matrices I'*, I' € RP*P, where the latter is positive definite, such
that

rr - r* and TI,6, — T.

n

(A.4) The design points d,,; fulfil the following Lindeberg type condition:

Z\Idmll2 (II\/@HJ)_)O‘

If we replace assumption (A.2) with the stronger assumption (A.2”), then the matrices I';, and
I',,(0,,) in (A.3) coincide, whence I'* =T

Special setting: Independent, identically distributed observations. Consider the simple set-
ting with observations (d,,;, Yy;) = (d;, Y;) foralln > 1and 1 < i < n, where (d1, Y1), (d2,Y2),
(ds,Y3), ...are independent copies of a random variable (d,Y’) € RP x {0,1}. Suppose that for
some 8, € R, P(Y = 1|d = w) = (w'8,) for all w € RP, that IE(||d||?) is finite and
IE(ddT) is positive definite. Then, conditional on (d;);>1, Assumptions (A.1), (A.2’) and (A.3-4)
are satisfied almost surely with 8,, = 8, and

I=T" = E({(d"0,)dd") = E(Var(Y|d)dd").
Indeed, Assumption (A.2’) is obvious. By the law of large numbers, with probability one,
n DD, = Zd d] — E(dd").

Since the limit is positive definite, the matrix D,, has rank p for sufficiently large n, which yields

(A.1). Similary, with probability one,

= Zz’ df0,)d,d] — T =E(((d"8,)dd"),
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because ¢’ < 1/4. This matrix is positive definite, because for any vector v € R?,

v'Tv = E({(d"0,)(v'd)?).
Since /' > 0, this is zero if and only if v'd = 0 almost surely, and by our assumption that
IE(dd ") is positive definite, this implies that v = 0.

Finally, Assumption (A.4) is satisfied almost surely, because

2y 1
)P~ 0- ()
=1

A, < (max

1<i<m N

with probability one, see Exercise 7.8.

Exercise 7.8. Let Z1, Z2, Z3,... > 0 be independent random variables such that [E(Z;) < oc.
Show that with probability one,

Ymax{Zy,...,Z,} — 0.

n-
(Hint: One can deduce from the strong law of large numbers or by a direct calculation that Z,, /n —

0 almost surely. From this one can deduce the assertion about max{Z, ..., Z,}.)

Assumptions (A.1-4), combined with the Central Limit Theorem, imply an essential asymptotic

property of the negative log-likelihood function L,,.

Theorem 7.9. For A € RP let us write

Ln(0n +n 2A) = L,(0,) = —Z A+ ATTA/2 4 1, (A)

with the random vector Z,, := n~1/2 > 1 (Yni — pni)dn; and a remainder ry,(A). Then, under

Assumptions (A.1-4),
Zn —L Np(Oar*)

and
sup  |rp(A)] — 0 forany fixed C > 0.
A:AlLC
This theorem has various important consequences. The first one concerns the MLE of 6,, and its

asymptotic covariance matrix.

Theorem 7.10. Under Assumptions (A.1-4), the negative log-likelihood function L,, has a unique

minimizer 8,, with asymptotic probability one, and

n'’%0,—6,) = T7'Z, +0,(1) =, N,(0,T7'T*T1),

2Ly (0,) — 2Ly (0,) = Z\T7'Z, +0,(1)

with the random vector Z,, from Theorem 7.9. Furthermore, rn(én) is a consistent estimator of
I',.(0,,), that means,
.0, —I,6, —p 0.
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Proof of Theorem 7.9. We start with the matrix-valued function I',,(-). For arbitrary vectors
6,0 € RP,

n

T0(0) = To(@) = — S (¢(d],0) ~ £(d],0)) dd,

ntng:
i=1

But0 < ¢ =¢(1—¢) <1/4and ¢" = (1 —20)¢' = u(l —u?)/4 withu := 1 —20 € (—1,1)
satisfies the inequality [¢”| < (64/3)! < 10~!. Hence, with the norm

JAll = max{]|Av] : v € B?, [jv]| = 1}

of a matrix A € RP*P, we may conclude that

Hrn<0)_rn(§)H < mem(l 000)‘)“(17”“2

1~ . 16 — 6]/l 2
< — 07 el .
= nzil mm(4’ 10 )Hde
1 n'/2)0 - 0|
7. < ) .
(7.5) < max(4 10
Now to the main assertions: The difference
(Ln - Rn)(e) = - E (Ym' *pni>d;|z—z’0

=1

is linear in @ € RP. Together with Taylor’s formula and the fact that VR,,(6,,) = 0 according to
(A.2), this yields the representation

Ln(0n +n"Y2A) = Ly (0,) = (Lp — Rn)(n"Y2A) + Ru (0, +n~Y2A) — R,(6,)
= (Lp — Ry)(n"Y2A) + n L ATD?R, (0, + En.n A) A2
= —Z)A+ATT,(0,, + EnnN)A/2
= —Z'A+ATTA/2+7,(A)

with the random vector Z,, = n~1/2 St (Yni — pni) dyi, where
rn(A) == AT(Ty(0, + & aA) —T)A/2

and 0 < &, A < n~1/2. Now it follows from (A.3-4) and (7.5) that for any fixed number C' > 0,

C? 1 C
su Tn A < max n+ Fn 0n -r 50
AERlelpAch' (Bl'=s 5 ( (4 10) I (6) ||>

It remains to verify that Z,, —, N,(0,I'*). To this end we apply Lindeberg’s Central Limit
Theorem (Theorem A.17) for vector-valued random variables: One can write Z,, = Z?:l Y.
with the stochastically independent summands Yj,; := n~'/ 2(Yoi — Dni)dni, where IE(Y,;) = 0,
and

nt—nt n

ZIEYYT ) =T, - I*
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by (A.3). Furthermore, the Lindeberg condition of Theorem A.17 is fulfilled: Since ||Y,;| <
02| dns ]

(|| Yo | min([| Yo, 1)) < 207" dyil|* min(n ™2 dug |, 1),

so (A.4) implies that

n

D E([[¥l? min(1, [ Yall)) < Ay — 0. 0
i=1
Proof of Theorem 7.10. The conclusions that the MLE §n exists with asymptotic probability one,
that n'/2(8,, — 0,,) = T'Z,, + 0,(1) and that 2L,,(6,,) — 2L,(0,,) = Z, T Z, + 0,(1)
follow from Theorem 7.9 and general considerations in Section 7.2. Here is a heuristic argument:
Suppose for the moment that

Ln(0n +n2A) — L, (0,) = —Z]A+2"'ATTA
for all A € RP. The right-hand side can be rewritten as
~Z'A+27'A'rA = 27 (A-T71'2,)'T(A-T"1Z,)-2"1Z]T7'Z,.

This would imply that A — L,,(6,, + n-Y 2A) has the unique minimizer En :=I'1Z,, which
is equivalent to L,, having the unique minimizer én =0,+nY 237“ and n'/ 2(§n -0, = ﬁn
Moreover, 2L, (6,) — 2Ln(6,) = AITA, = Z T 7.

~

The claim about I',,(6,,) is a consequence of inequality (7.5) in the proof of Theorem 7.9 and the
fact that n*/2||8,, — 0,,]| = O,(1):

1 n'2)|8, — 8.

Hrn(b\n)_rn(en)u < max<4, 0

)An = 0,(1)An = 0p(1).

7.1.3 Likelihood-Based Statistical Procedures

The asymptotic properties of the negative log-likelihood function L,, or the MLE /én imply various
statistical procedures. In particular, one can construct tests and confidence regions for linear func-
tions of the true parameter 6,,. These procedures are similar to those for linear models by means
of student or F distributions. An important difference, however, is that in general we have only
asymptotic validity, and for that reason we stick to the triangular scheme and assume throughout
conditions (A.1), (A.2”) and (A.3-4).

Unfortunately, many users of statistical software don’t realize that albeit the output for logistic
regression and other generalized models is rather similar to the one of linear models, the reported
p-values and confidence intervals are based on asymptotics and thus should be taken with care.
Sometimes, but not always, the corresponding software issues a warning if the input data are such

that the asymptotic approximations are questionable.

In the following subsections, 1) is a given nonzero vector in R?, and W is a given matrix in RP**

with rank & < p. (In case of k = p we tacitly assume that ¥ = I,,.)
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Wald’s Approach for Tests and Confidence Regions

We start with relatively simple procedures many of which are implemented in standard statistical

software. But later on, we shall consider alternatives which tend to be more reliable.

It follows from Theorem 7.10 that

)

N,(0,,%),)

n NaLpplr.
with

(Ze’ dmdzl> L i, (0,)

The estimator
(Zz' B)d,d) = 0 T(B,)7

is consistent in the sense that

This may be utilized as follows:

Simple linear functions of 6,,. Suppose we are interested in the real number ¢ ' 6,,. On the one
hand,

wTGTL "~ appr. N(w—ron?ai,w)
with

Onygp = "pTzn"p

On the other hand, the corresponding standard error

Gny = P Tp9p
satisfies .
Iy o 1
Ony
In particular,
LA AN N(0,1)
G appr. )

For a € (0, 1), this yields the approximate (1 — a)-confidence interval
(%70, £ 5,007 (1 - a/2)]
for 1 ' @,,. Moreover, for any given 7, € R,

|¢T§n - 770|>

O-n7¢

2@(—

is an approximate p-value for the null hypothesis that P'o, = No-
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General linear functions of 8,,. Suppose we are interested in the vector ¥ ' 8,, € R¥. Here one

can say that

~

v'e, ~ appr. Ny (T70,,¢'s,¥),

and
(T, 0)" (TS, ¥) ~ I

Consequently, for any n € R¥,
Tu(n) == (¥'6, —n)" (¥'2,®)" (16, —n)
18 a test statistic such that
Tn(‘IJTOH) Nappr. X%'

This implies that the confidence ellipsoid
C"W) =Y, Dy, ¥,0) = {n e R": To(n) < i o}

for ¥ ' 0,, has asymptotic confidence level 1 — o.. Moreover, with the distribution function Fj(-)
of Xz’ for any given i, € R¥,
1= Fi(Tn(n,))
is an asymptotic p-value of the null hypothesis that ¥ '6,, = 1,. That means, for arbitrary
ac (0,1),
P(1 - Fi(T,(¥78,)) <a) =~ a
Exercise 7.11 (Comparing two symmetric, positive definite matrices). Let A, B € RP*P be

symmetric and positive definite. For any matrix M € RP*P let || M || > and || M || be its Frobenius

and operator norm, respectively,
IM|p = trace(MTM)'/?, | M]| = max{|Mol|: v € R?, ||v|| < 1},

where ||w|| is the standard Euclidean norm of a vector w € RP.

(a) Show that
AT B —T||p > [[A"/*BA™Y? - I, .

Hint: Consider first a diagonal matrix A.

(b) Show that

T T
~1/9 _1/9 _ v' Bv . v Bv
| A 2BA~Y =1 = maX{Iilié( T Ao -1, 1—%1;13 fvTAv}'

Profile Likelihood

One may interpret the log-likelihood —L,,(€) as a measure of plausibility of the null hypothesis
that 8,, = 6. More precisely, it follows from Theorem 7.10 that

2L,(0,) — 2Ln(0,) = Z T Z, +0,(1) =z X2
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because Z, T 1Z, = |[T~Y/2Z,|? and T~/2Z,, — N,(0, I,,) under (A.1), (A.2") and (A.3-
4). Consequently,

OB = B, D) == {0 €RP:2L,(0) < 2Ln(6,) + X201 _o}

is a confidence region for 6,, with asymptotic confidence level (coverage probability) 1 — «. In
fact, one can show that this confidence region and Wald’s confidence ellipsoid (with ¥ = I,)) are
asymptotically identical. Numerical experiments, however, show that for small and moderately
large sample sizes, the present method is often more precise.

An obvious question is whether similar confidence regions may be constructed for ¥ '0,,. To this
end, one needs sort of a negative log-likelihood function on R¥: the negative profile log-likelihood

at the point 17 € R” is defined as

PL,(n) = inf L,(0).
OcRr : ¥ T o=n

It follows from Exercises 7.12 and 7.13 that the negative profile log-likelihood function PL,, :
R* — R is well-defined and convex. If L,, is coercive, PL,, is coercive too, and the infimum in

the definition of PL,,(n) is a minimum.
Exercise 7.12 (Profile functions, I). Let L : RP? — [—00, co] be an arbitrary function, and let ¥
be a matrix in RP*¥ with rank k& < p. Now let

PL:R* — [~00,00], PL(n) := inf{L(8):0 ¢ R*, T =n}.

Verify the following properties of PL:

(a) PL is bounded from below if L is bounded from below. Precisely,

,,151{/@ PL(n) = Blen]lgp L(6).

(b) PL is coercive if L is coercive.
(¢) There exists a matrix A € RP*¥ such that ¥ A = I}. For any such matrix A, the profile

function PL may be written as

PL(n) = inf L(A
(n) inf (An +v),

where V:= {v ¢ RP: ¥y = 0}.

(d) If L is continuous and coercive, then PL is continuous too, and the infimum in the definition

of PL(n) is a minimum.

Exercise 7.13 (Profile functions, II). Let L : R? — (—o0,00] be a convex function which is
bounded from below. Let ¥ and PL be as in Exercise 7.12. Verify the following properties of
PL:

(a) PL is convex.

(b) Suppose that L is convex, continuous, coercive and even strictly convex on the set { L < oo}.
Then PL is strictly convex on the set { PL < co}.
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Remark: In part (b) one can not dispense with coercivity of L. A counter-example is given by the
function L(0) := exp (/1 + 67 + 62) on R? and ¥ := (1,0)".

The next result shows that the negative profile log-likelihood function P L,, has analogous proper-
ties as the negative log-likelihood function L,,.

Theorem 7.14. For w € R” let us write
PL,(®70, +n 2w) — PL,(¥'0,) = ~Z, yw +w Tyw/2 +7, 4(w),

where

Iy == (¥'T7'0)! and Z,y =Ty, ¥'IT7'Z,
with the random vector Z,, defined in Theorem 7.9. Then under conditions (A.1), (A.2’) and
(A.3-4),

sup |r,g(w)| —p 0 forany fixed C > 0.
w:|wl|<C

Furthermore, Z,, w —, N;(0,I'y), and

2PL,(¥'0,) —2L,(0,) = Z,) 4T3 'Z, 4 +0,(1) =2 X

This theorem follows directly from Theorem 7.9 and the general results in Section 7.2. The last

part implies that
cB) = (Y, Dy, a) == {neRF:2PL,(n) < 2L,(0n) + X31—a}

defines a confidence region for ¥ ' @,, with asymptotic coverage probability 1 — a.. Furthermore,

for any nn € R¥,
1 — F}.(2PLn(n) — 2L,(6,))

is an asymptotic p-value for the null hypothesis that ¥ '8,, = n.

Special case: Tests of simplified models. We return temporarily to the original description of
logistic regression. Suppose we want to test the null hypothesis that the underlying regression
function f = logit p lies in a given linear subspace F, of F, where dim(F) — dim(F,) = k. Let
fbe the MLE of f in the full model, and let J/"; be the MLE under the null hypothesis. Then

~

1— F,(2L(f,) — 2L(f))

is an approximate p-value of the null hypothesis that f € F,.

To verify this claim, suppose we have chosen a basis f1,..., f, of F such that fi,..., f, span
the smaller space F,. With the resulting design matrix D = [f;(X),..., fp(X)] and ¥ =

~ ~ ~

045 p—po> Ip—p,] T € RP*(P=Po) one can rewrite the pair (L(f), L(f5)) as (L(8), PL(0)).
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7.1.4 Returning from Asymptopia

The term “asymptopia” was presumably coined by the statistician David Freedman for statistical
inference justified by asymptotics, referring to the novels “Utopia” by Thomas Morus and “Eco-
topia” by Ernest Callenbach.

In specific applications there is no triangular array of observations, just one data set. An obvious
question is how to interpret the conditions (A.1), (A.2’) and (A.3-4) for a single data set with
observations (d1, Y1), (da, Y2), ..., (dn, Yn).

Condition (A.1) is no problem; we just assume that the design matrix D = [d;, d>, . . ., dn]—r has
rank p.

Condition (A.2’) is a model assumption the plausibility of which may be checked graphically at
least; see the subsequent data example. Hence we assume that for given design vectors d;, the

observations Y; are independent with
P(Y; =1) = /(d]6,)
for 1 <4 < n with an unknown parameter 6, € RP.

Condition (A.3) is superfluous in principle. By means of a linear transformation of R” we may

achieve that

1 n
re.) = EZE’(dZTO*)dZ-diT = I,
=1

To this end, one could simply replace d; with T'(0,)~'/2d; and any potential parameter 6 with
INCAREL)

But this trick for condition (A.3) necessitates a modification of condition (A.4). Now we require

that . /
1 _ . ||F(0*)_1 2d”
A= L300 2a min (1RO
2 2 IOyt min (2=,
is “rather small”. Since we do not know 8., one could consider

R o L3 0@) 2, 2 min(JLO i
R = n;yr(e) di|? min ( v 1)

as a diagnostic quantity, similar to the maximal leverage in Chapter 4.

7.1.5 A Data Example

A data set provided by PD Dr. Biirk (Liibeck), contains data of all heart surgeries that have been
performed at the University Hospital Liibeck in a certain time period. In particular, the data set
contains the variate Y = mortality which specifies whether the patient died within a certain time
window as a consequence of this intervention. Furthermore, the values of 21 covariates have been
reported. These describe properties of the patients or the circumstances of the surgery. Table 7.1
contains a list of all covariates involved. Most of them are dichotomous with yes/no coded as 1/0.
Numerical covariates are X (1) and X (17). Covariate X (3) has been treated as numerical as well,

although it is an ordinal feature with values in {1,2,3,4,5}.
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Variable | Meaning
X(1) age in years
X (2) gender (1 =female, 0 = male)
X(3) ASA score (American Society of Anesthesiologists),
classifies the physical well-being
(1 = completely healthy, 2 = slightly sick, 3 = seriously sick,
4 = in life-threatening condition, 5 = about to die, 6 = brain dead)
risk factor: cerebral (yes/no)
risk factor: cardiovascular (yes/no)
risk factor: pulmonal (yes/no)
risk factor: renal (yes/no)
risk factor: hepatic (yes/no)
risk factor: immunological (yes/no)
) risk factor: metabolic (yes/no)
) risk factor: non-cooperative, unreliable (yes/no)
) etiology: maligne (yes/no)
) etiology: vascular (yes/no)
) antibiotics (yes/no)
) surgery indicated (yes/no)
6) emergency surgery (yes/no)
)
)
)
)
)

© 00 J O Ot
—_ O — D —

duration of operation (in minutes)
septic operation (yes/no)
experienced surgeon (yes/no)
blood transfusion (yes/no)
intensive care (yes/no)

mortality (1 = died, survived = 0)

piafagafafafagafafafafafafafafafafala

Table 7.1: Variables for data example.

First analysis. The data set contains 21’556 observations, with Y = 1 in 662 cases. With these
observations, we estimated the parameters a and b(j) for the model

21
logitlP(Y =1| X =) = a+b x=a+ Zb(])x(])
j=1

Table 7.2 contains the point estimates 3( j) together with the standard errors and p-values via profile

log-likelihood. In addition, adjusted p-values via the Bonferroni-Holm method are reported.

A graphical presentation of the results. Figure 7.1 shows a rug plot of the pairs (Z, Y;) with
Z‘ =a-+ BTX ;- In addition, one sees the graph of a monotone function I:R—>R minimizing
the sum " | (Y; — Z(Z))z (black step function) as well as the graph of the logistic function ¢
(smooth blue curve). The explicit computation of 7 is discussed in Chapter 10. The fact that the
step function ? coincides with the logistic function quite well indicates that the logistic model fits

the data reasonably well.

ROC curves. Logistic regression is often viewed as a means to determine a promising discrimi-

N ~ ~T ~T
nant function z +— f(z)on X. Incase of ¥ = R and f(x) =a+b x,onealsocallsx — b =
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3( j) (sterror)  p-value adj. p-value

j

1 0.0382 (0.0041) <0.000L < 0.0001
2 0.1066 (0.0996)  0.2841 1.0000
3 1.3152 (0.0738) < 0.0001 < 0.0001
4 —0.1925 (0.1166)  0.0971 0.5823
5 0.0475 (0.1325)  0.7193 1.0000
6 02527 (0.1021)  0.0135 0.1485
7 04596 (0.1112) < 0.0001 0.0006
8 —0.1640 (0.1053)  0.1175 0.5877
9 —0.3265 (0.3021)  0.2652 1.0000
10 0.2701 (0.1226)  0.0297 0.2457
11 —0.2168 (0.1256)  0.0818 0.5727
12 0.3442 (0.1417)  0.0159 0.1590
13 03525 (0.1322)  0.0084 0.1003
14 0.7018 (0.1185) < 0.0001 < 0.0001
15 —1.6171 (0.2102) < 0.0001 < 0.0001
16 1.1675 (0.1368) < 0.0000 < 0.0000
17 0.0014 (0.0006)  0.0273 0.2457
18 1.2064 (0.1629) < 0.0000 < 0.0001
19 —0.0840 (0.1220)  0.4927 1.0000
20  0.7382 (0.1131) <0.0001 < 0.0001
21 20286 (0.1345) < 0.0001 < 0.0001

Table 7.2: Logistic regression analysis, 1.

a discriminant function. Now this function ]?is used like a test statistic: For a future case (X,Y)
of which only X is observed initially, one predicts that

v {1 if £(X)>c,

~

0 if f(X)<e

Here c is a threshold yet to be chosen. This is like a medical test with unknown sensitivity

~

Sens(c) = ]P(f(X) > ¢|Y = 1) and unknown specificity Spec(c) := IP(f(X) < c|Y = 0),

where the data (X;,Y;), 1 < i < n, and thus fare viewed as fixed. Now, these quantities are

estimated by
Sens(c) = #{i::{;;:@?}) > ¢}
_ Y; =0, f(X;) <
Spee() = T Yooy )

The empirical ROC curve (receiver operating characteristic) for this family of tests is the curve

¢ + (1 —Spec(c), Sens(c)).
Figure 7.2 shows this curve for our specific data example. From this curve one can guess, for
instance, that for a suitable threshold (which is not visible from the curve), the estimated sensitivity
as well as the estimated specificity are between 0.879 and 0.880. Some people use the area under

the ROC curve as a measure for the discriminatory power of these tests.
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1.0

1(2), ?(z) Y;
0.6 0.8
| |

0.4

0.2
1

0.0

T M YA Ty
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-10 -5 0

~

z,Z;

Figure 7.1: Logistic regression analysis, 2.

A likelihood ratio test. Sometimes there is a group of related covariates none of which has a
significant influence on the response individually, but the whole group is relevant. In the present
data example, this is not the case, but we illustrate this concept with the risk factors, i.e. the
covariates X (4), X(5), ..., X(11): We compare the minimum of the negative log-likelihood
function for the full model with the corresponding minimum for the reduced model in which

~

b(4) = b(5) = --- = b(11) = 0. In other words, we compare L(0) with PL(0), where
O4xs
= | Ig
010x8
An approximate p-value for the null hypothesis that b(4) = b(5) = --- = b(11) = 0 is then

1 - Fs(2PL(0) — 2L(9)),

where Fy stands for the distribution function of 2. Our data yield 2L(§) ~ 3303.66 and
2PL(0) ~ 3342.75. Hence the p-value equals

1 — Fx(39.09) ~ 4.729-1075.

Exercise 7.15. The ROC curve just described could be too optimistic, because one and the same
data set is used twice: To estimate the discriminant function f, and to estimate sensitivity and

specificity of the predictor X — 1[ F(X)> for various values of the threshold ¢ € R.

Write a program to compute and display “cross-validated” ROC curves for multiple logistic regres-
sion. That is, for given data Y € {0,1}" and [X1, X,..., X,]" € R4, it should compute the
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sensitivity
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1 - specifity

Figure 7.2: Empirical ROC curve for the data example.

estimators

— o #{ign:}/;:l,f_i(Xi) >C}
Sens(c) := A <n vi=1] ,
#{i <n:Y = O,f,i(Xi) < c}

#{i<n:Y; =0}

%(c) =

for c in a sufficiently rich set of thresholds, and it should display the resulting ROC curve ¢ —
(1- S/p\ec(c), S/e;s(c)). Here f_; is computed as f with the reduced data (Vi) ki and (X p) £

Ilustrate your program with the data set Buerk.txt used before.

Exercise 7.16. The data set IrishEd.txt lists various features of 435 Irish persons in the year 1967.
The features are:

sex: 1: male, 2: female

DVRT: achieved points in a personality test during primary school
edlevel:  later achieved education level

lvcert: certificate when leaving secondary school:

1: passed, 2: failed
fathocc:  score calculated based on the profession of the father
schltype: type of secondary school:

1: secondary school, 2: vocational school
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(a) Use a statistical software package of your choice to fit a logistic model with Ivcert as response

and all other covariates, except edlevel. Interpret briefly the output.

(b) Repeat the analysis of part (a), this time with the additional covariate edlevel. Your software

should issue a warning. Why? Which condition for the existence of a unique MLE is violated?

(c) Perform a “residual” analysis as follows: Plot the pairs (f(Xz), Y;). Then add some non-

parametric least squares fit for these pairs, treating the numbers f(X;) as values of a real covariate.
Compare this or these fits with the logistic function ¢ which interpolates the fitted probabilities
(F(x0).

Exercise 7.17. Write a program that performs a logistic regression analysis for data given by
a design matrix D = [D1, Do, ..., D,] and an observation vector Y € {0,1}". Your program
should compute for each column D ; of D the profile likelihood ratio p-value of the null hypothesis
that the parameter ¢; for D; equals 0. In addition to these p single p-values, the program should

compute adjusted p-values.

Exercise 7.18 (Wald confidence bands). Consider the model of simple logistic regression with
regression functions f(z) = a+ bx, € R. Start from observation vectors X € R", Y € {0,1}"
and the corresponding MLE 6 = (@, b) 7.

(a) Determine Wald’s (1 — «)-confidence ellipsoid for 6.

(b) Deduce from that a (1 — «)-confidence band for the true regression function f, that means,

simultaneous (1 — «)-confidence intervals for f(z), x € R. (Hint: Lemma 3.27.)

(¢) Implement this confidence band in a computer program. Your program should have the data
vectors X, Y and the confidence level 1 — « as input arguments, and it should (enable to) plot the
fitted function £ o [ as well as the (1 — «v)-confidence band for £ o f.

(d) Apply your program to a simulated or real data set.

Exercise 7.19 (Comparison of Wald’s method and profile likelihood). As in Exercise 7.18, we
consider simple logistic regression with f(x) = a + bx, € R. Simulate the power function of
tests of the null hypothesis “b = 0” versus “b # 0” based on Wald’s method and based on profile

likelihood as follows:

Choose a vector X € [—2,2]|™ with equispaced components, symmetric around 0. Then generate
N times a vector Y € {0, 1}" with independent components such that IP(Y; = 1) = £(bX;)
(logistic model with ¢ = 0). Approximate the power function at b by the proportion of simulations
in which the tests rejected the null hypothesis at level & = 0.05. Plot these powers versus b.

Discuss your results briefly.

(Specifically, you could choose N = 1’000, b = 0,0.5,1.0, 1.5 and n = 25, 100. If you are more
patient, you could choose larger values of N, say, N = 5000 or N = 10’000, and a finer grid of

values for b.)



7.1. LOGISTIC REGRESSION 197

7.1.6 Case—Control Studies

In this section, we shall see that the model of logistic regression is applicable in a situation in which
the data do not follow that model. The starting point are observations (X,Y) € R? x {0, 1}.

Considerations about the standard model. Suppose that X is a random vector with distribu-

tion (), and for some parameters a, € R, b € R,
P(Y=1|X=x) = l(a,+b'x)
for arbitrary 2 € R?. Then
Py =1) = [ fa,+672) Qlda),
P(Y = 0) = /(1 — l(ag+b @) Q(dw),

and the conditional distributions @, := L(X |Y = y) are given by

Qa T:B
aw - [ Hao £ @) ) 1.

P(Y =1)
—{(a Tx
Qo(B) = /B ! Hf,i;fg) ) Q(dw).
Hence,
dQv, . lla,+b'z) PY =0) o B .
TQo(m) S e, ib )PV =1) exp(a, —logit IP(Y =1) + b' ).

Since [(dQ1/dQo)(x) Qo(dx) = 1, the parameter a, is given by

a, = logitlP(Y =1) —C(b) with C(b) := log/exp(bTm) Qo(dx).

From cross-sectional to case—control studies. In many applications, X and Y describe an
individual from a population. If one draws a random sample from that population, the resulting
observations (X1,Y7), (X29,Y2), ..., (X,,Y,) are independent copies of a generic random pair

(X,Y). In biomedical application, people talk about cross-sectional studies.

Sometimes the probability IP(Y = 1) is rather small, and it could happen that a simple random
sample contains too few observations with Y; = 1. A possible way out are case—control studies.
That means, for y = 0, 1 one draws a random sample of fixed size N, from the subpopulation of
individuals with Y = y. This leads to observations (X1, Y1), (X2,Y2), ..., (X,,Y,) with fixed

values Y; and independent random vectors

x, o @ ivi=o
Q, ifY;=1.

The observations with Y; = 1 are often referred to as “cases”, while observations with Y; = 0 are

the “controls™.
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Validity of logistic regression analysis. One may analyze the data from a case—control study
by means of logistic regression to do inference about the parameter vector b, although the model
assumptions are not fulfilled. This has been shown by Prentice and Pyke (1979). We dispense
with a complete formal proof, but present a simple heuristic argument:

Suppose we perform a case—control study, but the group size N; is random with distribution
Bin(n, p,) for a given p, € (0,1), while Ny = n — Nj. Then the resulting observations fol-
low the logistic regression model with parameter (logitp, — C(b),b) in place of (a,,b). By
means of the negative log-likelihood function

L(a,b) = — i(Yi(a +b'X;)— log (1 + exp(a + bTXi))>
i=1

and the negative profile log-likelihood function
L(b) := min L(a,b)
a€R
one can construct asymptotically valid tests and confidence regions for b. By the way, a(b) :=

arg min,cp L(a, b) is the unique solution a of the equation

1< _
EZE(a—i—bTXi) = Y
i=1

see also Exercise 7.2.

7.2 General Asymptotic Considerations

In this section we consider the following scenario: Forn = 1,2,3,...1let L,, : R? — (—o0, 00| be
arandom convex function which is bounded from below. We assume that for each n there exists a
fixed parameter 6,, € R? such that L,,(6,,) < oo, and that for arbitrary A € RP we can write

Ln(0n +n"2A) = L,(8,) — Z) A+ ATTA/2 4 1, (A)

with
e arandom vector Z,, € R? such that Z,, = O,(1),
e a fixed symmetric, positive definite matrix I' € RP*P and
e arandom remainder term 7, (A) such that
sup !rn(A)‘ —, 0 forany fixed C' > 0.
AeRr:|Al<C

(Again, asymptotic statements refer to n — oo, unless specified differently.)
These properties of L, (-) imply various important consequences:

Theorem 7.20 (Asymptotics of M estimators). Under the conditions on (L), just stated, the
function L,, has a minimizer En with asymptotic probability one. Furthermore, this minimizer
satisfies the equations

n'2(8, —0,) = T7'Z, +o0,(1),

~

2L,(0,) —2L,(0,) = Z)T7'Z, 4+ 0,(1).
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Theorem 7.21 (Asymptotics of profile functions). Let ¥ € RP** be a fixed matrix with rank
k < p,and form € RF Jet

PL,(n) = inf{L,(0):0 e R*, T =n}.

Under the conditions on (L, ), just stated, this defines a random convex function PL,, : RF —
(—00, co] which is bounded from below, and PL, (¥ 8,,) < co. Moreover, forw € R¥ we may

write
PL,(®70, +n ?w) = PL,(¥'0,) — Z| yw +w Tyw/2 +7, y(w)

with the random vector Z,, y := ryw'rtz, = O,(1), the symmetric and positive definite

matrix I'y 1= (\IITI‘_I\I')_1 and a random remainder term r,, y (w) such that

sup ‘Tn‘l,('wﬂ —, 0 for any fixed C' > 0.
weRk : ||lw||<C

Remark 7.22. Theorem 7.21 shows that PL,, has similar properties as L,. If we apply Theo-

rem 7.20 to PL,, in place of L,, then we obtain the representation

2PL,(®'6,)— 2niél]1£k PLy(n) = Z, 4T3 ' Z, g + 0p(1).

Moreover, the left hand side equals 2PL,, (¥ 6,,) — 2L,,(8,,) whenever 8, exists.

Proof of Theorem 7.20. At first, we assume that I' = I,. To simplify our arguments, we look
through a \/n-magnifying glass and define

Hy(A) = Lp(0, +n"2A) — L,(6,),
Ho(D) i= =Z, A+ [|A[/2

for A € RP. Then r,,(A) = H,(A) — H,(A), and we set

C) := max |r,(A)].
Pn(C) ||A||gc{ n(A)]
A vector ﬁn € RP minimizes H, if and only if En =0, + n~Y/ 23,1 minimizes L,,. Hence, we

have to show that H,, has a minimizer An with asymptotic probability one, and that

Aw = Zu+0,(1), 2Hu(Bn) = —[|Za]? + 0p(1).

The function H,, has the unique minimizer

argmin H,(A) = Z,,
A€cRP

because
Hn(A) = HA_Zn||2/2_HZn”2/2'

In addition,

. T _ 2
min Hp(A) = Ho(Z,) = —||Z,]/2,
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and for w € RP we get

By assumption, Z,, = Op(1). For any fixed € > 0 (small) and C' > 0 (large) let
Apec = {||1Z,| < Cand p,(C +¢) < ?/4}.
Now suppose that this event occurs. Then H,, is a real-valued, convex function on the open ball
= {A:|A|<C+e} D {Z,+w:weRP |w| <e}.
In particular, H,, is continuous on U. Moreover, it follows from (7.6) that

min H,(Z, +w) > min H,(Z, +w) — p,(C +¢)

= =

Hy(Zy) + /2 = pu(C +¢)
Hy(Z,)+€%/2 —2p,(C +¢)
Hn(Zy).

By convexity of H,, on RP, this implies that even

AVAR

V

inf H,(Z,+w) = min H,(Z,+w) > H,(Z,).

[w]>e wl[=¢

To verify the latter claim, note that for w = ru with a unit vector u € R? and a number r > ¢,

H.(Z,+ru) = Hy,(Z, )+( w(Zn +1u) — Hy(Z, + 0u))
> Hn(Zp) + - ( w(Zn +eu) — Hy(Z, + 0u))
> Hu(Zn )+( w(Zn + cw) — Hy(Zy, + 0u))
> HmHm H,(Z, +w).
w||=¢€
Moreover,
inf Hn(A)+||ZnH2/2‘ — | min Hn(Z, +w) — min Hn(Zn—Fw)‘
A€ERP lw||<e [lw||<e

< Pn(C+6) < 52/4.

Consequently, in case of the event A,, . ¢ occuring, the function H,, has a minimizer A,,, and this

minimizer satisfies necessarily
1A, — Z,|| < e and |[2H,(A,) + [ Za|?| < €2/2.
But note that

P(Anec) = 1=P(|Zn] > C) = P(pn(C +¢) > 2/4)
> 1—sup IP(||Z,,]| > C) —o(1)
m>n

— 1 —=limsupIP(|| Z,,,|| > C),
m—r0o0
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and the right hand side gets arbitrarily close to one as C' — oo. This proves the theorem in the

special case of I'' = I,.

In the case of an arbitrary symmetric, positive definite matrix I', note that
—Z/A+27'ATTA = —(7122,)T(TY2A) + ||ITY2A12)/2.

Hence, for arbitrary 8, A € RP, we introduce

>

(0,,0,A) := (T'/?0,,T'/%0,T'/2A),

Z, =112z,

and

[l
D
|

n(0) = Ln(rilﬂé) = L,(0),
~T~

Fn(A) := Lp(0n +n"2A) = L,(0,) + Z, A — ||A]%/2 = ra(A).

Note that 6 is a minimizer of in if and only if @ = I'~/20 is a minimizer of L,,, and the infima of
Ly, and of L,, over R? coincide. The assumption that || Z,,|| = O, (1) implies that || Z,,|| = O,(1)
too. Moreover, for any fixed C' > 0,

sup \fn(A)| = sup |rn(A)] < sup [T (A)] =5 0,
A:Al<c A|Tt/2A|<C A:[|A[|Amin(T)~1/2C

where A\pin(I') denotes the smallest eigenvalue of I'. Hence, the previous considerations for

I' = I, imply that with asymptotic probability one, there exists a minimizer én of L,, such that

n'2(0, —0,) = T72Z, +0,(1) = T7'Z, +0y(1),
2L (0,) = 2Ln(0,) = [|Zal* + 0,(1) = Z)T7'Z, +0,(1). -

Proof of Theorem 7.21. At first, we assume that T' = I, and &' ¥ = TI;. As in the proof of
Theorem 7.20, we work with the local negative log-likelihood function H,,, its quadratic approxi-

mation F,, and the error bounds p,,(C). If we define the profile functions

PH,(w) = inf{H,(A): A e R, TTA =w},
PH,(w) = inf{H,(A): AR, TTA =w},
then
PL,(®"0, +n "?w) - PL,(¥'0,) = PH,(w)— PH,(0).

Hence it suffices to show that

(7.7) sup |PHy(w) —PHn(w)‘ —p 0
wll<C

for any fixed C' > 0, and

(7.8) PH,(w) — PH,(0) = —Z, yw + ||w]|*/2
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for arbitrary w € R¥, where Zyy = \IITZn.

Let us start with (7.8). Note that ¥ TA = ¥ A’ if and only if ™ (A — A’) = 0. Thus we

represent the space R? as the direct sum of the two orthogonal subspaces
Vo = {veRP: ¥'v =0} and V; := WRF

Recall that
Ho(A) = [|A = Z,|I?/2 = 1 Z,) /2.

If we write A = Ag+ Ay and Z,, = Z,0 + Z,,1 with Ao, Z,,o0 € Vg and A, Z,,1 € Vq, then
WA =®"A, = wif and only if
A1 = PYw.

Consequently, {A € R?: ¥ TA = w} = {¥w+ Ag: Ag € Vy}, and Pythagoras’ equality leads
to

PHy(w) = Ailg,o(HAo = ZnollP/2 + 0w — Z|*/2 ~ | Z,|*/2)

| Hy(Bw + Zy),
1Ow — Z1[?/2 = | Zal?/2-

Moreover, Z, is the orthogonal projection of Z,, onto V; which can be written as

Zy =990'Z, = 9Z,y.

Hence,
PHy(w) = [[®w — ¥ Z,u[?/2 | Zn]?/2
= ~Zyqw +[[w|?/2+ | Zu|?/2 - 1| Za*/2
= ~Zyqw +|[w]?/2 ~ || Zno|?/2.
In particular, PH,,(0) = —|| Z,,0/|?/2. and this leads to (7.8).

To prove (7.7), note that for any v € Vg,
Hy(Ow + Zpo+v) = H,(Pw + Z,0) + ||v]*/2.
Thus, we fix arbitrary constants C' > 0 (large) and € > 0 (small) and consider the event
Buec = {[|Zno]| < Cand p,(2C +¢) < £2/4}.
If this event B,, . ¢ occurs, then for w € R* with ||w|| < C and v € Vj with |[v| =&,

H,(Yw+ Z,o+v) — Hy(Pw + Z,)

> Hp(QPw + Zyo +v) — Hpy(Pw + Zyg) — 2p0,(2C + ¢)
= £2/2—-2p,(2C +¢) > 0.

Together with convexity of H,,, this implies that

PH,(w) = min H,(Yw+ Z,o+v),
veVo:|jv||<e
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and thus,

|PH,,(w) — PH,(w)|

H,(Pw + Z 0+ v)

min  H,(Pw+ Z,0+v)— min
veVy:||v||<e veVy:||v||<e

< pn(20 +¢) < £2/4.

Since liminf,, oo IP(Byc,c) = liminf, o IP(||Z 0] < C) — 1, as C' — oo, these considera-
tions prove (7.7).

In case of arbitrary matrices I' and ¥, we proceed similarly as in the proof of Theorem 7.20: At
first, for arbitrary @, A € RP, we introduce (0,,,6,A) := (I''/?0,,,T'/20,T/?A), L,(0) =
L,(T"Y20) = L,(6) and Z, := I'"'/2Z,. This amounts to a linear transformation of R?.

Furthermore, we introduce
¥ = 29T = 1 2e(e T w) 12
and for arbitrary n, w € R* we define
7 =Tn and @ = T w,

. . . . . =T =
respectively. The rationale for the latter linear transformation of R” is that ¥ ¥ = I, and the

. . . =T~ . 5 2 . .
equation ¥ ' @ = 7 is equivalent to ¥ 6 = 7). Moreover, Z g =¥ Z, satisfies the equations

5T - = _ . -
Z, 5w =2Z,ywand |Z, 3|*= Z, yTy'Z, g, while |@]* = w Tyw ... O

7.3 Methods for a Multicategorical Response

In this section, we treat two methods for the general case that Y = {0, 1, ..., K} forsome K > 1.

7.3.1 Multinomial Logit Models

A justification of logit models. A standard model of multivariate statistics is as follows: Sup-
pose that the joint distribution of random variables X € RiandY € Y = {0,1,..., K} with
K > 1is given by the weights

and

with certain vectors pg, ..., g € R and a symmetric, positive definite matrix ¥ € R?*?, Then

one can easily verify that

wy exp(—(z — p,) 'z — p,)/2)
Y pweexp(—(@ — p.) TE (@ - p.)/2)
exp(ay + b;/rx)
Zf:o exp(a, + b, x)

PY =y|X =g) =
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with a, := log(wy) — u;/r »-! /2 and b, := »-! t,. These conditional probabilities remain
unchanged if we replace the pairs (a,,b,) with (ay, — ag, b, — by). For K = 1 we arrive at a
logistic regression model! For general K > 1, we arrive at the multinomial logit model described

later.

The previous considerations render logit models plausible, but they also indicate potential starting

values for the parameters a,, b,. Namely, we replace

w, with @, := Ny/n, where Ny :=#{i <n:Y; =y},

Yy
N 1
K, with p, = Fy Z X,
Y=y
1 K
HhOSY . T a7
3. with E—mz ' (X”L_lvl‘y)(Xl_lJ‘y) .
y=0 i:Y;=y

The multinomial logit model. For a given finite-dimensional linear space F of functions f :

X — R, we assume that there exist functions f1,..., fx € F such that
P(Y =y|X =x) = ;Xp(fy(x)) forallz € X,y € {0,1,..., K},
> om0 exp(f2(2))
where fo(z) := 0. The functions fi, ..., fx or corresponding parameter vectors 01, ...,0k in

RY™(F) can be estimated via maximum likelihood, and all previous considerations for the negative

log-likelihood function may be adapted to the case K > 1.

7.3.2 The Ordinal Logit Model

In the previous section, the elements 0, 1,..., K of ) did not have a specific meaning, except
that 0 took the role of a reference category. But in some applications, Y is an ordinal covariate,
that means, the values 0,1, ..., K represent a canonical order. For instance, in clinical studies
one could replace a dichotomous response with values 0 (‘healthy’) and 1 (‘ill’) with an ordinal
response taking the values 0 (‘healthy’), 1 (‘slightly ill’) and 2 (‘seriously ill’). Of course, one
could still work with the multinomial logit model, but there is an alternative approach.

Logistic regression via a ‘latent response’. Suppose that underlying our data is a linear model
with X € X and Y € R, where

Y = f(X)+7Z

with a regression function f € F and a random error Z which is stochastically independent from

X and follows the logistic distribution function £(-). Suppose that instead of Y we only observe

Y = 1[}720}.

Then (X,Y) € X x {0, 1} adheres to a logistic regression model, because

PY =1|X=2) = P(f(z) +Z >0) = IP(Z > —f(z)) = {(f(x)).



7.3. METHODS FOR A MULTICATEGORICAL RESPONSE 205

Note that 1 — ¢(—z) = ¢(z) for z € R.
We may rewrite f € F as f(z) = fo(x) — a, where a := — f(z,) and fo(x) := f(x) — f(z,) for
a fixed reference value z, € X. Then
Y = 154224
and
PY=1|X=x) = lfo(zx)—a) = 1—Ll(a— fo(x)),
PY=0|X=2x) =1—-Ufo(x)—a) = la— fo(x)).

The general case. The previous construction may be generalized to observations (X,Y) € X’ x
{0,1,..., K'}: We assume that for certain thresholds

—o0o=:ap < a1 < -+ < ag < GK4+] =00
and a function
fo € For=Af—flzo): f€F}
the conditional distribution of Y, given X, is given by
P =y|X =2) = lay+1 — fo(z)) — lay — fo(x))
fory =0,1,..., K. Again this corresponds to a latent response

fo(X) + Z,

and
Y =y ifandonlyif ay < fo(X)+2Z < ayt1.

Figure 7.3 illustrates this construction in case of K = 2 and a; = —1.5, ag = 1.5. The horizontal
axis represents the potential values of f,(z). Vertically one can see for each value f,(z) the
intervals [0, (a1 — fo(x))] (light gray), [¢(a1 — fo(2)), £(az — fo(x))] (gray) and [¢(as — fo(z)), 1]
(dark gray). The lengths of these intervals are the probabilities IP(Y = 0| X = z), P(Y =
1| X =z)and IP(Y = 2| X = x), respectively.

Again, one may estimate the parameters a = (ay)fle and f, via maximum likelihood. The

corresponding negative log-likelihood function is given by

L(a. fo) = =) log(llay, 41 — fo(Xi)) — Lay, = fo(X0)))-

i=1

Exercise 7.23 (Convexity of the negative log-likelihood function). (a) Show that
h(xz) = —log({(z2) — £(x1))

with log(z) := —oo for z < 0 defines a continuous, convex function h : R? — (0, co] which is

strictly convex on {h < oo} = {x& € R? : 21 < x5 }. Precisely, for x € R? with 21 < z2,

_ 1 6’(3;1)
Vh(iB) = f(:ﬂz) 72(1‘1) <€,($2)>
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00

Figure 7.3: Illustration of the ordinal logit model for K = 2 and a; = —1.5, as = 1.5.

e = () ab) e () ()

(b) Show that

L(a, fo) = =Y _log(L(ay,41 — fo(Xi)) — Uay, — fo(Xi)))
i=1

defines a convex function L : RX x F, — (0, o], where L(a, f,) < oc if and only if a1 < ag <

...<aK.

Exercise 7.24 (Ordinal logit model for a ternary response). Implement the MLE for a simple

ordinal logit model with covariate X € Rand Y € {0, 1, 2}. That means, we assume that

P(Y =y| X =2x) = l(ay+1 — bx) — l(ay — bx)

with the parameter & = (ay,as,b), where —0o =: ag < a1 < as < a3 := oo. Write a

program which computes the MLE 0 for given observation vectors X € R” and Y € {0, 1,2}".

For the minimization of the negative log-likelihood function, use your own implementation of a

Newton—Raphson method or the built-in function optim of R.

Apply your program to the data set USPresidential, where the response variable is party with the

order ‘Democrat’ < ‘Independent’ < ‘Republican’.
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7.4 Poisson Regression

Logistic regression is a special instance of the general class of generalized linear models, see
also Section 7.5. In the present section we present another member of this family. We consider
observations (X,Y’) € X x Ny and assume that

L(Y | X =z) = Poiss(exp(f(z))) forallz € X

with an unknown regression function f € F. Here Poiss()) is the Poisson distribution with
parameter (= mean = variance) A > 0, that means,

ex €T k
P =KX =2) = exp(—exp(7(2) P

= exp(kf(z) — exp(f(z)) — log(k!)) for k € Ny.

Hence, the resulting negative log-likelihood function is given by

n

L(f) = Z(exp(f(Xi)) —Yif(X3))
i=1
plus the additional term ) ;" | log(Y;!) which does not depend on f. Since we are mainly inter-

ested in differences of the negative log-likelihood function, we ignore the latter term.
Specific examples for this model are:

e Insurance cases: An insurance company is dividing its customers into several groups by means
of certain features summarized as X, and for each group, Y is the number of cases in a future time

period.

e In a medical experiment with cancer cells, several cell cultures are treated with different kinds
or doses of therapeutic agents. Here X describes the treatment for one particular cell culture, and
Y could be the number (or concentration) of cells having survived this treatment.

Having specified a basis fi,. .., f, for 7, we may reinterpret L as a function on R?,
n
L(9) := ) (exp(d; 0) —Yid]0),
i=1
where D = [f1(X),..., f,(X)] = [d1,...,d,]", and the corresponding risk function R := IE L

is given by
n

R(0) = > (exp(d] 0) — E(Y;)d, 6).
i=1
Exercise 7.25. For nonnegative numbers ay, ag, ..., a, and vectors dy,ds,...,d, € RP, we
define the function L : R? — R via

n

L(6) =) (exp(d,} ) — a;d] 6).

=1

(a) Derive the gradient and Hessian matrix of this function.
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(b) Show that Lis convex, and that it is strictly convex if and only if the vectors d;, . .., d, span
RP,

(c) Derive necessary and sufficient conditions for coercivity of L.

For the subsequent asymptotic considerations, we consider a triangular scheme of independent
observations (d,,;, Yni) € RP x Ny, 1 < i < n, for each n € N, where the design vectors d,,; are
viewed as fixed. The negative log-likelihood function L,, : R” — R is given by

n

Ln(0) := Z(exp(dlﬂ) — Yrid,);0),
i=1

and its first and second derivatives are given by

n

VLn(8) = ) (exp(d,);0) — Vri)di,
=1

dT

ni-'ni’

1 n
D?Ly(0) = nTy(0) withT,(0) := =) exp(d,,0)d
" i=1

see Exercise 7.25. As shown in the latter exercise, L,, and R,, := IE L,, are strictly convex if and
only if the design matrix D,, = [d,1dy2 ... dnn]—r has rank p. Similarly as in the setting of lo-
gistic regression, we formulate four regularity assumptions under which the asymptotic behaviour

of L,, and related objects can be derived:
(B.1) For sufficiently large n, the design matrix D, has rank p.

(B.2) For each n € N, there exists a vector 8,, € RP such that Y,;; ~ Poiss(\y;) with \,; =
exp(d,;0,,) for 1 <i < n.

(B.3) I',,(60,,) converges to a symmetric, positive definite matrix I' € RP*P.

(B.4) There exists a constant € > 0 such that
1 n
An(e) =~ 2% exp(e|dnil|) = O(1).
1=

Assumptions (B.1-2) imply that for sufficiently large n, the risk function R,, = IE L,,,

n

R.(0) = > (exp(d,;0) — Anid,;0)
i=1

is strictly convex with unique minimizer 6,,.

Theorem 7.26. For A € RP write
Ln(0,+n"V2A) = L,(0,) = —Z A+ ATTA/2 4 7,(A)

with the random vector Z,, := n~'/2 o1 (Yai — Ani)dy; and a remainder r,,(A). Then under
the assumptions (B.1-4),
Z, —r Ny(o,I),
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and

sup  |rp(A)] — 0 forany fixed C' > 0.
A:llal<c

In particular, the negative log-likelihood function L,, has a unique minimizer En with asymptotic

probability one, and
n%(0, —0,) = T7'Z, +0,(1) = Ny(0,I7h).
Moreover, rn(én) is a consistent estimator of T',,(8,,), i.e.

T, (0,) —Tn(60,) —, 0.

By means of this theorem and the general results in Section 7.2, one can adapt all tests and confi-

dence regions which we introduced for logistic regression to Poisson regression.

Proof of Theorem 7.26. Again, we start with the matrix-valued function I',,(-). Here,

Hrn(o) - Fn(an)H

IN

U5 il exp(d],6) — exp(d],6,)]
=1

1 n
= - > Ailldnillexp(d,y; (6 — 6,,)) — 1
=1

IN

1 n
- > Millduill* (exp (116 — 8[| dyill) — 1)
i=1

Now we use the inequality

3
< ((3/_6)5)2 exp(elz]) forzeCand0 <4 <e;

see Exercise 7.27. If we apply this inequality to z = ||d,;|| and the constant ¢ in (B.4), then we

’22(exp(5z) — 1)‘

obtain for any ¢ € (0, €) the inequality

(7.9) sup  ||Tn(6) — Tr(6y)]| <
0:]0-6,[<5 (

e 3
W)

5)3
For any fixed 8 € RP, the expectation of L, (0) is equal to

n

Ra(6) := > (exp(dy;0) — Anid,0),
i=1

and 0,, is the minimizer of R,, by assumption (B.2), so VR,,(8,,) = 0. Moreover, the difference
(Ln — Ry)(0) = — 31 (Yni — Ani)d,;0 is linear in 6, whence
L0, +n"Y2A) — L, (0,) = —Z]A+ R,(0, +n"2A) — R,(6,,)
= —Z)A+ATA/2+7,(D)

with
ra(A) == AT(Tu(0, + EnaA) —T)A/2
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and 0 < &, A < n=1/2, Consequently, conditions (B.3-4) entail that

sup (4] < 5
A:lAal<e

IN

CQ< on~1/2¢
(

It remains to show that the asymptotic distribution of Z,, equals N,,(0,T"). For this purpose we
use characteristic functions and show that
Eexp(it' Z,) — exp(—t'Tt/2) foreacht c RP.

This is sufficient, because the limit on the right hand side equals [, exp(it'z) N,(0,T)(dz).
Recall that

Eexp(z(Y — X)) = exp(A(exp(z) —1—2)) forz € CandY ~ Poiss(\);

see Exercise 7.28. Applying this formulato Y = Y;, A = Ay and z = zy; = n_1/2z'tTdm~
yields the equation

Eexp(it' Z,) = exp

A/~ ~—
- .
Il
-

where
n

Pn = Z M i (exp(zm-) —1 -z, — 221/2)
i—1
Hence, it suffices to show that p,, — 0. Since Re z,,; = 0 and |z,;| < n~2||t||||dys ], it follows

from part (b) and part (a) of Exercise 7.27 that

znil® _ NP ldnil® _ &)

3 .
6 = ez = et expleldnl)

|exp(zm) —1— 2z, — zTQLl/Q‘ <
with é(g) := £73(3/e)3/6, so

ol < )t An(e) — 0. -

Exercise 7.27. (a) Show that for arbitrary z € C, k € Ny and 0 < § < ¢, the following
inequalities hold true:

|zkexp(25)| < © Ek(;)k exp(elz]),

CL110
‘zk(exp(zé) — 1)‘ < (E_]HW exp(e|z|),

where ¢; := (j/e)’.
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(b) Show that
k 2] k41

L
‘exp(z) - Z il < 1) exp(max{Re z,0})

j=0
for arbitrary k € Ny. Proposal: Show at first that

SR+

k ; 1
Zj
exp(z) — E il = /0 exp(tz)(1 —t)* dt.
= !

Exercise 7.28. Let Y have a Poisson distribution with parameter A > 0. Show that
Eexp(z(Y — X)) = exp(A(exp(z) —1 —z)) for arbitrary 2 € C.

Exercise 7.29 (Poisson regression). Fit a Poisson regression model to the data set Blau.txt with
the function glm in R. The response Y should be the number of days a pupil missed school.
Interpret your results. Would you consider the Poisson model as plausible? In particular, what do
you think about the implicit assumption that Var(Y | X) = IE(Y | X)?

7.5 Complements

In the previous sections our main focus was on logistic regression and Poisson regression. Both

models are special cases of generalized linear models which will now be explained briefly.

For statistical inference, i.e. point estimators, tests and confidence regions, we considered mainly
likelihood methods. But for these tests and confidence regions we can only guarantee approximate
validity. There are at least two procedures with guaranteed finite sample validity which will be

described in the context of generalized linear models.

7.5.1 Generalized Linear Models

We consider a generic observation (X,Y’) and given observations (X1,Y7), ..., (X,,Y,) with
values in X' x ). We also write X = (X;)!" ; and Y = (Y;)? ;. Here we consider X (after con-
ditioning, if necessary) as a fixed vector and Y as a random vector with stochastically independent

components.
A generalized linear model has essentially two ingredients:

e A family (Q4) scre of probability distributions @, on ); here we assume that
LY|X=x)=Qpnu ad L(Y;) = Qp(x,

for an unknown regression function f, : X — RE,

e A finite-dimensional linear space F of functions f : X — R%; here we assume that f, belongs

to this space or may be approximated sufficiently well by some function in F.

Example 7.30 (Logistic regression). Here ) = {0,1}, L = 1 and

Qs = (1=€(9))do + £(#)d; = Bin(1, £(¢)).
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Example 7.31 (Multinomial logit model). Here Y = {0,1,...,L}, L > 2, and for ¢ € R”,

L L
Qo = ZGXP(¢y)5y/Zexp(¢z), ¢o = 0.
y=0 2=0

The unknown function f, is a tuple ( f*,y)éz1 of functions f,, : X = R.

Example 7.32 (Poisson regression). Here ) = Ny, L = 1 and

Qs = Poiss(exp(@)).
Example 7.33 (Linear models). Suppose that ) = R and
Y = fu(X) +¢
with an unknown regression function f, € F and a random error ¢ such that £(¢ | X) = N(0, 02),

o > 0 unknown.

With L = 2 and

Qs = N(¢1,exp(¢2)?)
one could write

LYIX =a) = Q)
where f,(x) := (f.(z),log o).
Exercise 7.34. We consider fixed design vectors d1, do, . . ., d, € RP and stochastically indepen-
dent observations Y7,Y5,...,Y,, with Y; ~ N(dZTH, 02). Here, @ € RP and ¢ > 0 are unknown

parameters. Determine the maximum likelihood estimator (5, o)of(6,0).

7.5.2 Exact Confidence Regions for f,

Forany f € F,let T(f, X,Y ) be a test statistic for the null hypothesis that f, = f, larger values

indicating a violation. For instance let

with the negative log-likelihood function L = L(-, X,Y),

L(f) = L(f,X,Y) = =) logpjx,(Y),
=1

where pg is the density function of ()4 with respect to some measure M on ).

Now let k4 (f) be the (1 — ov)-quantile of L;(T'(f, X,Y)), where the subscript f indicates that

we consider the distribution of Y in case of f, = f. Then
Ca(X,Y) = {f e F:T(f,X.Y) < ka(f)}
is a (1 — a)-confidence region for f,, because

]P(f* ECQ(X,Y)) = ]P(T(f*,X,Y) S“a(f*)) > 1-«a
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by definition of x4 (f).

The explicit computation of this confidence region is a nontrivial task in general. Already the
determination of single quantiles k. (f), f € F, could be difficult and require Monte Carlo simu-
lations or approximations. Nevertheless, these confidence regions are worth being mentioned and
will be revisited in the chapter about bootstrap methods.

Exercise 7.35 (Getting rid of the constant term). We consider multiple logistic or Poisson regres-
sion, that means, we consider X = R? and regression functions of the form f(x) = a + b'x,
x € R Suppose we observe a data matrix X = (X;)%, € (R%)" (viewed as fixed) and a

random vector Y = (Y;)?_, in {0, 1}" or Nij with stochastically independent components

v Bin(1,¢(a+b' X;))  (logistic model),
’ Poiss(exp(a + b’ X;)) (Poisson model).

(a) LetY, := Z?:l Y;. Show that for arbitrary a € R, b € R? and m € Ny,
Lop(Y Yy =m) = Lop(Y [V; =m).

(b) Explain how to construct a confidence region for b with guaranteed confidence level 1 — «.

7.5.3 Permutation Tests of Association

The null hypothesis that there is no true association between the X- and Y -values may be stated

precisely as follows:

Null hypothesis H,: The distribution of (X, Y") does not change if we replace Y with oY :=
(Y5(i))f=y with an arbitrary fixed permutation o € Sp.!

An equivalent formulation of H, is: For a random permutation S ~ Unif(S,,) which is stochasti-
cally independent from (X,Y"),

L(X,)Y) = L(X,SY).
Here are two special cases of the general null hypothesis H,:

Null hypothesis H): The pairs (X;,Y;) are independent copies of a random variable (X,Y),
where X and Y are stochastically independent.

Null hypothesis H: The points X7, ..., X, are fixed, and Y7, ..., Y}, are independent, identi-

cally distributed random variables.

Exact p-values for the null hypothesis H, may be achieved via permutation tests: One chooses

a test statistic 7" : &A™ x Y™ — R which quantifies the apparent association between X - and

'S, is the set of all bijections & : {1,...,n} = {1,...,n}.
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Y -values. Then, depending on the choice of 7' and the working hypothesis, one computes the

left-sided p-value
m(X,Y) = #{c €S, : T(X,0Y) <T(X,Y)}/n!
or the right-sided p-value
T(X,Y) = #{c€8,: T(X,0Y) >T(X,Y)}/n!
or the two-sided p-value
m(X,Y) == 2 -min{m(X,Y), 7 (X,Y)}.
Indeed, for arbitrary o € (0, 1),

P(r(X,Y)<a) < o under H,.

In special cases, such as Fisher’s exact test or Wilcoxon’s rank sum test, the p-values above may
be computed explicitly. Otherwise, one could replace them with Monte-Carlo versions: One sim-
ulates stochastically independent permutations S, Sa, . . ., Sy with distribution Unif(S,,) which

are independent from (X, Y") and computes

F(X,Y) = (#{j6{1,2,...,M}:T(X,SjY)ST(X,Y)}—i—l /(M+1),

/(M+1),

N— ———

7(X,Y) = (#{j e{l,2,...,M}: T(X,S;Y) > T(X,Y)} +1
or ¢ (X,Y) :=2 - min{7y(X,Y), 7 (X,Y)}. For arbitrary o € (0, 1),

} . (M +1)a]

Ml < « under H,,

and this implies that
P(7(X,Y) <a) < a under H,,.

To explain the inequalities for 7, and 7, we introduce the permutation Sy := id and write
Tom(X,Y) = #{j €{0,1,...,M}: T(X,S;Y) <(>)T(X,SY)}/(M+1).

Then the asserted inequalities follow from the fact that under H,, the tuple (T(X , SjY))jA/iO
is exchangeable. That means, its distribution remains invariant if its components are permuted

randomly.

Exercise 7.36 (Exact p-values for standard logistic or Poisson regression). We consider multi-
ple logistic or Poisson regression as in Exercise 7.35. Implement a permutation test of the null
hypothesis that b = 0, based on the log-likelihood ratio statistic

T(X,Y) :=2L(8,) — 2L(6).

Here 6 denotes the MLE of 6 = (a,b), while 50 denotes the MLE under the null hypothesis. In

case of logistic regression, 8, = (logit(Y"), 0), in case of Poisson regression, 0, = (log(Y), 0).



Chapter 8

Bootstrap Methods

The name “bootstrap method” refers to the idiom that someone “drags himself up by his own
bootstraps” (similar to the Duke of Miinchhausen, who got out of a swamp by pulling his own
hair). These procedures are applicable in many situations and yield tests and confidence regions
with given approximate confidence level. After the pioneering paper by Bradley Efron (1979),
numerous authors developed and analyzed bootstrap procedures. A good overview is provided by

the paper of Bickel and Freedman (1981) and the monograph of Beran and Ducharme (1991).

8.1 Bootstrap Methods for I.I.D. Observations

For n € Nlet Y1, Yo, ..., Yy, be stochastically independent random variables with unknown
distribution P,, on ). Suppose we are interested in a certain parameter 6(P,) € ©. To construct a
confidence region for §(P,), we choose a mapping T}, : Y™ x © — (—o0, o], where T,,(Yy, 0)
serves as a test statistic for the null hypothesis that 6(P,,) = 6, and Y,, := (Y;,;)"_;. Let £,,o(Py)
be the (1 — a)-quantile of £(T,(Y;,0(P,))). Suppose that an oracle would not tell us 6(F,) but

the quantile «,, o (P,). Then we could compute the confidence region
Coade(v,) == {0 €0 : T (Yy,0) < kinal(Pn)}-
Indeed,

P(0(P,) € CI2%(Y,)) = P(T(Yp, 0(Py)) < knal(Pn)) > 1— o

Classical statistical procedures such as, for instance, student confidence intervals for the mean of
a univariate distribution rely on the fact that a proper choice of the test statistic 7;, and, if needed,
additional assumptions on P, lead to a quantile k,, (F,) which does not depend on FP,,. In this
case we do not need an oracle. In other situations, we rely on the fact that the unknown quantile
fin,a(Pn) converges to a known quantile k. If we replace iy o (P,) in Cac®(Y,,) with kq, we

obtain a confidence region with asymptotic confidence level 1 — a.

At this point we should explain why we consider triangular arrays, i.e. let P,, depend on the sample

size. In the “older days”, many authors proved limit theorems for a fixed distribution P and sample

215
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size n tending to infinity. For instance, suppose that one can show that in case of P, = P for all
n,

L(Tn(Y,,0(P))) —, R
for some continuous distribution R on the real line with unique (1 — «)-quantile «,,. If the latter
quantile is known, then
Ccoasical(y) = {0 € © : Ty (Y, 0) < kia}
defines a confidence region for #( P) with asymptotic confidence level 1 — « in the sense that

P(0(P) € Ciasil(Y,)) = (T (Y, 0(P)) < ko) — 1—a.

At first glance this is wonderful. The problem is, however, that the minimal sample size n such
that the true coverage probability is sufficiently close to the nominal confidence level 1 — o may
depend very sensitively on P. A statistician is typically dealing with different distributions but
just one sample for each of them. The purpose of asymptotics is to show that certain procedures
work for sufficiently large sample size and a larger collection of distributions. In other words, it is

important to show that the weak convergence above is to some extent uniform in P.

The idea of bootstrap procedures is to replace the unknown quantile &y, o(F,) with Iﬁ}ma(ﬁn),

where 13,1() = ﬁn( ;Y,,) is an estimator for the distribution P,. This approach is based on the

~

hope that ,, (P,,) and K, o(Fy,) are quite similar, so the coverage probability of
Cra(Yy) = {0 €0 :T(Yn,0) < knalPn)}

is close to 1 — « or even larger. In other words, we replace ky, o(F;,) by the (1 — a)-quantile of
the random distribution £(T;,(Y,;, Q(ﬁn)) | Y,,). Here Y,* = (Y,%)?, is a random sample such
that conditional on Y, its elements Y, are independent with distribution P,.

Examples for 0(P,) and T,(Y,,,0). Let) = R?% We assume that [ ||y||? P, (dy) < co. Now

we consider the mean vector and the covariance matrix of P,
fin = p(P) = /y P,(dy) and
Tn=E(P) = /(y — ) (Y — pn) " Pr(dy).
Natural estimators for i, and X, are given by

n
fn = Y, = n_lem and
i=1

n

S, = (n—1)"1 Z(Ynz — Vo) (Yo = Vo) T,
i=1

respectively.
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Suppose we are interested primarily in 8(P,,) := u(P,) € © := R%. Possible test statistics would

be, for instance,

Tnl(YmN) = Hﬁn - :U’Hv
TTLQ(YTn M) = (ﬁn - M)ngl(ﬁn - ,U’)7
Tng(Yn, 1) = Jiriaxd n (J,J 1/2‘:u N(])|

When working with 7,2, we assume that ¥, is nonsingular and f]n is nonsingular with high
probability. In connection with 7;,5 we assume that 3., has strictly positive diagonal elements and
that fln shares this property with high probability. Confidence regions based on 7},; are Euclidean
confidence balls, T},2 leads to confidence ellipsoids, and 7},3 yields confidence rectangles.

Suppose we are interested primarily in 6(P,) := (P, ) and assume that the latter matrix is

positive definite. Then a potential test statistic would be, for instance,
Tu(Ya, %) = |S;1288012 — 1.

Suppose we are interested in the correlation

Xn(1,2)
0(P,) = P, = .
(Pn) p12(Pn) \/En(la D2 (2,2)
If ¥, is positive definite, pi2(P,) € ( . A natural estimator for p12(P,) is given by the
sample correlation coefficient p,, := / \/ Ya(l, 1 ,2), and potential test statistics

would be

To1 (Yo, p) = |pn—pl,
Tn2(Yn,p) = |artanh(p,) — artanh(p)|.

The latter proposal is suggested by certain considerations in multivariate statistics.

Examples for ]3”. The distribution P, is often estimated by the empirical distribution PP of

the observations Y,,;, i.e.
PP (B) = #{i: Yy € B}/n.

In this case, the principle of the bootstrap method may be described as follows: Imagine that the
distribution P, describes a certain large “population” from which a random sample of size n has
been drawn. Now we want to estimate the relation between sample and population. To this end,
we treat the sample as an artificial population, and we draw artificial samples from this population,

with replacement.

To generate such a bootstrap sample Y," = (Y,)™_, explicitly, we just simulate independent
indices I(1),1(2),...,I(n) ~ Unif{1,2,...,n}, independent from Y;,, and then we set
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In case of ) = R, there is a potential modification: The empirical distribution ﬁﬁmp has the
property that u(PS™P) = fi, = Y,,, but

n—1

(PP = Sh.
n

However, since i‘n is an unbiased estimator of ¥(P,) (as known from multivariate statistics), we

consider

P, = P2 % Ny(0,n'S,).

That means, for given data Y,,, ﬁn is the distribution of
Y* = Y, +n V827

with stochastically independent random variables I ~ Unif{1,2,...,n} and Z ~ Ny(0, I).

Monte Carlo variants of the bootstrap confidence regions. Typically, no explicit formulae

~

for the bootstrap quantile x,, o(F,,) are available. Then one resorts to the following Monte Carlo

variant of C}, (Y},): For given data Y,,, we simulate independent copies Yn(l)7 Yn(Q), . ,Yn(M)

of Y. With these bootstrap samples we compute the values
To(Y,),0(B,)), 1<s<M,
and sort them. This leads to the random values 7,1 < 7,2 < - -+ < 73, p7. Then we define

Ko 7= Tp[(M11)(1-a)]

and
Cra(Yy) = {0 €6 :Ty(Y,0) <R}

The rationale behind the factor M + 1 of 1 — « is as follows: Suppose for the moment that the

M + 1 random variables
T0(Yn, 0(Pn)), Tu(Y,(V,0(P,)),..., T(Y,M),0(P,))

are independent and identically distributed. (At least asymptotically this is often true.) Then the
probability that T,,(Y;,, 0(Py,)) < 7, is at least k /(M + 1); see Exercise 8.1.

Exercise 8.1 (Monte Carlo critical values). The following inequality is due to Jockel (1986). Let
(Ty,T1,Ts, ..., Tas) € RM*1! be a random tuple which is exchangeable, that is, its distribution is
invariant under arbitrary permutations of its components. Further let T(1) < T(g) < --- < Ty
be the order statistics of 17,15, ..., Tys. (Note that T} is excluded!) Show that for 1 < k < M,

k
P(Ty <T, >
(0_(k))—M+1

with equality if Ty, 77, . .., T are pairwise different almost surely.
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Validity of bootstrap methods. A standard strategy to verify validity of a bootstrap procedure

consists of two steps:

Step 1: One identifies conditions on the sequence (P,), under which £(T,(Y,,6(F,))) con-

verges weakly to a continuous distribution R with unique (1 — «)-quantile .

Step 2: One shows that the sequence (P ) satisfies the conditions in Step 1 in probability. That
means, for each n there exists an event A,, in terms of Y;, such that IP(A4,,) — 1, and along this

sequence (A, )n, the sequence (ﬁn)n satisfies the same conditions as (F,,),, in Step 1.
Step 1 implies that &, o (P,,) — Kq. Whereas Step 2 leads to &y, a(P ) —p ka. Both steps together
imply that
P(0(P) € Cra(Yn)) = P(Th(Yn,0(Py)) o(Pn))
= IP(T,,(Yn, H(Pn)) +o (1) <K

- 1—q.

)

Note that we do not show directly that C,, ,(Y},) and CoraCIe(Y ) behave similarly in some sense.
Instead we take a “detour via asymptopia”, showing that the true distribution £(7; (Yn, 0(P,)))
converges weakly to a reasonable limit R and that its bootstrap estimator ﬁ( WY 0(P,) ‘ Yn)
converges weakly in probability to the same limit. In some special settings, people have been able
to show that the difference between £ (T, (Y,,0(P,))) and £(T,(Y,, 0(P,)) | Y,,) with respect
to a suitable distance measure is of smaller order than the difference between both distributions and
the limit R. This implies that the bootstrap quantile s, a(P ) is a better surrogate for iy, (Py)
than x,. But such considerations are beyond the scope of this course.

Validity of bootstrap methods for the mean. Let us illustrate the standard strategy outlined
above in a special case. We consider distributions F,, on R? and are interested in the mean vectors
tn, = 1(Py). The following lemma and corollary comprise Step 1 above:

Lemma 8.2. Suppose that the covariance matrix of P,, converges to a fixed nonzero matrix .,
(8.1) (P, — %,

and suppose that the following Lindeberg condition is satisfied:

8.2) An(Pa) 1= BV = pra? min (n ™2 Yy = |, 1)) = 0.

Then
Qn = ﬁ(\/ﬁ(ﬁn - ,un)) —w Nd(oa 2)

and
E|X, -2 — 0.

If' Y is nonsingular, then f)n is nonsingular with asymptotic probability one, and

= L(\/ﬁigl/z(/jn — pn)) —w Na(0, Ig).
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The distribution ),, can be viewed as a distribution on the compactified space R% U {’o0’}, where
'o0’ is reserved for the (rare) event that in is singular. Lemma 8.2 is essentially a consequence of
Lindeberg’s CLT (Theorem A.17). It has the following implication:

Corollary 8.3. Under the conditions of Lemma 8.2,

Rp1 = L(Vn|fin — pnll) —w Ri:= L(|Z]),

where Z ~ Ny(0, ). If ¥ is nonsingular, then

~

Rz 1= L(0(fin — tn) "S5 (i — tn)) —rw Ra = x5,

If ¥ has strictly positive diagonal terms, then

Rz = L(vi max $,(7.9)72 () — () )

Ry = £{ max 2(5.5)|20)]).

goony

Note that the limiting distributions R, Ra, R3 in this corollary are continuous with unique quan-

tiles. It remains to perform Step 2. This is essentially accomplished with the next lemma:

Lemma 8.4. Let P, be the empirical distribution PS™ or the “smoothed” empirical distribution
P&™ 4 Ny(0,n'5,,). Under the conditions of Lemma 8.2,

E||2(P,) -2, — 0 and EA,(P,) — 0.

This lemma implies that there exist numbers €, > 0 such that ¢,, — 0 and

P(A,) — 1 with A, = {||D(P,) —Z||, <en and Ay(Py) < &4}

Proof of Lemma 8.2. We apply Theorem A.17 with Yy,; := n~"/?(Y,;; — ). The assumptions
of Theorem A.17 are satisfied with 33,, = ¥, and A,, = A,,(P,,). In particular,

n
L = \/ﬁ(ﬁn_ﬂn) = ZYm —L Nd(O,E),
i=1
E(||Z,||?) = trace(L,) — trace(X)
and
E|X, - Z.r — 0

with 3, := 37 | V;,.Y,}. But

ni- ni -
n
1

~ n ~ —~
Yn = n—1 Zl(ym — fin) (Yni — Mn)T Tn—1 (i — pin) (Jin — Mn)T
1=

n s 1 T
- Yo Z 7
n—1"" n-—1"7"""’
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whence

~ n - 1 1
E[S) - Zullr < —< E[Z - Zullr + —<1Zallr + ——trace(S,)

n—
— 0,

by the triangle inequality for || - || and the fact that ||Z,Z || = ||Z,||>. Consequently, the
distribution @,, = L(Z,,) converges weakly to N4(0,X), and Slutsky’s lemma (Exercise A.13)
implies that Q,, = £(S;, v 2Zn) converges weakly to Ny (0, I). O
Proof of Lemma 8.4. Recall that

S(PSP « Ng(0,n7'8,)) = 2, = 5, - %,

and

~ —1a 1
NP - %, = - Y =% = (X, =%, — =X,.
Thus, Lemma 8.2 implies that

E|S(P) - Zallr < B - allr + 07t [Sallr = 0.

~

For the claim about A,,(P,,) we use a simple inequality which is provided in Exercise 8.5 below.
This implies that

5 1 e -
An(B5™®) = =3 | Yai = Al min (02 s — ], 1)
i=1

IN

8 — L .
=3 ¥ = p P i (™2 Yo = i, 1) + 8720 —
=1
SO
IE A, (P™™P) < 8An(P,) + 8n~ 'trace(S,) — 0.

For the smoothed empirical distribution P, = Jgﬁmp*Nd(O, nflfln), the inequality in Exercise 8.5
yields
An(Py) < 8An(PE™) + 8n~ ttrace(S,,),

and the expectation of the right-hand side equals

8IE A, (PS™P) 4+ 8n ! trace X, — 0. 0

Exercise 8.5. Show that for arbitrary vectors a, b € R? and numbers ¢ > 0,
la + b[[* min(cfla+bl|,1) < 8lal|* min(clla]|, 1) + 8|b]|* min(c]|b]|, 1).

Exercise 8.6 (Bootstrap confidence rectangles for the mean). Let Y = [Y7,Y5,... ,Yn]T be a

data matrix consisting of independent, identically distributed observations Y;,Ys,...,Y, € R?

with unknown mean p and covariance matrix 3. We assume that the diagonal elements of ¥ are

strictly positive and would like to determine a confidence rectangle for p, based on the test statistic
T(Y ) = max 2(5,5) ¥ () = nG)].

Write a program performing this task. The input should be the data matrix Y, the confidence level

1 — a (with default 95%) and the number M of Monte Carlo simulations (with default 1999).



222 CHAPTER 8. BOOTSTRAP METHODS

8.2 Bootstrap Methods for Regression Models

In the context of regression models, we consider observations (d1, Y1), (dz2,Y2), ..., (dn, Ys)
with fixed vectors d; € R? and stochastically independent random variables Y; € ). We always
assume that the design matrix D = [dy,ds, ..., d,]" € R™ P has rank p. Moreover, we assume
that the distribution of the data vector Y = (Y;)”_; depends on a certain parameter vector § € R?

and possibly further nuisance parameters. Now we are interested in
T'o e R

for a given matrix ¥ € RP*F of rank k.

8.2.1 Logistic and Poisson Regression

In logistic and Poisson regression, the distribution of Y is completely characterized by 8, namely,

L) - Bin(1,4(d;} 0)) ifY ={0,1} (logistic regression),
" | Poiss(exp(d; 8)) if Y = Ny (Poisson regression).

An obvious step is to replace the unknown parameter 6 with its MLE 6. This leads to parametric

bootstrap procedures.

Bootstrap confidence regions. For arbitrary 17 € R¥ let T'(-,n7) : Y™ — R be a test statistic for
the null hypothesis that ¥ '@ = 7. For 8, € R, the (1 — «)-quantile of Ly, (T(Y,®'80,)) is

denoted with x,(6,). Here the subscript 6, refers to the distribution in case of & = 8,. Now we

~

estimate the unknown quantile k,(0) by x,(0) and define the bootstrap confidence region
Co(Y) = {n eR*: T(Y,n) < ra(8)}.
This is our proxy for the ‘confidence region’
Coe(Y) == {n e RF: T(Y,n) < ra(6))

which would be available if we had access to an oracle revealing the value ,(8).

Bootstrap tests. For a fixed n € R¥, we would like to test whether ¥ "0 = 5. To this end let
G(r|60,) = P (T(Y,¥'0,) <r).

If an oracle would provide us with the distribution function G(-|0) (but not with 8!), a valid
p-value would be given by
1-G(T(Y,n)|0).

As a surrogate we compute the p-value
1-G(T(Y,n)|6)

or a Monte Carlo version of it. One could also replace the MLE 6 with the MLE 5(77) minimizing
the negative log-likelihood under the constraint &' @ = n.
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Comparison with classical methods and asymptotic validity. To prove asymptotic validity of
the bootstrap methods, we resort to a triangular scheme of observations as in Chapter 7. Thus we
consider observation vectors Y =Y, = (Y,;)"_,, parameter vectors @ = 0,, € RP with fixed

dimension p, and we use the test statistic
To(Yn,m) = 2PLn(n) — 2Ly (6,)
or
T.(Y,n) == n(®'6, —n) (1,0, 'w)L(®'g, —n).
Then, under conditions (A.1), (A.2°), (A.3-4) or (B.1-4),
T(Y,, ®70,) =, X3

Hence, the classical confidence regions via Wald’s method or profile likelihood are similar to the
bootstrap confidence regions. The former replace the unknown quantile x,, o (6,,) with X12q~1— o, and

the unknown distribution function Gy, (- | 8,,) with the distribution function Fj(-) of x3.

Conditions (A.1), (A.2%), (A.3-4) or (B.1-4) imply that the bootstrap methods work, too. The
reason is that these conditions remain valid if the parameters 8,, are replaced with §n where usual

convergence is replaced with convergence in probability. Precisely:

In case of logistic regression, suppose that conditions (A.1), (A.2’) and (A.3-4) are satisfied. Con-
ditions (A.1) and (A.4) concern only the design vectors, so they are valid in the bootstrap world,
too. By construction, condition (A.2’) is valid in the bootstrap world as well. Condition (A.3)

~

corresponds to the requirement that I',,(0,,) —, I'. The latter is fulfilled, because I",,(0,,) — T’

~

by (A.3)and I',,(60,,) — T',,(0,,) = 0 by Theorem 7.10.

In case of Poisson regression, suppose that conditions (B.1-4) are satisfied. Then, conditions (B.1-
2) carry over to the bootstrap world, whereas condition (B.3) in the bootstrap world is a conse-
quence of the original condition (B.3) and Theorem 7.26. Concerning (B.4), we fix an arbitrary

number ¢’ € (0,¢). Then

~ 1 & ~
An = - dTe ! dni
2 22 Pl exp(l )
1 & N
= n Z exp(d;ﬂn) exp(d;;-(an —0,) + 5/Hdni‘|)
=1

1 « ~
< n Zexp(d;;@n) exp((e’ + 1|0 — anH) ||dm||)
=1

< A, if]|0, -0, <e—¢.

The latter inequality is satisfied with asymptotic probability one, whence condition (B.4) is satis-

fied in the bootstrap world, too.

Exercise 8.7 (Bootstrap confidence band for logistic regression). In Exercise 7.18, you imple-
mented a confidence band for the regression function f(x) = a + bx in simple logistic regression,
using Wald’s method. Now implement a bootstrap version of this procedure, replacing the asymp-
totic quantile X%;l—a with the bootstrap quantile x, (a,Z, X). Here kq(a,b, X) is the (1 — a)-
quantile of the distribution of (5 —0)Ts ! (5 — 0) with 6 = (a,b)".
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Exercise 8.8 (Bootstrap test for logistic regression). We consider multiple logistic regression,
that means, we consider X = R and assume that the unknown regression function f is given
by f(z) = a + b'z with an unknown parameter (a,b) € R x R?. Suppose we observe X =
(X1,...,X,) " with X; e R?and Y = (Y1,...,Y,) " with ¥; € {0,1}. Implement the (Monte
Carlo) bootstrap p-value for testing H, : b = 0 versus H; : b # 0 with the likelihood ratio statistic

T(X,Y) := 2L(logit(Y),0) — 2L(a,D).

Here, (af) is the maximum likelihood estimator for (a,b), and (logit(Y),0) is the MLE under
the null hypothesis H,.

8.2.2 Bootstrap Methods for Linear Models
Now we discuss the classical linear model with observation vector
Y = DO +e.

Here € = (¢1,€9,...,,) ' is a random vector with stochastically independent components such
that IE(e) = 0. This implies that IE(¥ ' 8) = ¥ . In case of Var(e) = 021, one can write
Var(¥'60) = 02Ty with

_ - k
F\I! = \I’T(DTD) 1‘1’ = (w;r(DTD) l’lnbj)i’j:p
where 11,1, . . ., ¢, denote the columns of W. (Note that I'y is equal to the inverse of I'y in

Section 3.5.3.) Hence, for a hypothetical value n € R¥ of ¥, we consider the following test

statistics:

T(Y,m) = \/(¥70—n) T3 (€70 —n),

15(Y,n) := max

Eventually, 77 (Y, -) yields confidence ellipsoids while 7»(Y’, -) leads to confidence rectangles for
W 0. In the sequel, T(Y, -) stands for one of these two test statistics.

For given matrices D and W, the distribution of 7'(Y", ¥ ' @) depends only on the distribution of

€, because
v70-9T0 = (D(D'D)"'¥) ¢,
and
Ty (Y, ¥70) = |[ATe|, To(Y,¥70) = |B'e|
with the Euclidean norm || - ||, the maximum norm || - ||, and the matrices

A = D(D"D)'erY? ¢ K

B bbb € R i by 1DDTD)
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The precise definition of these matrices is irrelevant for our theoretical considerations. The only

properties which will be used later are that
AR* BR* c DRP
and
trace(A' A) = trace(B'B) = k.

In connection with 75(Y", ) we do not need the assumption that ¥ has rank k. Here, the condition

that all columns ); are different from O is sufficient.

8.2.3 The Residual Bootstrap

Suppose that the components €1, €2, ...,&, of € are not only independent but even identically

distributed with an unknown distribution function F'. We also assume that
wF) =0 and 0 < o(F) < oc.

Here and throughout this section, we identify a distribution on the real line with its distribution
function. For simplicity, we also assume that the column space DRP contains the constant vector
1,.

For T = T}, T5, the distribution of 7(Y, ¥ '8) depends only on the distribution function F.
Hence, let ko (F') = ko(F, D, ¥) be the (1 — a)-quantile of

L(|ATel) or L(|Bellso)-

Now this unknown quantile is estimated by ﬁa(ﬁ), where F = FF (-, Y, D) is a suitable estimator
for . The following lemma shows that ko (F) is a good surrogate for rq (F), as soon as F is
close to F'. Here we quantify the distance between distributions or distribution functions with the

Mallows distances. The latter are treated in detail in Section A.8.

Lemma 8.9 (Bickel and Freedman, 1983). Let F' and G be distribution functions on R such that
w(F) = u(G) = 0 and o(F),0(G) < oo. Further, let § and € be random vectors in R with
distribution F'®™ and G®™, respectively. Then, for any fixed matrix A € R™**,

dyo (£(1AT81). L(1ATe]))
Ay (L(1AT]1). £(147e]) )

< y/trace(AT A) dpro(F, G).

Proof of Lemma 8.9. We consider a special coupling of F®™ and G®": Let Uy, Us, ..., U, be
stochastically independent and uniformly distributed on (0, 1). Then

0 = (Fﬁl(Ui))?zl and e = (Gil(UZ))n

i=1

follow the intended distributions, and

E(d-e)(d—¢)") = dua(F,G)*I,.
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By definition of d ;2 and the triangle inequality for norms,

sz (L(1AT ] ). £(1AT el ) )
< B[(|AT 8] — 147ell)?] < EB[IAT(6 - )2,
But
E[|AT(@ - e)|%] < E[|AT(6~e)|*]
= E trace(AT((S —€e)(6 — €)TA)

= trace(A" A) dyro(F, G)>.
O

Estimation of the error distribution function F'. We discuss this topic in a triangular array

setting. That means, we consider the random vector
Y, = D0, +e,

with a design matrix D,, € R™*P(") of rank p(n) such that D, RP("™) contains 1,,, an unknown
parameter vector 0,, € RP(™) and an error vector en = (€ni)j, with distribution F,?” and an
unknown distribution function F;,. Again, we assume that p(F},) = 0 and o(F,,) < oo. Suppose
that our primary interest is in W, @,, with a given matrix ®,, € RP(")*5(") of rank k(n). Under
the assumption that

k(n) = O(1),

it is only important that our estimator ﬁn = ﬁn(, Y., D,,) satisfies the following condition:

(8.3) dara(F, Fr) —p 0.

With the LSE §n and the corresponding residual vector €, = Y, — Dnb\n, we estimate the

distribution function F;, by the empirical distribution function ﬁn of the residuals, given by
1 n
Fn(x) = E z; 1[5m‘§$}'
1=

This estimator F), satisfies (8.3) as soon as p(n) is small in comparison to 7:

Lemma 8.10 (Bickel and Freedman, 1983). Suppose that
p(n)/n — 0 and dy2(F,, F) — 0

for a fixed distribution function F' such that u(F) = 0 and o(F') < oo. Then the empirical

distribution function ﬁn of the residuals satisfies condition (8.3).

If we combine Lemmas 8.9 and 8.10, then we may conclude that the residual bootstrap works
well whenever the ratio p/n is small (and k stays bounded). Comparing this with the results in
Section 4.2, it is remarkable that we do not need any condition on the maximal leverage,

max Hy; with H = D(D'D)"'D'.

i=12,...n
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Proof of Lemma 8.10. By the triangle inequality for dpy 2,
vt (Foy Fr) < duia(Fny Fr) + dara(Fo, ) + daga(Fo, F),

where F}, is the empirical distribution (function) of the actual errors €,;, 1 < i < n.

To get an upper bound for d M72(ﬁn, Fn), we consider a very simple coupling of these two distri-

butions, namely,

1 n
= =D e )"
n niy=ni
=1

This yields the bound
dup(Fu ) < 137 P2 = L - eal?
M2 = - €nig Eni — n €n En
1=
1 2 1 1
= gH(Iﬂ_Hn)En_EnH = gHHnanQ = Etraee(ensrTLHn)_

Here H , stands for the hat matrix D, (D, D,)~'D,!, and in the last step we used the fact that
H! = H, = H?. Together with the equality trace(H,) = p(n), these considerations show
that
~ 1
IE[dM,g(Fn,Fn)ﬂ < = IE trace(e, e H,) =
n
because o (F,,)? — o(F)2.
Since dpso(Fn, F) — 0, it remains to show that dy2(E,, F) —, 0. The dimension p(n) is
irrelevant for F,. On the one hand, it is well-known that

P(||F, — Falls > 1) < Crexp(—Conn?) foralln >0

with universal constants C; > 2 and C> > 0. On the other hand, we may apply Theorem A.17 to
Y, :=n~1/2¢,,. Indeed, E(Y,;) =0for1l <i<n,and

n
Y E(Y;) = o(F,)? = o(F)
Furthermore,

hmsupZIE Y2 min(|Yy;[,1)) = limsup/ac2 min(n~"2|z|,1) F,(dz)

n—o0 n—oo

< inf lim sup/ac2 min(d|z|,1) F,(dx)

0>0 p—oo

= inf/x2min(5|xl,1)F(d:c)
>0

= 0.

Consequently, the second moment 72(F},) := [ 2% F,,(dx) satisfies

E|r2(F,) — o(F)?| = IE’ZYnQi—a(Fn)Q 0.
1

1=
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(We work with 72(-) instead of o(-)?, because the mean of F}, may differ from 0.) Hence, there

exists a sequence (0y,),, of positive numbers tending to 0 such that the event
Ay 1= {I1Bn = Falloo + [7(Fn) = o(Fo)?) < 60}

has asymptotic probability 1. But along (A, ),

F(z) — F(x)| < |Fo(z) - F(:zc)’ +0p, — 0
for any continuity point x of F', and
‘T2(Fn) — O'(F)Q‘ < }U(Fn)2 - O'(F)2’ + 6, — 0.

Hence, we can deduce from Theorem A.32 that dM’g(Fn, F) — 0 along (Ay)n. O

Refinements. The deviation of the true coverage probabilities of the bootstrap confidence sets
just defined from the nominal level 1 — o becomes typically smaller, if the test statistics 7'(Y ", )
are divided by o = ||€]|/+/n — p, a so-called studentization.

In addition, it can be beneficial to replace the empirical distribution F of the residuals with
o= ﬁ*N(O,BEIQ).
n

For the variance of the latter distribution F* is precisely the unbiased estimate 52 of o(F)2. That
means, for given data Y we simulate an error vector €* ~ (13 5)@" as follows:
e = (&5, + (p/n)'%62)]_,

with independent random variables Ji, ..., J, ~ Unif{l,...,n}and Z1,...,Z, ~ N(0, 1).
Exercise 8.11 (Estimation of the error distribution). Choose fixed numbers X7, ..., X, forming
a regular grid in [—3, 3], and then simulate random variables

Vi =2X;+1+¢&, 1<i<n,
where €1, . . ., &, are independent random errors with distribution (function) F' such that u(F') = 0
and o(F) = 1.

(a) Estimate F' by the empirical distribution (function) F of the residuals resulting from the model
Y = a+bX +e¢. Visualize F and F. Do this forn € {100, 1000} and the following distributions
EF:

(a.1) Unif[—cy, 1],

(a.2) L(c2&) with & ~ t3,

(a.3) centered Gamma distribution with shape parameter 2 and scale parameter c3.
The parameters ¢y, c2, c3 should be chosen such that o(F') = 1.

(b) Repeat part (a), but this time with the smoothed distribution (function) FSin place of F. Do

you see an improvement?
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8.2.4 Wild Bootstrap

It is remarkable that the residual bootstrap allows us to avoid the assumption of Gaussian errors or
of small leverages. But in numerous applications the assumption of homoscedastic errors is ques-
tionable, not to mention identically distributed errors. For such situations, Jeff Wu (1986), Rudolf
Beran (1986) and Regina Liu (1988) proposed a procedure which had been analyzed later by Enno
Mammen (1993) and is nowadays called “wild bootstrap”. This name refers to the ambitious idea

to estimate n different error distributions from n observations.

Precisely, one estimates the unknown distribution £(g) by £(e* | Y'), where &* is constructed as
follows: Let &, &1, &9, &3, . .. be independent and identically distributed random variables with

E&) =0 and Var(§) = 1,

also independent from Y. Then we define
e" = (&a)?:l'

In other words, for each index ¢, the distribution of ¢; is estimated by L(£ &; | Y'). Of course, these
estimators are not very accurate for a single index 7. But for our purposes it is only important that
L(ATe* | Y) is a good approximation for L(A'e). Here A € R™** is a given matrix such that

AR* ¢ DRP and trace(ATA) = k.

Validity of wild bootstrap. Again, we consider a triangular scheme of observation vectors Y,, =
D,.0,, + €,,. Here the design matrix D,, = [dp1,dn2, ... ,dn]" € R™*P(") has rank p(n), and
€, has independent components such that

E(eni) = 0 and oy, = Std(en) < oc.
Now we are interested in the distributions

L(Ale,) and L(A]el|Y;)

n

with given matrices A,, = [@n1, @n2, ..., Gny] | € R™¥F with fixed dimension k, where A, R¥ C
D, RP(™) and

n
trace(Ay A,) = Y _[lan® = k.
i=1
Furthermore, € = (&&,:)1" ;.
We use three conditions on &, £, A,, and the hat matrix
T 1T
H, = (Hmij)?,j:l = Dn(DnDn) Dn

resulting from the subsequent proof:

(W.0) E(¢) =0, E(?) =1 and E(|¢]3) < oo;
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(W.1) =Y okagay = O1) and > E(lenil®)|an® — 0;
i=1 =1

n

n
W.2
(W.2) ST Hugillaw|® Y Hjjol; — 0.
i=1 J=1

Theorem 8.12. Under conditions (W.0-2),

dM,2(‘C(A7—1r€n)7Nk(07 271)) — 0

and
dyro(L(AYe,), L(AN e, | Yy)) —, 0.

n p

Remarks on (W.1-2). Condition (W.2) involves the leverages H,, ;;. The standardized design

matrix

D, = D, (D/D,)""? = [dn1,dp2, ..., dnn]"
has orthonormal columns, that means, b; Dn =1 p(n)> and one may write

~ o~ T ~T ~
Hy;; = d,d

nj-*

By assumption, A, = an’n with a certain matrix C,, € RP(™>k and k = trace(AI A) =
trace(C, C,,). In particular, a,; = C,d

» d,;, whence
lanill < /kHpi-

Thus, a sufficient condition for (W.1-2) is:

W.3 = 13 = = i = 1.
(W.3) Kn lrgiag%IEﬂsm\) O(1) and )\, lréliaganmZZ o(p(n)™")

To see this, note that by Jensen’s inequality, o,,; < IE(|e,;]%)'/3, whence

trace(X,) < /ﬁi/?’zHamHQ = k23 = 0(1),
i=1

n n
Y E(lewil®)lanl® < rn Y lanll? max |jan;| < Fra? = o(1),
1=1

1<j<
i—1 =I=
n
i=1

ZHn,jjUzj < Ki/SZHn,jj = /‘53/319(”) = O(p(n)).
j=1 j=1

A

|anill> < A llanl® = kAn = o(p(n)™),
=1

Proof of Theorem 8.12. At first, we show that

dyo(L(Anen | Yn), L(A e | Yr)) —

n

po’

where

€, = (&Eni)im1-
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On the one hand,

E(dM,Z(E(AZE;“L\Yn), (A e | V) ) < EE(|A e, — A e | Ya)
]E(HAIE* AT **HZ)

and
n 2
E(lAre; - Arer ) = B(||Y &Ew — cnan| )
i=1
n
= Y (& (Eni — 2ni) (Bnj — €nj)) Apiay
ij=1
n
= ZIE((gm - 5ni)2)HaniH2-
i=1
On the other hand,
~ DT
€ni —Eni = _(Hnsn)i = _de‘dnjgnja
j=1
SO

n n
E((Eni — eni)?) = Z(dmdn])20721j < dnil* D lldnjl®00; = Hui Y Hujjon.
j=1 j=1 j=1

Consequently,
* ok 2 * .
E(dy s (L(A €} | Ya), LA 1 Y))Y) € D Hullanl® Y Hogioh; = ol1)
i=1 j=1

by assumption (W.2).

It remains to show that
du2(L(A e |en), L(A)en)) —p 0,

and by the triangular inequality for dj/ 2 (-, -), this is a consequence of

(8.4) dyro(L(A) €n),Nk(0,5,)) — 0,
(8.5) daro(L(A ) [€n),Nk(0,,)) — 0.

But both claims are direct consequences of Corollary A.36. Note first that
n
= Yo with Y = cpian € R,

so IE(Y,,;) = 0 and

n

Zvar(Ym) = Zgnz 2 nz =X, = O(l)’

i=1

Y E([Yaul?) = ZlE(\eniP)Hamu?’ S0,

1=1 =1
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This yields claim (8.4), and we also know that

IEHE gm ni m_ n r

The latter conclusion is important for

— 0.

n
= > Yy with Yy = &Genin
Indeed, IE(Y,) | &) = 0 and
ZV&I‘ ’871 = Zgnz Qp; nz 2 +0P(1)

ZE %17 <))

Hence, Corollary A.36 yields claim (8.5). O

E(Iélg)Z\eml‘Q’HamH?’ —p 0
i=1

Choosing £(¢). To apply Theorem 8.12, we have to make sure that IE(¢) = 0, IE(¢2) = 1 and
IE(€]3) < oo. Obvious choices of £(¢) would be

N(0,1) or Unif{-1,1}.
But refined considerations indicate that one should also aim for the additional constraint
(8.6) EE¢) =1

Examples for random variables £ with these properties are constructed in Exercise 8.14.

To motivate (8.6), let us consider the special case that p(n) = 1 and d,,; = 1 = A,, for all n
and 1 < ¢ < n. That means, we want to estimate the common mean 8,, of the random variables
YTL17 Yn27 v 7Ynn:

Lemma8.13. LetZ, := /n(Y,—0,) and Z := n~Y2 3" | &(Yyi—Y5,), where Yy = 0, +€pi
and ]E(\em-]?”“é) < k for 1 < i < n and certain constants k, 6 > 0. Then, IE(Z,) = 0 =
E(Z)|Y,) and

BZ) - 13 o,
=1
]E((ZT*L)2 Y,) = ;zn:(sm - 571)2 = IE(Zr%) + 0p(1),
Vi E(Z) = =) E(e),

Vi B(Z) ) = BE) LY (e~ &0)® = BE)WRB(ZS) + 0,(1),
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Under the additional assumption that n ' Y | 02, and n=! 3L | IE(¢3,) stay bounded away

from 0, this lemma implies that

skewness(Z | Yy)
skewness(Z,,)

—p IB(E).

Here skewness(Z) := IE(Z3)/Std(Z)3. Lemma 8.13 follows from elementary calculations and
Theorem A.37 in the appendix.

Exercise 8.14. Construct a random variable ¢ satisfying
EE =0, E¢) =1 and E¢’) =1

in three different ways:
(@) L(&) = (1 — p)ds + pdp with suitable constants p € (0,1) and a < 0 < b.
(b) & = aZy + b(Z3 — 1) with independent random variables Z1, Zo ~ N(0, 1) and suitable

constants a, b.

(¢) £ = G — ¢ with a random variable G ~ Gamma(a, b) and suitable constants a, b, ¢ > 0.

8.3 Exact Tests and Confidence Regions in the Linear Model

Similarly as in Section 7.5.2, we describe a procedure which is related to the wild bootstrap and
yields exact confidence regions for 6. It is a variation of sign tests as treated in the textbook
Diimbgen (2015). We assume that

Y = d} 0+
with independent random variables €1, €9, . . ., €, such that
(8.7) (&) = L(e).

For a hypothetical value n € RP of @ let T(Y, D, n) be a test statistic of type
T(Y,D,n) = T((Yi - d]n)i_;, D)

=1

with some function T'(-, D) : R" — R. For instance,

T(Y,D,n) := Hn1/2§n:(1€ —d/n)d
=1

can be written as T((YZ —dn)" D) with

=1

T(Z, D) = Hn_1/2 Z Z5 di
=1

In general, large values of T(Y', D, n) are considered as evidence against the null hypothesis that
0 = n. Further, let &1, &, ...,&, and Y be stochastically independent with & ~ Unif{—1,1}.
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The random vector (Y; — d; 8)7_, = (¢;)?, has the same distribution as (&;(V; — d, 8))7_, =
(&i€4)7 . With the left-continuous distribution function
G(r|Y, D) = P(T((&(Y: — d/ )., D) <7|Y),
a p-value of the null hypothesis that @ = 7) is given by
1 - G(T(Y,D,n)|Y,D,n).
Furthermore,
{ner:Gr(Y,D.m)|Y. D) <1-af

defines a (1 — av)-confidence region for 6. The only problem with this approach is that the explicit

computation of the latter region is highly nontrivial.

Assumption (8.7) could be replaced with the weaker assumption that
(8.8) P(e; < 0) = P(g; >0) = 1/2.

In this case, one could restrict one’s attention to test statistics of type

T(Y,D,n) = T((sign(Yi—dz-Tn))" D),

1=1’

for instance,

T(Y,D,n) := Hn_l/QZsign(Yi —d/n)d;
i=1
Then one could replace G(r | Y, D, n) with
G(r|D) = P[T((&)i, D) <],

and this would lead to p-values and confidence regions for 8, assuming only (8.8).

8.4 Bootstrap Failures and Subsampling

Soon after the bootstrap had been introduced, statisticians discovered some situations in which it
does not work. Some authors claimed that a variation of the original bootstrap, called subsampling
or m-out-of-n bootstrap, may solve the problem. In the present section we illustrate potential
failures of the bootstrap method in i.i.d. settings and show that subsampling is not a reliable

solution. The material in this section is mainly from Diimbgen (1993).

The general framework. As in Section 8.1, we consider a sequence (P,), of distributions
on R?, and for each n we observe a sample Y,, = (Yyi)i~, of independent random variables
Yi ~ P,. We are mainly interested in functions of the mean vector y,, = p(F,,), and we assume
that [ ||z||* P,(dx) is finite, so the covariance matrix ¥, = £(P,) is well-defined. As usual, the
parameters /i, and ¥,, are estimated by the sample mean ji,, = n~! >, Yy, and the sample
covariance &, := (n—1)713"  (Yni — Yn)(Yni — Yn) . Now we consider the distributions

Qn = E(\/ﬁ(ﬁn - :U‘n))v
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and

Ry = L(vn(9(fin) = g(un)))
for a given function
g: R? - R.

If an oracle would reveal the y-quantile g, ~ of R,, for any v € (0, 1) we wish, we could compute

the lower (1 — a)-confidence bound

g(ﬁn) - n_l/zqn,l—a

for g(un ), the upper (1 — «)-confidence bound

g(ﬁn) - n_l/QQTL,a

for g(un ), or we could combine the lower and upper (1 — a/2)-confidence bounds to geta (1 —«)-
confidence interval for g ().

Two versions of the bootstrap. Let P, be the empirical distribution P™ of Y,, or its smoothed
version PS™ x Ny(0,n7153,,). Now consider a random vector Y,* = (Y,:)% such that, condi-
tional on Y;,, the m,, components Y are independent with distribution F,,. Then we estimate (),
by
Qn = L{Vma(@;, i) | Ya)
and R,, by

By = L(ymn(a(Er) — 9(7n)) | Ya),

where 1%, := m, 1 S VEL

As to the bootstrap sample size m,,, the classical bootstrap (resampling) uses m,, = n. On the

other hand, subsampling or m-out-of-n. bootstrap means that m,, < n with
m, — oo but m,/n — 0.

If we think about Y;, as a sample from a large population, i.e. a population size much larger than
the sample size n, it seems to be natural to work with bootstrap samples from the ‘population’ Y,,
of size m,, < n. At the end of the day, however, the main question is whether En is a consistent

estimator of R,,.

Asymptotics for (),, and @n The following two facts follow from Lemmas 8.2 and 8.4 with

straightforward modifications: Suppose that for a fixed nonzero matrix ¥ € R%*¢,

(A.0) Sy — % and  E(||Yar — gl min{my, V3| Va1 — ), 1}) — 0.
Then,

Qn —w Nd(O,E),
Qn —up Na(0,2).
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Note that the second part of assumption (A.0) is more restrictive in case of subsampling. So one
should have good reasons to use subsampling instead of resampling. As soon as ds2(FPy, P) — 0
for a fixed distribution P with finite second moments, (A.0) is satisfied with ¥ = X(P).

In the subsequent three scenarios we always assume (A.0Q) and consider different assumptions on
(#tn)n and g.

Asymptotics I for R, and ﬁn In addition to (A.0), suppose that for a fixed vector 11 € RY,
(A1)  pp — p, and g is continuously differentiable on a neighborhood of .
Then

Ry =, N(0,Vg() ' SVg(n)),

Rn _>w,p N(Oa VQ(M)TZVQ(/‘L)) .

This follows essentially from the following observation: If g is continuously differentiable in a

convex neighborhood U of u, then for vectors ug, 1 € U,

1
o) = s20) = V()" 1 = )| = | | (T3 = a0+ ) = Fa0) 1 = )

< sup ||Vg((1 = t)po + tpr) — Vg(u)|| 1 — ol
t€(0,1]

0(”#1 - MOH) as fto, 1 = H-

Hence, with
Zp = Vn(fin — pn) and  Z% = /mp(i; — fn)

we may write

Vi(g(iin) = 9(pm)) = Vr(g(pn +n"22,) — g(pn))
= Vg(u) " Zn + 0p(1),
Vi (975 — 9(fin)) = Vin(9(fin +my 2 Z2) — g(fin))
= V()" Z; + 0p(1),
because j,, — pand Z,, 2% = Op(1).

Consequently, under conditions (A.0) and (A.1), both bootstrap versions yield asymptotically valid
confidence sets, provided that Vg(u) " $Vg(u) # 0.

Asymptotics 1I for R, and ﬁn In addition to (A.0), suppose that for any fixed ;1 € R?, the
mapping g satisfies the following condition:

(A.2) There exists a continuous mapping Dg (i, -) : RY — R such that for v € R,
g(u+v) = g(p) + Dg(p,v) +o(|[v]) asv—0,

and
Dg(p,tv) = tDg(p,v) forallt > 0.
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Assumption (A.2) is weaker than differentiability of g at . Indeed, g is differentiable at p if and

only if Dg(u, -) is linear, see the two examples later.

Now suppose that for some fixed ;. € R?,
Un = B+ n_1/2An, where A,, — A € R
Then,
Vi(g(iin) — g(un)) = \/ﬁ(g (n+n"2(An+ Zn)) — g+ n‘l/QAn))

= VnDg(p,n " (An + Zy)) — v/n Dg(p,n™ 2 Ay) + 0p(1)
= Dg(p, An + Zy) — Dg(p, An) + 0p(1).

The second last step follows from (A.2) together with the facts that n='/2(A,, + Z,,) = O,(n~1/?)
and n~Y2A,, = O(n~1/?). In the last step we used the homogeneity property of Dg(s, -). Hence,

Ry — L(Dg(p, A+ Z) — Dg(p, A)),
where Z ~ Ny(0,X). As to the bootstrap,
Vi (9(in) = 9(fin))
= Vi (9 (072 (Zn o+ An) - m 2 25) = gt TR Zn + )
= Vi Dg (02 (Z + An) +mi 2 Z5) — /i Dg (™ (Zy + An)) + 0p(1)
= Dg(p, /o /n(Zn + An) + Z3) = Dy, v/ min /1(Zn + Ar)) + 0p(1).

Consequently, the usual bootstrap yields an estimated distribution ﬁn which behaves asymptoti-

cally like the random measure
L(Dg(p, A+ Z+ Z*) — Dg(p, A+ Z) ‘ Z),

where Z* is an independent copy of Z. The subsampling version yields an estimated distribution

~

R,, converging weakly to the fixed distribution

L(Dg(p, Z%)).
If ¢ is differentiable at p, that is, Dg(u, -) is linear, then

Dg(p, A+ Z) — Dg(p, A) = Dg(p, Z),
so the usual bootstrap and subsampling yield distributions fzn converging weakly in probability

to the same limit as R,,. If Dg(u,-) is nonlinear, however, the usual bootstrap fails in general.
Subsampling fails too in general, unless A = 0, that is, (1, ), is essentially constant.
Example 8.15. Let g(u) := ||t — po| for a given y, € R%. Then assumption (A.2) holds true
with
_ —1 _ T if
Do) = {nu poll (= 1o) v iF 1 # i,

ol if 1= o,
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Thus g is continuously differentiable on R? \ {1, }. Indeed, if & # pt,, then as R? 5 v — 0,

e — pro + 0% — [l — o1

”:U’_,U/O'FUH"FH:“_,U'O”
2= o) "o Jv?

e = o+ 0l + [l — ol

_ 2(p—po) v+ O([[0]f?)

2l = poll + O(lvl])

= [l = poll = (1 = 110) "0 + O(|[0]®).

gp+v) —g(p) =

If 1 = f1o, then g(p +v) — g(u) = |Jv|| for all v € R,

Example 8.16. Let g(u) := max(u1, ..., uq). Here assumption (A.2) is satisfied with

Dyp,v) = max vj,J(u) := {Je{l..d} =g}

This mapping Dg(u, -) is linear if and only if J (1) consists of one index. Indeed, let § := g(u) —
maxyg () e > 0. If v € RY with ||v|| < 6/2, then for arbitrary indices j € J(p) and k & J (),

(+v)y — (et o) 2 5-2ol] = 0,

whence

+v) = max +v); = + max v;.
g(pu+v) jGJ(M)(# )i = 9(p) max v

Asymptotics III for R,, and ﬁn Looking at Asymptotics I and II, it looks as if subsampling
works whenever the usual bootstrap works, and at least in some special scenarios, subsampling
works while the usual bootstrap does not. However, it may happen that the usual bootstrap works
while subsampling does not. Suppose that (A.0) and (A.2) are satisfied. In addition:

(A.3) Suppose that p, = po, + A, with a point u, at which g is not differentiable, with a
sequence of numbers r,, > 0 such that 7, — 0 but r,\/n — o0, and with a sequence of unit
vectors A, converging to some unit vector A. Moreover, suppose that there exists a nonzero
vector y(A) € R? such that

9(tin + vn) — g(in) = ¥(A) T vn + o(||vnl)

for arbitrary sequences (vy, ), in RY such that v,, = o(ry,).

On the one hand,

Vi(g(fin) = g(pn)) = V(glpn +n"22,) — g(u))
= Y(A) Z + 0p(1),

because n~/2Z,, = O,(n~'/2) = 0,(ry,). On the other hand, if r,,\/m, — oo, then

Vi (9(i5) = 9(fin)) = Vi (9(pn + 172 Z0 + m 2 Z0) — gl + 0712 20))
= 7(A)" Z; + 0p(1),



8.4. BOOTSTRAP FAILURES AND SUBSAMPLING 239

because n~/2Z, + mfll/ZZ;‘; = op(m;m) = 0p(ry), Whereas ry,\/m, — A € [0, 00) implies
that

Vi (9(i) — 9(in))
= \/Mp (g(,uo + TnAn + n_l/QZn + mﬁl/QZ;;) - g(/lo + TnAn + n_l/QZn))
= Dy(po, A& + Z31) — Dg(p10, AD) + 0p(1),

because 1, A, = mp V2(AA + o(1)), n~ Y27, = op(mn*/?) and my,

in all, we see that

Y275 = 0, (mn %), All

R, =, N(0,7(A)T=y(A)),

[N N(O,V(A)TEV(A)) if 7 /My — 00,
TP ) L(Dg(poy AA 4 Z) — Dg(pioy AA)) if /g — A € [0, 00).

Consequently, subsampling fails in the present setting if m,, — oo too slowly, whereas usual

resampling would work.

Concerning the assumptions about g in the present setting, they are satisfied in the first example,
when g(p) = || — tol], with v(A) = A. Indeed,

”Nn + Up — MoHZ - H,Un - ,UOH2
9(pn +vn) — g(pn) =
e " [+ vn = prol| + [ltn — pol|

2r, A vy + v ||?
Tn”An + TrjlvnH + T
_ 2A v, + o(||vnl])
2+0(1)

= ATUTL + O(HUnH)»

provided that v,, = o(ry,).

In the second example, when g(u) = max(uy, ..., iq), let o, € R? such that the set J(u,)
consists of at least 2 indices. Let A € R? such that for some j, € J (1),

Ay, > Ay forall j e J(po) \ {Jo}-

Then (A.3) is satisfied with y(A) = (1[j:jo]);l:1. To see this, let (vy,), be any sequence in RY
such that v,, = o(r,,). For any index j € {1,...,d} \ J(io),

(Hn +vn)j — (Bn +Vn)jo = Hoj — Hoj, + O(n) < 0
for sufficiently large n, while for any index j € J(10) \ {Jo}»
(tn +vn)j = (Hn +vn)j, = T(Bnj — Apj,) +0(rn) = (A — Ay, +0(1)) < 0

for sufficiently large n. Applying the same reasoning to (0),, instead of (v, ), shows that for

sufficiently large n,

9(tn +vn) = g(pn) = Y(A) (a +v5) = Y(A) T = Y(A) v,
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A possible, though conservative solution. The previous considerations show that neither the
usual resampling nor subsampling are reliable in connection with non-smooth functions g. Sup-
pose that g is at least Lipschitz-continuous on RY. Now consider random samples Y,,, Y, and
v,y
(1) (b) et : * ~ ~(1) ~(b)
samples Y, 7, ..., Y, are just independent copies of Y,". Let fin, fty, and 1y, 7, ..., 1ty be the

with Y}, and Y, as before in the classical bootstrap, while conditional on Y,, the

corresponding sample means, and set
Zy = Vlfin — ), Zy = v/n(fiy, —fin) and  Z$) = /n(il) — fin)

for1 < s <b. Forvy € (1/2,1), we estimate the y-quantile g,, 5 of R,, by

a. = a. . — A(S)

Qn,yb - fg?%(b Qn7'y(2ﬂn ),
where @, () denotes the y-quantile of

£(Valgle +n7122;) - g(@) | Y2)

Similarly, if v € (0,1/2), we estimate the y-quantile g, 5 of R, by

Inyvb = élshslb G,y (270 — AS)).
The rationale behind this is that

Vi min (127 = B = | = min, 12, = ZE0) =y 0 asn,b— oo

1

This result is proved in Exercise 8.17. It implies that among the b random points 2/i,, — ﬁS),

1 < s < b, there is one with distance op(n_l/ 2) to the unknown true parameter (., provided that

n,b — oo. This fact, combined with the Lipschitz-continuity of g, implies that
2 ey Hop(1) iy > 172
< oy op(1) ify <1/2

as n,b — oo. In that sense, the confidence bounds with g, - ; in place of g, - are asymptotically

conservative.

Exercise 8.17. For each integer n > 1 let Z,,, Zr(Ll), Z,(f), ZS’)7 ... be random vectors in R? such

that for any fixed integer b > 1,

£(Z,,z0, ... 20y 5, QP4 asn — oo,

n

where () is an arbitrary probability distribution on R?. Show that

' _ 70
min, 12, — 27| =, 0 asn,b— oo.



Chapter 9

Empirical Likelihood

Empirical likelihood methods, introduced by Art Owen (1990, 1991, 2001), are nonparametric
methods based on data-driven models.

9.1 Empirical Likelihood for I.I.D. Observations

Let Y1, Yoo, ..., Y., be stochastically independent random variables with unknown distribution
P,, on Y. Suppose we are interested in a certain parameter 6(P,,) € ©. To construct a confidence

region for §(P,,), we consider all discrete distributions

n
Prop = Z Pidy,,
i=1
with a weight vector p in the n-dimensional unit simplex

I, := {p€[0,00)":py =1}.

Here we use the notation by := > | b; for b € R". The plausibility of such a distribution ﬁn,p
is measured by the negative log-likelihood S(p), where for arbitrary vectors p € R",

n
S(p) = — Z log(p;) € (—o0, 0]
i=1
with the convention that log(a) = —oo for a < 0. One can also write

S(p) = —log(Hmax(pi,())).

i=1

The smaller S(p), the more plausible is ﬁn’p. The uniquely most plausible distribution is the

empirical distribution
~ 1 —
P, n - H Zl 6Yni7
1=

which is P, p with p = (1/n)?_,. This could be derived from Lemma 6.12, applied to the
distributions P and @ on {1,...,n} with P({i}) = 1/n and Q({i}) = p;. Alternatively, for

241
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arbitrary scalars A > 0,

n
arg min (S(p) + )\p+) = argmin Z(— log(pi) + Api) = (/M)
pE[0,00)n pE[0,00)n =1
and for A = n we obtain a vector in II,, (Optimization via Lagrange’s method).

~

Assuming that §(P, p) is well-defined for all p € II,, we define the negative empirical log-
likelihood function Ly, : © — [nlogn, oo] by

La(n) == inf{S(p) : p € I1,,,0(P,p) =1}

with the convention that inf(()) = oo. (Strictly speaking, L,, is a negative profile log-likelihood
function.) Under certain assumptions on é(-), one can show that

2L, (0(Py,)) — 2nlog(n) —, x5 (n — o0)
for a certain integer d > 0. In this case,
Cna(Yn) == {n €O : Ln(n) < nlog(n) +x71-_a/2}

defines a confidence region for #(P,,) with asymptotic confidence level 1 — a.

9.1.1 Analytical Properties of an Empirical Likelihood Function

In this section we consider a set M = {y;,...,y,} with n > 2 points y,,...,y,, € R? and
investigate the function L : R? — [nlogn, cc] with

L(n) = inf{S(p) p €y, Zn:piyi = n}-
=1

With the matrix

X = [ylay27--.7yn]T S RnXd

one can write
L(n) = inf{S(p):p€,,,Y 'p=n}.

Exercise 9.1. Show that L is a convex function on R,

Before presenting further properties of L, we collect a few geometric facts in the next lemma.

Lemma 9.2. (a) The convex hull of M, i.e. the smallest convex set containing M, is equal to
conv(M) = {XTp :pell,}.
(b) For any pointy, € conv(M), the spaces
span(M — y,,), span(M — M), span(conv(M) — conv(M))

and
V(M) :={Y"b:beR" b, =0}
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are identical.

(¢) The linear space V(M) is equal to R if and only if

span{('?) :yEM} = R,

(d) For an arbitrary point ) € R?, the following two statements are equivalent:
(d.1) Foreachv € V(M) there exists a number t > 0 such thatm + tv € conv(M).

(d.2) There exists a vector p € 11, N (0,1)" such thatn =Y ' p.

Remark. A point 17 with the properties (d.1-2) in Lemma 9.2 is called an internal point of
conv(M). In particular, the arithmetic mean y = n~' > I | y, is always an internal point of
conv(M). In case of V(M) = R?, a point 1 is an internal point of conv(M) if and only if it is

an interior point of conv(M).

Exercise 9.3. Prove parts (a) and (b) of Lemma 9.2.

Proof of Lemma 9.2 (c-d). According to part (b), V(M) = R? if and only if there exist vectors

20,21, - -, 24 in M such that
d
span(zi — 2o, 22 — 20,...,24 — 20) = R%

This es equivalent to the inequality

det[zl—zo,zg—zo,...,zd—zo] £ 0.
On the other hand,
span{ <?> Ty € M} = RIF!
if and only if there exist vectors zg, 21, . . ., 2q4 € M such that
21, 22, ...y 2Zd, 20
det[L 1L, ..., 1 1] 7 0.

But

_ Z1 — 20, 22— 20, ---, 2420, 20

det[zl 20,22 — Z20,---52d zo} = det[ 0, 0, o 0, 1]

o Z1, 22, ...y 2Zd, 20

- det[l, 1, ..., 1, 1]
This proves part (c).

It remains to verify part (d). Suppose that n € R¢ satisfies condition (d.1). In particular, n €
conv(M), son —y € V(M) by part (b). Consequently, there exists a number ¢ > 0 such that
1+ t(n — g) € conv(M). That means, 1 + (1 — ) = Y " q for a suitable vector g € II,,. But
then, np = XTp with

CIz'—I-t/n)” n
— (&Y I, N (0, 1)".
( 1+t /i=1 < ﬁ(O )
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Suppose that condition (d.2) is fulfilled, i.e. n = Y ' p for some p € II,, N (0,1)™. For arbitrary
vectors v = Y | b with by = 0 and numbers t, n +tv = Y’ (p+1tb), and p + tb € II,,, provided
that |¢| is sufficiently small. O

After these preparations, we are ready for an explicit representation of a negative empirical log-

likelihood function:

Theorem 9.4. (a) The function L is convex, and on conv (M) it is continuous. Its unique mini-

mizer is y with L(y) = nlogn.
(b) For arbitrary nj € R,
Lim) = —inf{S((n+ A" (y; —m)1,) : A€ R},

The latter infimum is finite if and only if 1} is an internal point of conv(M). In this case, L(n) =
S(p) with

n

—_— 1 . T n
p = (”+)‘T(yi—77)>i1 €I, and X € al;?e%ln S((n+X (yi—n))izl),

This representation is quite useful for the numerical computation of L(n), particularly in situations
when n > d. For instead of minimizing S(-) on a subset of II,,, one has to minimize the convex
function A — S((n+AT(y; —n))_,) on R%

Proof of Theorem 9.4. Convexity of L has been shown in Exercise 9.1. Concerning continuity
of L on conv (M), note first that L(n) is the minimum of S(-) on the set {p € II,, : Y 'p= n},
because the latter set is compact, and S(-) is continuous. For n € conv(M), let (n(™),, be a
sequence in conv (M) such that

lim n™ =75 and lim L(n™) = liminf L
Jlim 7 n Jim L(n™) coniminf ()

Now we write L(n(™) = S(p(™)) for some p™ € II, with Y ' p(™ = 5™ Since II, is
comapct, we may assume without loss of generality that (p(m))m converges to a vector p € II,,.

But the latter vector fulfils automatically the equation Y " p = 7. Hence,

L(n) < S(p) = lim S(p™) = liminf L
(m) < S(p) = [l S(p™) = lwinf L)
On the other hand, let L(n) = S(p) < oo for some p € II, with Y 'p = n. In particular,
p € (0,1)™. Now let bV, ... b®) be basis vectors of V(M), and let us write b9) = Y T 300)
with 8 = 0. Then

limsup L(y) < limsup L(n—i-ze:cjb(j))

conv(M)3dv—n C1,eeesCe—0 =

< limsup S(p—i-zcjﬁ(j)) = S(p) = L(n).
Cl,..sCe—0 j=1
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This proves continuity of L(-) on conv(M). Since S(p) > nlogn for all p € II,, with equality if
and only if p = (1/n)" 4, L(n) > nlog n with equality if and only if n = g.

Now we turn to the special representation of L(n). Without loss of generality let = 0, otherwise

we could replace each vector y,; with y; — 7.

Suppose that L(0) < oo, that means, 0 is an internal point of conv(M). The definition of L(0)
and convexity of S(-) imply that the following properties of p € R™ are equivalent:

(ELLE.1) p € I, N (0,1)" with Y "p = 0 and L(0) = S(p).
(ELLE2) p € IIN(0,1)" with Y " p = 0 and

&‘ S(p+18) = 0 forall § € R" withdy = 0,Y6 = 0.
t=

This follows from the fact that the linear space span{q —p:qell,, Y qg= O} coincides with
{6eR":6,=0,Y"6=0}. But

d Y
G SPH10) = 300

Hence, (ELLE.2) is equivalent to
(ELLF2’) p e IIN(0,1)" with Y "p = 0 and

(1/p), L {1,,Y(1),...,Y(d)}*

Here Y (1),Y (2),...,Y (d) denote the columns of Y. The condition on (1/p;)?_; in (ELLE.2")

is equivalent to (1/p;)7_, being a linear combination of the vectors 1,,, Y (1), ..., Y (d), so

n

p = ((H + )‘Tyi)_l)izl

for certain k € R and A € R%. Together with Yo piy; = 0and p; = 1, we find out that

n

R D)) (e
_= —_—mmm —_———m— = N — /{/’
K+ Ay, — k+ATy;

whence k = n. Consequently,
p=((n+ )\Tyi)_l)?zl

for some A € R% such that

9.1 mln n+A'y,) >0 and — = =0
©.1) min vi) Zn—I—)\TyZ

On the other hand, let X be a vector in R? satisfying (9.1), and let p := ((n + )\Tyi)_l)?zl. Then

p belongs automatically to II,,, because

n le=n+ATy,
Zz ZHAT% 02 ATy,
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These considerations show that condition (ELLE.1) on p € R" is equivalent to the following

condition:
(ELLE3) p = ((n+ ATy,)~")"_, for some A € R? satisfying (9.1).
Now we consider the function h : R? — (—o0, 0o] with

hA) = S((n+ATy)i)-

This is a convex function on R, where k() < oo if and only if n + )\Tyi > 0 for all indices %.

For such vectors \,
n

Vh(A) = -y —

—=
S ntAy;
Consequently, A € R? is a minimizer of & if and only if it satisfies condition (9.1). The corre-

sponding minimum equals

h(A) = =S(p) with p = ((n+)\Tyi)*1)?:1.

It remains to show that inf {h()\) NS ]Rd} is equal to —oo whenever 0 is not an internal point of
conv(M). At first, let 0 ¢ conv(M). Then y,, := arg ming e ony(r1) ||yl satisfies the inequality

min  yly = [y,|* > 0.

y€econv(M)

Then, for ¢ > 0 we have the inequality

h(ty,) = — Y log(n+ty,y;) < —nlog(n +t[|yo|?),
=1

and the right-hand side tends to —oco as ¢ — oo.

Now let 0 be a point in conv (M), but not an internal point of conv(M). If we replace R? with
V(M) = span(M — 0) = span(M), then conv(,M ) has nonempty interior, and O is a boundary
point of conv(M). It is known from convex analysis that there exists a vector y, € V(M) such
that y y > 0 for all y € conv(M), and y .y, > 0 for at least one index I € {1,2,...,n}.
Consequently, for ¢ > 0 we get the inequality

hty,) = — > log(n+tyly;) < —(n—1)log(n) —log(n + ty) y),
=1

and the right-hand side converges to —oco as t — oo. 0

The compact representation of L(n) in Theorem 9.4 leads to a rather short proof of the following

result:

Theorem 9.5. Forn € R? Jet

n

Z = \}ﬁ;(yi—n),

M = = max |ly; —nll,
V/n i=l..n

~ 1 <& -

o= =) Wi—myi—n) .

1

(2
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Then, for any constant . > 0 and fixed symmetric, positive definite matrix T’ € R%*¢,

2L(n) — 2nlog(n) = Z'T71Z 4+ p(M,n,T),
where p(M,n,I') — 0 as

M -0, |[T-T| -0 and |Z| < &

Proof of Theorem 9.5. Without loss of generality let n = 0. Otherwise we could just replace

each y, with y;, — 1. By means of Theorem 9.4 we obtain the representation

2L(0) ~2L(y) = - jnf H(A) with H(A) := —Qilog(“ yf;ﬁA )
=1

Now we use the elementary inequality

3
log(1 4 z) — 2 +2?/2| < 3 i forz € R,

(1 —=[=)*
see Exercise 9.6. This implies that

2 & 1 &
H(A) = —%Z%TA‘FEZ(%TA)Q‘FH(A)
i=1 =1
= —2Z A+ ATTA +r(A)

= H(A)+7r1(A) +7r2(A),

where
H(A) == —2ZTA+A'TA
and
2MIA 1~ a0 2M|AJATTA _ 2M || AP Amax(T)
A < ——MM—— — A = < )
S 5 amanT e 2% = 35 aans < s MJADT
r2(A)] < T =Tl A%

Thus, under the stated conditions, sup|aj<¢ ‘7'1 (A)+ T'Q(A)l converges to 0 for any fixed C' > 0.
This implies that

— inf H(A) = —min HA)+0(1) = —HIT'Z)+0(1) = Z'T71Z +0(1),
A€eR? A€eR?
by similar arguments as in the proof of Theorem 7.20. U

Exercise 9.6. Show that

2 2 3

x—%glog(l—i—m)gx—%—i—% forz >0
and ) 5 )
aj—x—+x7§10g(l+x)<x—x— for —1<ax<0.

2 3(1+4x) - 2
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9.1.2 Inference about the Mean

Now we discuss the special case that Y = R?% and §(P,,) := [y P,(dy) =: u,,. In this case, the
previous results imply the following one:

Corollary 9.7. Suppose that the distributions P, = L(Y,,1) fulfil the following conditions:
¥, :=Var(Y,) = X with \pin(X) > 0,

A= (%0 — g P min ™Y — . 13) 0.

Then,
2L, (1) — 2nlogn —z X2

This result implies that the confidence set
{ne R : L,(n) < nlogn + xi;l_a/Q}

contains the unknown mean p,, with asymptotic probability 1 — a.

Proof of Corollary 9.7. This result follows directly from Theorem 9.5 and the Central Limit The-
orem (Theorem A.17), because

1
Ly = — (Ym - :U’n) - Nd(ovz)a
n 1=1
1
M, = 7121?;( Vi — py,]| —p 0,
N 1 <&
X = n Z(Ym = H) (Yni — Nn)T —p 2
i=1 ]

Numerical example. The explicit computation and visualization of the confidence region
Cro = {n€R: Ln(n) <nlogn+x31_a/2}

is a non-trivial task. But in dimensions d < 2, one can approximate this set sufficiently well by
calculating L,,(n) for all vectors m in a fine grid. Figure 9.1 depicts a sample of size n = 50
from a bivariate Gaussian distribution with mean 0 € R? and covariances %(1,1) = $(2,2) = 1,
3(1,2) = 0.7. In addition one sees the true mean (green star), the sample mean (solid black point)
and the boundary of C,, ,, for &« = 0.5,0.1,0.05,0.01 (blue lines).

9.2 Empirical Likelihood for Linear Regression

Now we consider a linear regression setting with observations (d,,1, Y1), - .., (dun, Ynn), con-
sisting of fixed vectors d,,; € RP and random variables

Yni — d;;en + €ni
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Y(2)

\ \ \ \ \ \
0

Y(1)
Figure 9.1: Confidence regions for a mean via empirical likelihood.

with a fixed unknown parameter 0,, € R? and stochastically independent random errors €,,1, £,2,
..., Enn, Where
IE(Em) =0 and o, = Std(&m) < o0

for 1 < i < n. We also assume that the design matrix D,, = [dn1dp2 - .. dnn]—r has rank p for
sufficiently large n.

To motivate the definition of the negative empirical log-likelihood function, we first discuss a
particular estimation problem: For a probability weight vector p € II,, N (0,1)™ and any vector

0 € RP, we consider the sum of squares
n
Qp(0) = ZPi(Ym - d;iO)Q-
i=1
This is a strictly convex function on 0 with
n n
VQp(0) = —2) p(Yni —d,;0)d,; and D’Qu(0) = 2> pd,d,;.
i=1 i=1
In particular, the unique minimizer of Q) (-) is given by the equation
n
> pYi(6) = 0
i=1

with the residual vectors
Y,i(0) = (Yoi—d 0)d,, € RP.
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An explicit formula for this minimizer is given by

6, = (D) diag(p)D,) ' D) diag(p)Y,,

and for the special weight vector p = (1/n)"_;, we obtain the usual LSE 0.,

The residual vectors Y;,;(0) play a particular role, because IE Y;,;(6,,) = 0, and
n
E(Ypi¥.i(6)) = (D] diag(p)D,,)(6, — 6)
i=1
is equal to O if and only if @ = 6,,. Thus we define

Ln(8) = mf{S(p) :p eIl pY(0) = o}.
=1

Theorem 9.4 provides us with the alternative representation

In(®) = = int, S0+ A ¥iu(0))L,).

and one can verify easily that L,,(-) is a convex function on RP.

The subsequent results show that under certain conditions, likelihood-based procedures as intro-
duced in the context of logistic and Poisson regression are applicable with the empirical log-
likelihood function in place of a usual log-likelihood function. In particular, the wild bootstrap as
well as empirical likelihood are able to deal with heteroscedastic errors. Our asymptotic consider-

ations refer to the following conditions:

(E.1) For a fixed symmetric, positive definite matrix I' € RP*P,
IR T
- Y ozidydy; — T
i=1

(E2) Lo \ \
=S Bl lldul* = 00).
=1

(E.3) For a fixed symmetric, positive definite matrix T, € RP*P,
1< -
- z; d,d,; — T,.
i

(E4) 1

S lldult = 0.
=1

Theorem 9.8. Under conditions (E.1-2),

2L,(0,) — 2L, (0,) = Z)T7'Z, +0,(1) =, X2,

where Z,, := n1/2 Z?’:l Enilni — ¢ Np(Ov ).
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Under conditions (E.1-4),
2L (0n + 1 V2A) = 2L,(0,) = —2Z] A+ ATT,A + 1, (A)
for arbitrary A € RP, where T, := T, "'T,, Z,,, :=T,I"'Z, - N,(0,T,), and

sup  |rp(A)| —, 0 forany fixed C' > 0.
A:flal<C
Proof of Theorem 9.8. For both parts, we apply Theorem 9.5 with p in place ofdand Y,,;(0,) =
Enidn; or Yy, (0, + n_l/QA) = enidni +n2d .d] A in place of y, —

ni-'ni

Conditions (E.1-2) and Lindeberg’s CLT imply that

1 n
Z, = %Zz—:mdm —, N,(0,T),

M, = 711282{ lenidnill —p 0,
~ T
r, = 7Z€mdmdm p T

Hence, Theorem 9.5 implies that
2L, (0,) —2L,(6,) = Z T7'Z, + 0,(1),
and Z T7'Z, = |[T712Z,|]> =, X2

To verify the second part, we consider the auxiliary objects
1 n
Zn(A) = P Z Y;i(0, + n2A),

— , —1/2
Mn(A) = \Flr%aXnHYnz(on +n A,

L,(A):= - Z Y,i(0, +n 2A) Y, (0, +n2A) T

Note that Y,,;(0,, + n_l/zA) = enidni —n2d_.d| A, whence

ni-'ni

Zn(A) = Z, —TpoA with Ty, := de I

Thus, for any constant C' > 0 and arbitrary vectors A with ||A]| < C,

HZn(A) - ZnH Amax(rno)c = 0(1),
||Zn(A) - (Zn - FOA)H < Hrno - FOHC = 0(1)'

IN

Moreover,

My,(A) < M, +Cn~" max ||y
1<i<n

< M, +Cn™'/? (% Zn: ||dni||4) v
i=1

= M, +0(n"?) =, 0,
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and

T, (A) — T, = H* nHd),A)? — 2 2e,,d] A)d,d],
TZ ||dm”4 3/2 Z il [ dnil|®
1 - 3)\%/3
O™+ g (Zm lal?) " (3 o)
j=1
_ 2C /1 1371 & 2/3
= o) + ﬁ(n;|5m|3||dm||3) (njzludnm)
c " / - /
< 0 + = (3 S kel il (3 laul)
i=1 j=1

= Op(n_l/Q)-

IN

IN

Consequently, we can apply Theorem 9.5 simultaneously for all A € RP with |A|| < C, and this

leads to
2L, (0, +n"V2A) — 2L,,(0,,)
= (2L, (85 +n"Y2A) = 2L,(6,)) — (2Ln(82) — 2L, (6,))
= (Z,—-T,A)' T YZ, -T,A) - ZT7'Z, +7,(A)
= 2T,0'Z,)TA+ AT, I IT,A + 7y (A)
= 2Z) A+ AT A +r, (D),
where sup{|r,,(A)| : [|A| < C} =, 0. O

Example 9.9 (Simple linear regression). In the left panel of Figure 9.2, one sees a scatter plot of
simulated data (X;,Y;), 1 <i < n = 200 with X; = i/n and

Y; = 14+ X;4+&;, e ~N(0,X2).

In addition, the true regression function f(z) = 1 + x (green line), the estimated regression

function ]?(x) =G+ bx (blue straight line) and simultaneous confidence intervals
[min{a + bz : (a, b)"T € Coos}, max{a+ bz : (a,b)" € Co.05}]
for x € R (blue curves) are depicted, where

= {0 €R*: L(0) < nlogn + x5, _/2}.

The right panel of Figure 9.2 depicts the boundary of the confidence region C,, for the confidence
levels 1 — a = 0.5,0.9,0.95,0.99 (blue curves), the LSE 0 (black dot) and the true parameter
6 = (1,1) " (green star).
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Figure 9.2: Confidence regions for simple linear regression via empirical likelihood.

Example 9.10 (Quadratic regression). In the upper panel of Figure 9.3, one sees a scatter plot of
simulated data (X;,Y;), 1 < i <n = 200 with X; = i/n and

Y; = 14+ X — X246, & ~N(0,(X;/4)%).

In addition, the true regression function f(x) = 1+ — 22 (green curve), the estimated regression

function f(x) = @ + a1« + azx? (central blue curve) and simultaneous confidence intervals

. T
[min{ag + a12 + asa? : (ap,a1,a2)" € Coo5}, max{ag + a1z + asx? : (ag,a1,a2)" € Coo5}]
for x € R (outer blue curves) are depicted, where

Co = {0 €R®: L(0) <nlogn+ x31_./2}.

The lower panel of Figure 9.3 depicts the true first derivative f'(x) = 1 — 2z (green line), the
estimated first derivative f’(m) = a1 —2azx (blue line) and simultaneous 95%-confidence intervals
for f/(x) (outer blue curves). In particular, the 95%-confidence interval for the unique point
x, = 0.5 with f’(z,) = 0 is equal to [0.440, 0.572].
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Figure 9.3: Confidence regions for quadratic regression via empirical likelihood.



Chapter 10

Isotonic Regression

In the context of checking the output of logistic regression graphically, we touched upon so-called
isotonic regression. The material in this chapter provides a brief introduction to this topic. For
a broader view on the field of statistical inference under qualitative constraints, we refer to the

monographs of Robertson et al. (1988) and Groeneboom and Jongbloed (2014).

The general setting are observations (X1, Y7),...,(X,,Y,) with values in X x ) € R x R.
After conditioning, if necessary, we assume that X;,..., X, are fixed values, and the Y; are
independent random variables with distributions Q(- | X;). Here (Q(- |:r))x cy is an unknown
family of distributions on ). Now we want to estimate a certain real-valued feature f(z) of
Q(- | x). Instead of assuming that f belongs to a finite-dimensional space of functions, we only
assume that f belongs to

Froi= {f X — Risotonic},

where ‘isotonic’ is a synonym for ‘monotone increasing’.

Example 10.1 (Isotonic means). If our goal is to estimate the conditional mean function p, given

by p(x) == [y Q(dy|z), we could aim for a function fi in

argmin 3 (Vi — f(X0))?.
f€.7:¢ ;

Example 10.2 (Isotonic quantiles). If our goal is to estimate a conditional y-quantile function g,
for a given v € (0, 1), that is,

Q((fqu'y(fc))}x) < v < Q((*OO»Q'Y(@HJ/‘),

we could aim for a function g, in

where p,(t) := (1 — 2v)t + |t| for t € R.

Example 10.3 (Isotonic binary regression). Suppose that )} = {0, 1}. Then Q(- | x) is uniquely

determined by the mean function p(z) := Q({1} | =), and it could be estimated by a minimizer p

255
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of the negative log-likelihood, that is, a function in

argmin Y [~¥;log(f(Xy)) — (1 - Yi)log(1 — f(X3))],
FEFr0<f<1 T
where log(0) := —oo and 0 - log(0) := 0.

Example 10.4 (Isotonic Poisson regression). Suppose that Y = Ny and Q(- | z) = Poiss(A(z))
for some unknown function A : X — [0, 00). Again, this could be estimated by a minimizer of

the negative log-likelihood, i.e. a function Xin
n

arg min i) = Z-lo i .
prgmin 3 [f(X0) — Yilog(f(X))]

10.1 The Pool-Adjacent-Violators Algorithm (PAVA)

In all examples we have seen so far, the goal is to find a function in the set

argmin L(f)
fE}—T

for some target function L = L(-, X,Y). Typically, the set of minimizers of L over F; is not
a singleton. Indeed, in our examples, L(f) depends only on f(X). Thus we reparametrize the
problem as follows: Let x; < --- < x,, be the different elements of { X1, ..., X,,}. On the one
hand, if f € F%, then the vector f := (f(x;))}jL; belongs to the convex cone

RY = {feR™: fi < < fm}.
On the other hand, for any vector f € RY™" there exists a (non-unique) function f € F; such that

f(l‘]) :f]’ for 1 S] <m.

Now we aim for a vector f in the set

argmin L(f),
Ferm

where
m

L(f) = Y Li(fy)

=1

with certain functions L; = L;(-,X,Y’) : R — (—o00,00]. Here is our general assumption on

these functions L;:

(L) For any nonvoid set S C {1,...,m} let Lg(t) := ;g L;(t). There exists anumber {s € R
such that Lg is decreasing on (—o0, {s] and increasing on [{g, 00).

Let us review the explicit examples we have seen before:
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Example 10.1 (continued). ~ For f € Fpand f := (f(z;))L; € RY',

n

> (Y- f(X Z Z (Vi = £;)? ng — )+ YR - Zwy],

i=1 X;=x

where )
= #{i: X;=2;} and y; = . Y.

Thus estimating isotonic means amounts to minimizing L(f) = ;":1 Lj(fj) overall f € R,

where L;(t) :== w;(t — §;)*. For any nonvoid set S C {1,...,m},
Ls(t) = ws(t—7s)> + Y w7} — wsy3,
jes

where wg = ;g w; and

ys = w§1 ijgjj = sample mean of (Y, : X; = xj for some j € S).
JjeS

Thus condition (L) is satisfied with £g = ¥g.

Example 10.2 (continued). With f € F; and the corresponding f € R,

STy (F(X) =) = > Li(f5)
i=1 j=1

with

Lit) = 3 plt-Yo).

1 X;=x;

Condition (L) is satisfied with g being any sample y-quantile of (YZ : X; = xj forsome j € S ),

see Lemma 6.1.

Example 10.3 (continued). With f € F with0 < f <1, f € R, w; and y; as before,

n

D [-Yilos(f(X) = (1= Yi)log(1 — f(X0)] = 3" L;(f;)

i=1

with L;(t) := —w; [y, log(t) + (1 — g;) log(1 — )] for t € [0,1] and L;(t) := oo for t & [0,1].
This leads to

Ls(t) = —ws|[gslog(t) + (1 — gs)log(1 — t)]
fort € [0,1], and Lg(t) = oo fort ¢ [0, 1]. Since

d t—Js
g L) = wsya—y

for t € (0, 1), condition (L) holds true with {5 = ¥gs.
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Example 10.4 (continued). With f € F; with f > 0, f € RY", w; and y; as before,

n m

D LA = Yilog(F(X0)] = > Li(f5)

i=1 j=1
with L;(t) := w;[t — g;log(t)] for t > 0 and L;(t) := oo for t < 0. This leads to
Ls(t) = wslt —slog(t)]

fort > 0 and Lg(t) = oo for t < 0. Here,

d

%Ls(t) = wg(l —gs/t)

for t > 0. Thus, condition (L) holds true with {5 = ¥g.

Abstract description of the PAVA

The idea is to work with piecewise constant vectors in R™. Precisely, let S be a partition of
{1,...,m} into index intervals S = {a,...,b} with 1 < a < b < m. Then we consider the linear
space

RS = {f € R™: f; = f; whenever 4, j € S for some S € 8}.

Note that for f € R'Z, one can write

L(f) = Z Ls(fi(s));

Ses

where j(.5) denotes any index in S. In particular,

L(f) > L(fs),
where }S = (fgj);”:l is given by
f/ig’j = &g forje S, SeS.
Now the algorithm works as follows:

Start. We start with the finest partition S = {{1},{2},...,{m}}.

Induction step. Let S be our current partition. Suppose there exist two sets S = {a,...,b}
and T = {b+1,...,c} in S such that {5 > & (“adjacent violators”). Then we replace S with
a coarser partition by replacing the two sets S and 71" with the one set S U 1" (pool the adjacent

violators).

Termination. If S satisfies g < {7 whenever S, T € S with S < T element-wise, the algorithm

stops and returns } = ? S-

Note that #S equals m in the beginning, and #S decreases by one in each induction step. Hence,
the algorithm terminates after at most m — 1 repetitions of the induction step. By construction, the
resulting vector f = f s belongs to RY" N RY. That it minimizes L(f) over all f € Ri" is not so

obvious. This fact follows from the next lemma.
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Lemma 10.5. Suppose that S is a partition of {1, ..., m} such that £ > &p for two sets S =
{a,...,byandT = {b+1,...,c} inS. Let S be the partition resulting from replacing S and T
with S U T. Then, for any vector f € R NRY', there exists a vector f e R N ]Rgl such that

L(f) < L(f).

This lemma shows that the minimum of L(f) overall f € RY*NR remains unchanged whenever
we pool two adjacent violators in S. We start with the finest partition S = {{1}, cee {m}}, N
R MR = RY", and we continue this pooling until eventually the minimizer ? soverall f € R
belongs also to RY". This implies that the final vector f s minimizes L(f) among all f € R

Proof of Lemma 10.5. Let f € RT" NRY. Now let f be given by

f' ) forje{1,...,m}\{a,...,c},
710 forjeda,....cl

where f, < 6 < f.. Then, fe RN Rg”, and
L(f) = L(f) = Ls(fa) — Ls(0) + Lr(f) — L7(0).

If fo < &r,then {7 < &g implies that Lg is decreasing on [ f,, min(¢r, f.)], and Ly is increasing
on [min(f., &), f.]. Thus, choosing 6 = min(f., &) leads to a vector f such that L(f) < L(f).

If fo > &p, then Ly is increasing on [f,, f.]. Hence, the choice § = f, leads to a vector }' such

that L(f) < L(f). O

Refinement. Suppose that the minimizers g, § # S C {1,...,m}, fulfill the Cauchy mean
value condition. That is, for arbitrary disjoint nonvoid sets S, 7" C {1,...,m},

min{¢s, {7} < Esur < max{&s,{r}

This condition is satisfied, for instance, if the minimizer £g of Lg is unique for any nonvoid set
S. Tt is also satisfied if each function L; is convex and lower semicontinuous with L;(t) — oo as

|t| — oo, and if £g is always the smallest (or always the largest) minimizer of Lg.

Here one can start the PAVA with the partition of all maximal index intervals S on which j — 5y
is non-increasing, because the singletons {j}, j € S, can be pooled initially.

Explicit versions of the PAVA

The general description of the PAVA is rather vague about where to look for adjacent violators.
Here is a more explicit description. Instead of the partition S we consider a tuple s = (s1, ..., Sm)
and an integer variable b € {1,...,m} suchthat0 < s1 < --- < s, < m. With s := 0, this tuple
s corresponds to the partition S consisting of the sets S, := {s,—1 + 1,...,84}, 1 < a < b, and
the singletons {j}, s, < j < m. Moreover, let g = (g1, ..., gm) be a tuple such that g, = &g,
for 1 < a < b. Note that the components s; and g; are irrelevant for b < j < m, but it is more

economical to initialize the vectors s and g just once with a given length m and to keep track
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b+1
s« () % start with S = {1}
g < (6{1})?:1
for k < 2tomdo
b+—b+1
sy k % add new set {k}
9b < &k}
while b > 1 and g, < gp_1 do
Sp—1 < k % pool Sy_1 and Sy
b1 < &5,_1US,
b+ b—-1
end while
end for
} A (O)T:1 % initialize ‘/f and
fora < 1tobdo % assign values to it
for j < sq—1 + 1to s, do
fj < Ja
end for
end for

Table 10.1: Schematic pseudo-code for the PAVA.

of the number b of relevant entries. Table 10.1 contains pseudo-code for the PAVA in terms of
these auxiliary objects. Each run of the inner while-loop corresponds to a pooling of two adjacent

violators.

Specifically, if &g = yg as in Examples 10.1, 10.3 and 10.4, there should be another auxiliary
vector v = (vy,...,Vy) such that v, = wg, for 1 < a < b. Moreover, here one can use the
refined version of the PAVA and start with the partition consisting of all maximal index intervals
S on which j — g; is non-increasing. Then the PAVA reads as in Table 10.2. Note that increasing
b and generating the new set S;, requires only O(#5S}) operations, whereas the pooling of two
adjacent violators requires only a fixed number of operations. Consequently, the total running
time of the PAVA is of order O(m).

Example 10.6. Figure 10.1 shows a simulated data set with n = 200 pairs (X;, Y;). In addition
to these data points, one sees an isotonic least squares fit i as a blue line. It is obtained from }
by linear interpolation on [z, 2;41], 1 < j < m, and constant extrapolation on (—oo, z1] and on
[, 00). The data have been generated as Y; = 11(X;) + ; with independent standard Gaussian
errors £, and p(z) = min(max(x, —1), 1). The latter function y is depicted as a green and dotted

line too.

10.2 Further Considerations for Isotonic Least Squares

We consider the minimization of L(f) = >_"; L;(f;) over all f € R, where L;(t) = w;(t —
%)2. Here the mapping L : R™ — R is strictly convex, so the PAVA yields the unique minimizer
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k<0
b+« 0
S+ (0);’”‘:1
g < (0)?1:1
V< (0)?:1
while £ < m do
k< k+1
Unew $— Wk % start a new set with {k}
Gnew — Wik
while k < m and 451 < ¥ do
k+—k+1
Unew €~ Unew + Wk % extend the new set
Grew ¢ Grew + WYk
end while
b+ b+1
sp < k % add the new setto S
gp < Gnew/vnew
Vb < Unew
while b > 1 and g, < gp_1 do
sp—1 < k % pool S,_1 and S,
Vtemp — Vp—1 + Up
gb—1 < (Vb—19b-1 + Vbgb) /Vtemp
Up—1 < Utemp
b+—b—1
end while
end while
f (0)72y % initialize f and
fora < 1to bdo % assign values to it
for j < s4—1 + 1to s, do
Ji < 9a
end for
end for

Table 10.2: Pseudo-code for the PAVA with weighted averages.
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Figure 10.1: Example for isotonic means based on n = 200 simulated data.

J of L over RY". In this section we derive various properties and characterizations of f.

For notational convenience, for indices 1 < a < b < m we use the subscript ‘a, b’ instead of
a,...,b}, s0wep = Z;’-:a wj, and g p = wg; Z;’-:a w;y;. In addition we consider the local

weighted average
b
Fur = vt YwF
ab - a,b JjJJ
Jj=a

of ? Note that by isotonicity of j — fj,

~ ~ ~

fa < fa,b < fb'

Lemma 10.7 (Inequalities for local weighted averages). For arbitrary indices 1 < k < ¢ < m,

(10.1) Fow = Tue if fo < Jorn,
(10.2) Tee < Uy IF fr—1 < [k,

IN

where fo := —o0 and me = 00.

Proof. For any t € R let f(t) be given by

fi(t) = J?j‘Hl[kgjgé]-
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Note that £(0) = FI6F < ng, then f(¢) € RY" whenever 0 < ¢ < fA‘gH — fu Consequently,
optimality of ? implies that
l

2 ij(fj — i) = 2wy (fre — Uro)-

J=k

=

<

=
I

If ﬁ;_l < fk, then f(t) € RY" whenever ﬁg_l — fk <t < 0. Consequently,

d

0= t:OL(f(t)) = 2wk,z(fk,@ = Upt)-

O

The inequalities in Lemma 10.7 lead to an explicit representation of ? which is useless algorith-

mically but very useful for geometrical and theoretical considerations.

Lemma 10.8 (Min-max and max-min formulae). Forany k € {1,...,m},
= max min ¢, , = min max ¥y, ;.
Ix DAX W G = TN NAX G

Proof. To verify these formulae, let 1 < a(k) < k < b(k) < m such that fa(k),l < fa(k) =
Jok) < So(k)+1-

Proof of the max-min formula. If a < k and b(k) < b < m, then

Wa b(k)Ya,b(k) T Wo(k)+1,6Yb(k)+1,b _

Yap = Dap Ya,b(k):

because

~

Yoy < Jap) < J?b(k) = fr and Gy > f/;(k)JrLb > foyrr > i

by (10.1) and (10.2), respectively. Consequently,

max min 4§, , — max min ¢ < max ¥y < 7
ash bok Jab a<k b=k,..b(k) Yap = T8 Yab() = Fie

and a second application of (10.2) leads to

. — — . — > . — > . N — N .
AN BUR o = AN (R Yo 2 I Yatn 2 0 et = T
Proof of the min-max formula. In principle, this formula follows from the max-min formula after
replacing (wj, §;) with (Wp41—j, —Fm+1—;) for 1 < j < m and noting that the resulting vector
} for the modified data corresponds to the vector (—fmﬂ, j);-”:l for the original data. But here is
a direct argument: If 1 < a < a(k) and b > k, then

_ Waa(k)—1Ya,ak)—1 T Wa(k),bYa(k),b < g

Yap = Wap Ya(k),b>

because

~ ~

ga,a(k)—l < fa,a(k)—l < fa(k)—l < ﬁ and ga(k),b > fa(k),b > a(k) = fk’
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by (10.1) and (10.2), respectively. Consequently,

~

min max = min max > min >
ok Yab bk aca(hy yab = bk ya() > i

and a second application of (10.1) leads to

~ ~

min max y,;, = min  max yab < max  Yougy S max  fougy = fi

b>k a<k b>k a=a(k),.. T a=a(k),...k ~ a=a(k),...k

O]

Our next result provides a characterization of f in terms of weighted partial sum functions. Let
T = {to,tl,. . .,tm}

with to := 0 and tj, == Y_"_

functions S, F : T — R of y and £, respectively, via S(0) := 0, F(0) := 0 and

qw; = wyy for 1 < &k < m. Now we define weighted partial sum

NE

S(ty) = W;Y; = Wi kY1 ks
j=1
k

F(ty) = > wif; = wipfrpe

<
Il
—

Lemma 10.9 (Greatest convex minorant). The function F is a convex function on T such that
F < S. For any convex function F on T, F < S implies that F' < F.

Proof. By construction of F, the slope

F(ty) = F(ty—1) _ 7

bty — tg—1

is isotonic in k € {1,...,m}, whence F is convex. Note also that ﬁ(O) = 5(0) = 0, and (10.2)
implies that ﬁ(tk) < S(t) for k = 1,...,m. Moreover, combining this with (10.1) shows that
F(t,) = S(t),) whenever Fi < ﬁ_i'_]_.

For fixed & € {1,...,m}. let 0 < a(k) < k < B(k) < msuch that fog) < Jagry1 = Fou <
Fak) 1. Since f; = fk; for a(k) < j < B(k) an

Bk
d F(tam) = Staw)) Ftswm) = Staw))

F(tr) = Fta) + (tk — tage) fi

~

~ (tﬁ(k)) = F(taw))
= Ftaw)) + (tk — taw))
* 7 a0 — tage

= (T = M)Staw)) + S taw)),

where A\ := (tr — tam))/(ta®) — tar)) € (0,1]. But for a convex function F' : 7 — R with
F <5,

F(ty) = F((l = Me)tagr) + )\kt,B(k))
< (1= M) F(tam) + A (tak))
< (1= M)S(tagy) + MS(tawy) = Flt).
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Figure 10.2: Partial sum functions for the data in Figure 10.1.

Example 10.6 (continued). Figure 10.2 shows for the data in Figure 10.1 the corresponding
partial sum function ¢ — S(t) as a black line and the function ¢ F (t) as a blue line. (We used
linear interpolation between neighboring points t;_1 and £, 1 < k < m.)

Consistency. The min-max and max-min formulae for } imply consistency properties of } We
present two such results, where for simplicity we restrict our attention to the special setting when
X, = i/n. Moreover, we assume that

Y, = p(i/n) +¢;

with independent random errors 1, . . ., &, such that IE(g;) = 0 and IE(&?) < o2 for some fixed
o> 0.

Theorem 10.10. Let i € F4 minimize L(f) = Y1 (Y; — f(X;))? overall f € F.

(a) Suppose that the true mean function p is Lipschitz-continuous on some nondegenerate interval
[20, 21] C [0,1]. Then for each fixed x € (2, 1),

i) — ()| = Oy(n~'7%).

(b) Suppose that the true mean function . is constant on some nondegenerate interval [zg, z1] C
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[0, 1]. Then for any fixed 6 € (0,21 — z0),

sup  (A(z) — p(x)) " = Op(n~Y?2),

x€[20,21—0]

sup (w(x) — i(2) " = Op(n~'/?),
x€[z0+6,21]

Proof of Theorem 10.10. Note thatm = nand z; = X, wjp =k+1—jfor1 <j <k <n.
k

In addition to the averages 7/; , we use the averages &;1, := (k+1 — 7)Y/ &;.

Suppose that p is Lipschitz-continuous on [zg, z1] with Lipschitz constant L. With ¢, := n~1/3,
for sufficiently large n, [x — 0y, 2] C [20,2] and {i : X; € [x — J,, z]} is nonvoid. Precisely, the
indices j, := min{i : X; > 2 — n~'/3} and k,, := max{i : X; < x} satisfy

kn+1—7jn = ndu(1+0(1)) = n?3(1+0(1)).
According to the max-min formula,

G(z) > .. = max min 7., > min g .
) = fr, max min g, > Mmin g, »

But with the Lipschitz constant L of x on [zo, 21],

b
Tins = (b+1—3n) 23 (uli/n) + &) > p(x) — Lon + &5, 4,

1=Jn

whence

~

plx) = @) < Lon +max|e;, |-
Now, a well-known inequality of Kolmogorov states that for any n > 0,

P (max |5, 4 > 1) < 4o
max |, .
b>kn Il = ! B 772(]{771 +1- ]n)

Consequently, for any fixed C' > 0,

~ 402 402 0
P (u(z) — fi(z) > (L + C)3,) < e et (1C+2 (1))’

because 62(ky, +1— j,) = 1+0(1). This shows that (u(z) — ﬁ(m))+ = 0,(n~"/3). Analogously
one can show that (fi(z) — u(x)) " = O, (n~1/3). This proves part (a).
Now suppose that y is constant on [z, z1]. For sufficiently large n, the index set {i : X; €
[20, 20 + 0]} is nonvoid. Precisely, j, := min{i : X; > 29} and k,, := max{i : X; < 29+ 0}
satisfy

kn +1—jn = nd(1+ o(1)).

Now, since 11 = pu(z9) and fi is isotonic on [zg, 21],

sup  (u(w) — fi(x) < (u(z0) = Fra),
z€[z0+6,21]
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and by means of the max-min formula,
Fn > > min g g > > p(z0) + min &,
Another application of Kolmogorov’s inequality leads to

P( s (u(@) — i) = Cn?)

x€[z0+6,21]

402 402(1 + o(1))
< = —1/2) < _
= P(?ﬁ%}ﬂgh»b = 2k + 1 — jn) C25

Consequently, SUD, e (.o 152 (u( ) — i(x)) " is of order O, (n~'/?). Analogously one can show
that sup.c (., ., s (A(x)— pu(z)) " is of order O, (n~"/2). This concludes the proof of part (b). [J

10.3 Isotonic Distributional Regression

The methods mentioned in this section are described and analyzed in detail by Mosching and
Diimbgen (2020). Suppose we are interested in the complete distributions Q(- | z), z € X, rather
than just a specific feature of them. Equivalently, we would like to estimate the entire distribution
function G(- | x) or quantile function G=1(- | z) of Q(- | z) for each x € X. This is possible under

the following assumption:

(SO) The mapping x — Q(-| x) is isotonic on X with respect to stochastic order.
This constraint can be reformulated in two equivalent ways:

(SO’) For any fixed y € R, z — G(y | z) is antitonic (monotone decreasing) on X’;
(SO™) For any fixed vy € (0,1), z — G~ *(vy|z) is isotonic on X

In view of (SO”) one could think about estimating =z — G~ (y | ') for any ~ in a sufficiently large
finite subset of (0, 1) via a suitable variant of the PAVA. But characterization (SO’) leads to a more
elegant solution: Since G (yo |z) = [ 1<y, Q(dy|z), we estimate G(y, | z) by Glyo|z) =
F(x), where f = fyo is a function in

2
arg min E 1 0 — f(X5))7,
fer, = Yi<yo] — ( ))

and F| denotes the family of all antitonic functions on X. The good news is that it suffices to
consider all y, € {Y(1),Y(2),-- -, Y(n—1)}, Where Y(1) < ¥(9) < --- < Y, are the order statistics
of Y1, ...,Y,. Hence, the estimation of G(- | -) amounts to applying a suitable version of the PAVA
at most n — 1 times. Thus, the running time of the whole procedure is only O(n?). For further

details and refinements, we refer also to Henzi et al. (2022).

Example 10.11. In a survey of UK households in 1973, the annual income (X') and the annual
expenditures for various commodities such as food or housing (Y') have been determined for sev-
eral thousand households. Figures 10.3 and 10.4 depict the log-transformed observation pairs
(log1o(Xi),logy(Y;)) and estimated y-quantile curves for v € {0.1,0.25,0.5,0.75,0.9}, result-
ing from the isotonic estimators G (-] x). (The observations with the five smallest or largest X - or

Y -values are not shown.)
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logio(Y:)

T T
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Figure 10.3: Log-transformed annual incomes (X) and expenditures for food (V) for n = 7125

UK households in 1973.

logio(Y+)

4.0 4.5 5.0

IOgl(')(xi)

Figure 10.4: Log-transformed annual incomes (.X') and expenditures for housing (Y) for n = 7110

UK households in 1973.



Appendix A

Miscellaneous Auxiliary Results

A.1 The QR Decomposition

Consider a matrix A € R™*? such that its first min(n, p) columns are linearly independent. Then
there exists an orthogonal matrix @ € R™ ™ and an upper triangular matrix R € R"*P with
nonzero diagonal entries such that

A = QR.

The conditions on Q and R mean that
0 ifi=j,
QQ=-1I, ad R, {7 0 I
=0 if?z>j.

In case of n > p, one could also write
(A.1) A = QR

with Q € R™ P containing the first p columns of @ and R € RP*P consisting of the first p rows
=T ~ . = :

of R. Then, Q @Q = I,, meaning that the columns of ) are orthonormal vectors in R", and the

square matrix R is upper triangular with nonzero diagonal terms, too. In this setting, suppose we

want to compute for y € R"” the vector

x = argmin |y — Av|| = (ATA)1ATy.
vERP

Then, the reduced QR decomposition (A.1) of A yields the equivalent representation

x=R'Qy.

Hence, computing  amounts to solving the linear equation system
~ =T
Rx = Q y.
Due to R being upper triangular, the latter task can be accomplished easily via back substitution.

Now, the main question is how to obtain a QR decomposition. In case of n > p, one could
construct a reduced QR decomposition (A.1) by means of the Gram—Schmidt method. A faster

and numerically more stable procedure is based on Householder transformations:

269



270 APPENDIX A. MISCELLANEOUS AUXILIARY RESULTS

Consideration 1 (Householder matrices) If b € R™ is a unit vector, then
H = I,-2bb"

describes the reflection at the hyperplane b*. That means,

He - )% ifacEs;ian(b),
x ifxeb.

In particular, H is a symmetric orthogonal matrix, that means,

H =H'" and H? = I,.

If a, r are two different vectors in R” with ||a| = ||r| > 0, then
(A2) H=TI,-—— (a-ra-n
) =1, — a—r)a—r

" la—r|?

1

describes a reflection at the the hyperplane (@ — r)—, and

Consideration 2 (Start of algorithm) Let a be the first column of A, and let

_ J=llall,0,...,0)" ifai >0,
© L(+lall,0,...,0)T ifas <0.

If we define H as in (A.2), then
A = QR,

where

Q = H and R := HA = [i||a|| R12:|

0 A,

with matrices Ris € R ®~1) and A, € R(=1*(P=1) such that rank(A,) = min(n —1,p —1).

Consideration 3 (Induction step) Suppose that after & < min(n— 1, p) steps, we have obtained
a decomposition
A = QR

with an orthogonal matrix @ € R™*" and a matrix R € R"*P of the following form:

_ |Ru1 Ry
R | T

with an upper triangular matrix Ry; € Rf*k some matrix Rys € RF x(P—k) and a matrix A, €
R(=k)x(P=k) with rank min(n — k, p — k). Now we construct H, as H in Consideration 2 with
A, in place of A, that means H, € R(®%)*("=k) i5 orthogonal such that the first column of
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H,A, is of the form (r,,0,...,0)" € R"* for some 7, # 0. Then the equation A = QR

remains valid if we replace Q = [q;,q>, - - -, q,,] With
I, O
Q |:0 Ho:| = [qlv"'vqlw [qk+17'-‘7qn]Ho}
and R with
R R
I, O R — Ry Rix | _ M . 12*
0 H, 0 HA, 0 [6’ *]

The new matrix @ is orthogonal, too, and the first £ 4+ 1 columns of the new matrix R constitute

an upper triangular matrix.

Remark. To multiply a matrix C' from the left or from the right with a Householder matrix
H = I —2bb', there is no need to generate the matrix H explicitly. Instead one can compute
CH =C —2(Cb)b" or HC = C — 2b(b' C), which is substantially faster.

Remark. In R, the QR decomposition is at the core of the procedure gr.solve( A, B) with input
arguments A € R"*P such that rank(A) = pand B = [by,...,b,] € RP*9. It returns a matrix
C =lci,...,¢q € RP*9 such that

c; = argmin ||[Av — bg]|.
vERP?

To do so, the first p steps of the QR algorithm are applied to the matrix [A, B| € R"™*(P+4) i
place of A, yielding

[A,B] = QR
with Q@ € R™*" orthogonal and
[R11, D] if n = p,
R=41Ry D
1 if n > p.
0 Ry
Here R;; € RP*P is upper triangular with nonzero diagonal, Ry € R("=P)X4 and D =
[d1,...,d4] € RP*% Then the desired matrix C solves the linear equation system
RHC =D

and is computed via backsubstitution.

A.2 Expected Values and Covariances

The distribution of a real-valued random variables X is roughly characterized by its expected
value IE(X) and its variance Var(X) = Cov(X, X). Recall the definition of the covariance of



272 APPENDIX A. MISCELLANEOUS AUXILIARY RESULTS

two real-valued random variables X, Y with IE(X?),IE(Y?) < oc:
Cov(X,Y) = E((X — E(X))(Y —E(Y)))
— E(XY) - E(X)E(Y)
= Cov(Y, X).

For an additional random variable Z with IE(Z?) < oo and fixed numbers «, 3 € R the following

rules are useful:
E(a+8X) = a+ E(X),
Cov(a+ pX,Y) = pCov(X,Y),
Cov(X +Y,Z) = Cov(X, Z) + Cov(Y, Z).

Furthermore,

Cov(X,Y) = 0 if X and Y are stochastically independent.

Now we generalize these quantities to random matrices and vectors.

Definition A.1. (a) Let Q = (Q4j)i<p,j<q € RP*? be a random matrix. The expected value of Q

is defined componentwise,

E(Qu) -+ IE(Qig)
EQ) = : : € RPX,

E(Qpl) T E(qu)
Here we assume that all expected values IE |Q;;| are finite.
(b)Let X = (X;)! , e RPandY = (Yj);]':1 € R? be random vectors with finite expected values
IE(]| X ||?) and IE(||Y'||?). The covariance (matrix) of X and Y is defined to be the matrix

Cov(X,Y) = E((X ~ E(X))(Y ~E(Y))T)

= E(XY ") -EX)EY)"

= (COV(Xi,YVJ'))iSP’qu € RPX9,
and the covariance (matrix) of X is the symmetric matrix

Var(X) := Cov(X,X) € RP*P.

Its diagonal contains the variances Var(X1),..., Var(X,).

To what extend are these definitions of IE(X ), Var(X) and Cov(X,Y') meaningful? On the one
hand, for arbitrary fised numbers a € R and vectors b € RP one can express expected value and

variance of a + b X as follows:
p P
E(a+b'X) = IE(a +3 biXi> = a+ > LEX)
i=1 i=1
= a+b' E(X),
k P
Var(a + bTX) = Var (CL + Z lez> = Z bzb] COV(Xi, X])
i=1

ij=1

= b Var(X)b.
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Since Var(a + b' X ) is always non-negative, this representation proves the following property:
Var(X) is symmetric and positive semidefinite.

In case of a unit vector b, the vector (bTX )b is the orthogonal projection of X onto the line

span(b); see the left panel of Figure A.1. Then Var(bTX ) quantifies the random fluctuations of

X in the direction of b. The matrix Var(X) is singular if and only if b" Var(X)b = Var(b' X)

equals O for some unit vector b. But this means that X lies almost surely on the hyperplane
H:= {zecR:b z=>b" EX)}.

This hyperplane contains the vector IE(X ) and is perpendicular to the vector b; see the right panel
of Figure A.1.

(b'y)-b

Figure A.1: Geometric interpretation of b' X (left panel). Support H of X in case of
b' Var(X)b = 0 (right panel).

The aforementioned formulae for the expected value and variance of affine functions of X may
be generalized to arbitrary affine mappings. The proof of the following lemma is left to the reader

as an exercise.

Lemma A.2. (a) Let Q, Q € RP*Y be random matrices with finite expected values IE |Qi;| and
E ‘@w‘ Then

EQ") = E(Q)' and E@Q+Q) = EQ)+E(Q)
Moreover, for fixed matrices A € R**!, B € R**P and C € R?*?,

E(A+ BQC) = A+ BIE(Q)C.

(b) Let R € R?*" be an additional random matrix with finite expected values IE | R;i|. If Q and

R are stochastically independent, then

E(QR) = E(Q)E(R).
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() Let X,X € R?” and Y € R be random vectors with finite expected values IE(|| X ||2),
IE(|| X ||?) and IE(||Y||). Then

Cov(Y,X) = Cov(X,Y)" and Cov(X +X,Y) = Cov(X,Y) + Cov(X,Y).

Moreover, for fixed vectors a € R® and matrices B € R5*P,

[E(a+ BX) = a+ BIE(X),
Covi(a+BX,Y) = BCov(X,Y),
Var(a + BX) = BVar(X)B'.

A.3 Monte Carlo Estimators for Tukey’s Method

In Section 3.6 we considered random variables of the following type: For a given set B of unit

vectors b € RP,
w

5271

T :=

with W := supycp |b' Z|, where Z ~ N,(0,I) and S? ~ x? are stochastically independent.
Now our goal is to estimate the survival function F : [0, c0) — [0,1] of T, i.e.

F(x) := IP(T > x).

~—

An obvious way to approximate the unknown (1 — «)-quantile x;_,, of 7" is to simulate indepen-

dent copies 11,15, ..., Tz of T and to set

Ki—a = T with m = [(B+1)(1 - «a)],

m)

where T(1y, T(2), . .., T(p) are the order statistics of 71,75, ..., Ts. The choice of m is justified
in Exercise A.3 below. However, in the present setting one can generate a refined Monte Carlo

approximation of the survival function F.

Integrating out S2. We may write

F(z) = P(W > z/5?/0)
= EIP(S* < (W?/2* | M)
= EG,(tW?/z?)
for arbitrary x > 0, where Gy stands for the distribution function of X?- Hence a Monte Carlo

estimator of F'(x) may be constructed as follows: We simulate a large number of stochastically
independent copies Wy, Wa, ..., Wp of W. Then we estimate F'(z) by

f‘ Go(tW?2/z?).

||Mm



A.4. B SPLINES 275

Efficient simulation of /. 1In the special case B = {b1, b2}, note that

wniof 1)

with p := b] by € [~1, 1]. Here W has the same distribution as
max{|Z1],|pZ1 + pZs|}

with 5 := /1 — pZand Z ~ Ny(0, I5).

In the general setting, we considered B = {||I‘71/2¢H_11"71/2¢: ¥ € P} for some set P C
RP \ {0}, where T' = D'D. If we determine a QR decomposition of D, that is, D = QR with
amatrix Q € R"”? such that Q' Q = I p and a nonsingular, upper triangular matrix R, then
I'=R"R. Nowlet R=ULV " with orthogonal matrices U,V € RP*P and a diagonal matrix
L with strictly positive diagonal entries (SVD decomposition). Then

I'=R'Q'QR = R'"R = VL*V',

whence I'™Y/2 = VL7'VT = TR~ with the orthogonal matrix T' := VU ', and R~ " :=
(RT)~' = (R™Y)T. Consequently,

W = sup|b' Z|
beB

= sup [T~/ 24|~ |(T7V/29) T Z]
PYeP
= sup [|[R™To[| (R T) ' TT Z|
PYeP
has the same distribution as

sup |[R™ 9| (R ") " Z|.
Ppep

Exercise A.3 (Monte Carlo confidence bounds with pivotal statistics). Let Y € ) be a random
variable with distribution depending on an unknown parameter § € ©. Furthermore, let 7" : ) X
© — R be measurable in its first argument such that 7°(Y, 6) has a known continuous distribution
P,. Next, let T7,T5, . .., T's be stochastically independent random variables with distribution P,,
also independent from Y, and let T(;) < T{g) < -+ <1I|p) be their order statistics. Show that for
forany m € {1,2,..., B},

Cp=Cn(Y,T1,...,T) == {n €0 :T(Y,n) <Tn)}

satisfies the equation

A.4 B Splines

For m, d € N and real numbers tg < t; < ... < ty, let Sg(to,t1,. .., L) be the set of all splines
of order d with knots tg, t1, ..., tmn, as introduced in Section 5.1. We have seen already that it is a

real vector space of dimension m + d.
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Now we consider temporarily an infinite-dimensional variant. Namely, let t = (¢,).cz € RZ be a

double sequence such that

<t g <t <ty <ty <tag<--- and lim ¢, = +oo.
z—+o00

With S;(t) we denote the set of all functions f : R — R with the following properties:
e Oneachinterval [t,_1,t,], z € Z, f is a polynomial of order d;

e fisd — 1 times continuously differentiable.

Each function f € S;(t) may be represented as

d
flz) = Z a;(x —to)! + Z b, max(z — ty, 0) + Z cymax(ty — x,0)?
=0

k>1 <0
with unique real coefficients a; (0 < j < d), b, (k > 1) and ¢, (¢ < 0). If z is restricted to

[t_(m+1) , tm+1] for some integer m > 1, one may write

d m 0
flz) = Z a;j(x —to)’ + Z b, max(z — tj, 0) — Z cymax(t; — z,0)?
j=0 k=1 =—m
For various reasons, the basis functions (- — tg)7, max(- — tx,0)¢ and max(t;, — -,0)% are prob-

lematic, and one would rather use basis functions with compact support. To this end, there exists
a special construction due to Carl de Boor:

Definition A.4 (B Splines). For z € Z let

b.o(x) = 1[tz <z<t 1]’

Ford =1,2,3,... define recursively

—t,
(A.3) boalz) = —Zb, 4 1(z) +

loti4d — @
b
(527d 5z+1,d

z+1,d71($)7
where 0y g :=ty 1 q — ty.

Remark A.5 (The special case d = 1). The space S;(t) consists of all continuous functions
f R — Rsuch that f is affine on each interval [¢,t.11], z € Z. The basis functions b, ; belong

to this space and are given by
baa(ty) = lpy—zqq) fory,z €Z.

In particular, b, ; > O on (t,,t,42) and b, ; = 0 on (—00, %] U [t,42,00), and

;o bz b

z,1 on R \ {tza tz-i—ly tz—i-Z}-
5z,1 6z+1,1

Moreover,
0,

boi(x)dr = 2
/ ;

An arbitrary function f € S;(t) may be written as

flz) = Z b () f(tzy1)-

2E€ZL

In particular, >, b, 1 = 1.
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Theorem A.6. Ford > 1, the functions b, 4, z € Z, have the following properties:

() b > 0 on(tytias),
d
1= 0 on(—0co,t] U [topdsr, o).

(iii) bz7d S Sd(t), and
bz d— bz+ d— R tz VA Z Ifd — 1,
! d ( 7 7 ) © { \ { }

ST N R S R ifd > 2.
(iv) 0zds1
b, g(z)de = 241
/R () dx i1

(v) The set S4(t) coincides with the set of all functions
f = Z )\zbz,d
2€Z

with A = ()\.).cz € RZ. The parameter sequence X is uniquely determined by the function

f = Zz )\sz,d-

Proof of Theorem A.6. In case of d = 1, properties (i—v) follow directly from Remark A.5. Now
we assume that properties (i—v) are satisfied for a fixed d > 1, and we verify them fore :=d + 1

in place of d. We write “property (-)(¢)” to indicate this replacement.

First of all, let us rewrite the recursion formula (A.3) as

T z bz,d@f) + z+e+1 T b
57; e

(A4) bye(x) = Sore

z+1,d(x)-

Property (i) implies that forany z € Zandy € {z — 1,2}, b, 4 > 0on (t;,ty1q41) and by g = 0
on (—o0, ty] U [tytd+1,00). Since

(tZ7 tz+d+1) U (tz—l—l; tz+1+d+1) = (tm tz+e+1)7

property (i) and (A.4) imply property (i)(.): Outside of the interval (¢.,?,1+1), both functions
b.q and b, 4 vanish. And for z within this interval, both factors x — ¢, and ¢, .1 — x are
strictly positive, both factors b, 4(x) and b4 4(x) are nonnegative with at least one of them being

strictly positive.

Property (ii)(.) is also a consequence of property (ii) and (A.4). For any z € R,

_ x —t, lofet1 —
; boe(x) = z%(@e b..a(x) + e bz+1,d($)>
xr—t,

tyte —
=D 5 baal@) + ) " bya(w)
zeZ  ° yeZ Y€

_ Z(x(s;etz + tztie_ x) b, a(x)

2€EZ

= b.alz) = L

2€7Z
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Note that in the previous manipulations of infinite sums we rely on property (i), implying that

b, a(x) # 0 for only finitely many z € Z.

Property (iii) implies that all functions b, 4, 2z € Z, belong to Sg(t) and satisty

bog1  boiid.
/z,d:d( d=1 _ Zz¥ld 1) on U:=R\{t,:z€Z}.

5z,d 5z+1,d

Then for x € U,

0 /x—t t 1—T
b — 7( “p, el Ty, )
@) = g (T beale) + T ()

bye_1(x boyie—1(x T —t, trier1 — X

(AS) — 5 1( ) _ +1 1( ) lz«_]_,d(x) L lz+]_,d(l‘)'

52,6 6z+1,e 52,6 5z+1,e

The latter two summands may be written as

r—t., (z) = x_tzd(bz,dfl(x) bz+1,d71($))

5,2,6 24 6z,e 5Z,d 5z+1,d
1 jz—t t,—x
_d <7 b, 4 Ay )
52’,6 (5z,d 4 1(:1:) + 6z+1,d T l(x)
1 jx—t, lody1 — @
=d ( b, a— — ——byy14- )
(Sz,e 5z,d A 1(x) 5z+1,d i 1(3:)
5z d+1
—d———b,114-
(Sz,e(sz—i-l,d hd 1(:1;)
_ g bd®@) G beriaa (@)
52,6 6z+1,d

and

t2+€+1 - / ("L’)
5z+1,d 5z-i—2,d

totet1 — T (bay1,d-1(x)  bayod-1(x)
z+1,d d ( )

5z+1,e 5z+1,e

1 r—1 d-+2 t d+2 — T
= —d O g () + 2T bz+2,d—1($))
5z+1,e 6z+1,d 6z+2,d

1 T —1t,01 t d4+2 — X
= —d ( by (2) + SR bz+2,d71($)>
52+1,e 5z+1,d 5z+2,d

5z+1,d+1
5Z+1,66Z+1,d
bz—i—l,d(x) + dbz—i—l,d—l(‘r).

52,6 5z+1,d

+ d bz+1,d—1(113)

= —d

Plugging-in these two equations in (A.5) shows that

e e
b, = ——b, 1q——05b on U.
=e 6271,6 a-1d 52,6 =

But both sides of the latter equation are continuous functions on R, and b,  is continuous by (A.4).

Hence one can deduce from the mean value theorem that even

e e

B, = —bog— ——
z,e 2,
52,6 6z+1,e

b.+1,4 onR.

In particular, b, , € S;(t), so the function b, . itself is a spline function in Sqy1(t) = Se(t). This
concludes the proof of property (iii) ).
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As to property (iv)(.), by partial integration, b, .(+00) = 0 and property (iii) ),

/bz,e(fﬂ) dr = _/xb,ze(x) dr = _6/x<bz,d<m) _ bz+1’d(x>)dz‘
N R 7 R 52,6 5Z+1,e

The integrand may be rewritten as

b, d<$) bz+1 d(.%')) T —1t, tyrdr1 —
. — : = b, =}
$< 5z,e 6z+1,e 62,6 ,d(l') * 5z+1,e Z+Ld(m)
t, t,
+ b g(e) — L ()
52,6 52-‘1—1,6
t t,
boo(r) + —— b, g(z) — =2 g 4().
5z—1 e 5z+1,e
Hence property (iv) implies that
t, t,
/ bye(z)de = —e/ bye(z)dr — ¢ b.a(x)de + Cetdil / boy1,d(z) de
R R 5z,e R 5z+1,e R

= —e/ bre(z)dr —t, +trrdm
R

= —e/ boe(x)dr + 05641,
R

which implies property (iv) ).

It remains to verify property (v)). Any function f € S.(t) satisfies /" € S4(t). Hence, there
exists a double sequence A € R” such that f' =Y, _, A.b, 4. Now let

Oy e
Mz = - z’ h, = . bz,d
e Oze
and
> orq Mk if z >0,
l/z = 0 le — 0,

— S e ifz <O
Then it follows from property (iii).) that

f/ = Zﬂzhz = Z(Vz_yzfl)hz = Zyz(hz_hz+1) = Zyzb/&e-

2EZL 2E€ZL ZEZL ZEZL

Consequently,

f = C"’Zyzbz,e = Z(C+Vz)bz,ea

ZEZL 2EZ

because of property (ii)(.). Finally, to verify uniqueness of the series representation of functions

in S(t), let A € RZ such that
> Ab.e = 0.
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Then, by property (iii) ),

0= > A\b,

2E€ZL
e e
= Z Az <5— b.a— I bz+1,d)
el z,e z+1,e
e e
= 2 e = 2 Aot
2€EZ ’ 2€EZ ’
e
=> (.- As1)5— baa
2E€ZL €

By property (v), A = (c),¢z for some constant ¢ € R. But then property (i1)(¢) implies that
0= Z Abre = CZ b.e = ¢,
2€EZ 2€EZ

whence XA = 0. O

Remark A.7 (B-Splines for Sy(to,t1,...,tn)). It follows from Theorem A.6 that the func-
tions b_q.q,b_g+1,d; - - -,bm—1,4 constitute a basis of Sy(to,t1,...,t,). Indeed, any function
f : [to, tm] — R in the latter space may by extended to a function f € S;(t) as follows:

> fO(to+)

(x —ty)"  forx < tg,

f(z) = i=0 " 7!
Zj:o f(im_) (x —tm)" fora >ty

Then f =), A.b. g with certain coefficients A, € R, z € Z. Butb, 4 = O on [to, t,,,] whenever

z < —d or z > m. Hence

m—1
f = Z A:b. g on [ty ty).

z=—d

If one is only interested in the functions b_, 4, . .., by—1,4 as a basis for Sy(to, t1,. .., tm), they

may be computed via the following recursion: For = € [tg, t,,],

( th —x

5 bfd+1,d71($) if z = —d,
—d+1,d
r—t,

bz,d(x) = 5.4 bz,d—l(l') +

)

lovd1 — @ b

z+1,d—1($) if —d<z<m-—1,
5z+1,d

—tm—
T tmot bm—1,d—1(x) ifz=m—1.

\ 6m—1,d

Moreover,
b_dy1,d-1
0_dy1,d
;d =d bzd_l — bj;rl’d_l if —d<z<m-—1
2,d z+1,d
bin—1,d-1
\ 5m—1,d

ifz=1

ifz=m-—1




A.5. WEAK CONVERGENCE OF DISTRIBUTIONS 281
on

lto,tm] \ {t1, ... tm1} ifd=1,

[to, tm] ifd > 2,

Here, one may evensett, = tgfor —d < z < Qand t, = t,, form < z < m+d: If welett, — g
for —-d < z < Oand t, — t,, form < 2z < m + d, the basis functions by ., 1 <y < m +c,

0 < ¢ < d, converge to basis functions satisfying the same recursion formulae with

5y,c = 7jmin(y—l—c,m) - tmax(y,O)-

That means, we don’t have to specify ¢, for z ¢ {0,1,...,m}. And with that modification,

t
m 0z.d+1
b,a(x)dx = = for —d <z < m.
/to (z) d+1

A.5 Weak Convergence of Distributions

Forn = 1,2,3,... let X,, be a random variable with distribution P,, on a metric space (X', d)
(equipped with the o-field of its Borel sets). Let X be an additional random variable with distri-
bution P on X. In what follows, asymptotic statements refer to n — co, unless stated otherwise.

Convergence in distribution. One says that X,, converges in distribution to X and writes
X n L X )

if
lim E f(X,) = Ef(X)

n—oo
for arbitrary bounded and continuous functions f : X — R.
In statistics, people often rephrase this statement as “X,, is asymptotically distributed as X or

“X,, has asymptotic distribution P”. Sometimes we abuse notation slightly and write

Xn —L P.

Weak convergence. Convergence in distribution in the sense above is equivalent to the following

statement about the distributions P,: One says that P, converges weakly to P and writes
Py —w P,

if
lim [ fdP, = /fdP

n—o0

for arbitrary bounded and continuous functions f : X — R.
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Theorem A.8 (Portmanteau-Theorem). The following statements about P and (P,,),, are equiv-

alent:

(i) P, converges weakly to P.
(ii) For arbitrary bounded and Lipschitz-continuous functions f : (X, d) — [0, 1],

nlggo/fdp = /fdP.

(iii,) For arbitrary open sets U C X,

liminf P,(U) > P(U).

n—0o0

(iiiy) For arbitrary closed sets A C X,

limsup P,(A) < P(A).

n—o0

(iv) For arbitrary Borel sets B C X,

lim P,(B) = P(B) whenever P(0B) = 0.

n—oo
For the reader’s convenience, a proof of the Portmanteau-Theorem is given at the end of this
subsection.

The fact that the second statement implies both the first and third statements may be verified by

means of the following exercise, a variation of Exercise 4.12.

Exercise A.9 (Approximation by Lipschitz-continuous functions). Let f be a function on a metric
space (X', d) with values in [a, c0) for some a € R. For L > 0 and x € X’ let

fu(e) = inf (f(y) + Ld(x,y)).

Show that f7 () has the following properties:
(@) a < fr(z) < f(=).
(i) |fo(x) — fo(2)| < Ld(x,a’) for arbitrary z,2’ € X.

(iii) fr(x) is non-decreasing in L > 0, and

foo(x) == lim fr(z) = liminf f(z').

LToo /' —x

(iv) Show that f;, := min(f,a + L) also has the properties (i-iii).

Exercise A.10 (Continuous Mapping Theorem). Let X and X,, (n € N) be random variables
with values in a metric space (X, d, ) such that X,, —, X as n — oo. Further let H be a
continuous mapping from (X, d ) into another metric space (), dy,). Show that

H(X,) =, H(X) asn — oc.
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Exercise A.11 (Fatou’s Lemma and Scheffé’s Theorem for weak convergence). Let P and P,

(n € N) be probability distributions on a metric space (X', d) such that P,, —,, P as n — oc.

(@) Leth : X — [0,00) be lower semicontinuous. That means, f(x) = liminf,/_,, f(z’) for
arbitrary z € X. Show that

/th < liminf/thn.
n—oo
Hint: Exercise A.9.

(b) Leth : X — [0, 00) be a lower semicontinuous and unbounded functions. Suppose that

limsup/thn < /th < 00.

n—oQ

Show that
lim [ gdP, = / gdP

n—oo

for any continuous functions g : X — [0, 00) such that sup,c v |g(2)|/(1 + h(x)) < occ.

Exercise A.12 (Cartesian products). Let (X', dx) and (), dy) be metric spaces. Further, let || - ||

be an arbitrary norm on R x R such that ||(v1, v2)|| is non-decreasing in |v1| and |vz|. Show that

d((z1,1), (w2,52)) = || (dx (@1, 22),dy(y1,12)) ||

defines a metric on X’ x )/, and that that the resulting topology does not depend on the particular

norm || - ||.
Exercise A.13 (Slutsky’s Lemma).

(a) Consider metric spaces (X, dy) and (), dy). The Cartesian product X x ) is equipped with
the metric d((z,y), (2/,y')) := max{dx(z,2'),dy(y,y') }. Forn =1,2,3,...let (X,,Y;,) be a
random variable with values in X' x ) such that

Xn =, X and Y, = Yo
for a random variable X € X and a fixed point y, € ). Show that

(Xm Yn) - (Xv yO)'

(b) Forn = 1,2,3,...let (4,, By, X,,) be a random variable with values in R? x R?7*P x RP
such that

Ap =, a, B, =, B and X, —, X

p

for a fixed vector a € RY, a fixed Matrix B € R?*P and a random variable X € RP. Show that

A, + B,X, =, a+ BX.
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Weak convergence in R%. In the important special case of X = R? with standard Euclidean

distance, the following statements are equivalent:

e The sequence (P,),, converges weakly to P.
e For arbitrary infinitely often differentiable functions f : R? — R such that f and all its partial
derivatives are bounded,

lim [ fdP, = /fdP.

e For arbitrary t € R,

n—o0

lim [ exp(it' @) P,(dz) = /exp(itTm)P(dm).

To verify equivalence of the first two statements, note that if f : R¢ — R is bounded and Lipschitz-
continuous, then supgega|fe(z) — f(x)| — 0as e | 0, where

fe(@) = Ef(z+eZ), Z~Ny(0,1).
Indeed, if L is the Lipschitz constant of f, then
ful@) — f@)| < LeB|Z|| < Levd.

On the other hand, with Cy := (27)~%/2,
fle) = Cu | flo+ez)exn(=|zI/2) dz
= Cut [ f@)e(~le—yl?/26) dy.

By induction, one can show that for any tuple o € Ng, there exists a d-variate polynomial pc  :

R? — R of degree oy + - - - + oy such that
gt tad 2 /(0.2 2 /0.2
921 0201 exp(—lz — ylI*/(2¢)) = peol@ —y)exp(~llz —y|?/(2¢%)),

and since the latter function is integrable, dominated convergence and an induction argument show
that
o1t tad

—ar——azt(®) = Cac™? | [(y)peal® —y)exp(—|z — yl[*/(2¢*)) dy
Oz} oz, R

= Cac™? y f(& = v)pea(v) exp(—[v]?/(26%)) dv,
obviously a bounded function of .

From the equivalence of the first and third statement one can deduce another useful result about

weak convergence:

Theorem A.14 (Cramér—Wold). Let X and X,,, n > 1, be random vectors in R, Then the

following two statements are equivalent:
i X, —r X.

(i) u' X, —r u' X for any fixed unit vector u € R,
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Weak convergence in R. In case of X = R, convergence in distribution and weak convergence
may be characterized in terms of the distribution functions F}, and F' of X, and X, respectively:

For arbitrary = € R,

(A.6) lim F,(z) = F(z) if F(z—)=F(x).

n—00

If the limiting distribution function F' is continuous, statement (A.6) is even equivalent to a uni-
form convergence:
lim sup |P,(B) — P(B)| = o0.

n—=00 jntervals BCR

Proof of Theorem A.8. Obviously, statement (i) implies (ii).

To show that (i1) implies (iiiy), let U C X be an open set, and for L > 0 let
fo(z) := min{Ld(z,X\U),1}

with d(z, X \ U) := infycx\yd(z,y). Then 0 < fr T 1y as L 1 oo, and ff, is Lipschitz-
continuous with constant L. Hence, (ii) implies that for any fixed L,

n—oo

liminf P,(U) > liIginf/deP = /deP.

But [ fr,dP 1 P(U) as L 1 oo, so (iii,) is satisfied as well.

That (iii,) and (iiip) are equivalent follows from the fact that the complement of an open set is
closed and the complement of a closed set is open.

Suppose that (iii,) and (iiiy) are satisfied. For any Borel set B C X, note that its interior B, its
closure B and its boundary OB satisfy the relations B> C B C B = B° U dB. Consequently, if
P(0B) = 0, then

(iiia)

liminf P,(B) > liminf P,(B°) > P(B°)= P(B)

n—oo n—oo
and
(#i1p) _

limsup P,(B) < liminf P,(B) < P(B)= P(B),

n—o0 n—00

whence (iv) is satisfied as well.

Finally suppose that property (iv) is satisfied. For a continuous function f : X — [a, b],

b
/fdP(n) a—+ / P(n)({f > t})dt.

Continuity of f implies that { f > ¢} isclosedand O{f >t} C {f =t¢}. But P({f = t}) > 0 for
at most countably many ¢ € [a, b]. Consequently, P, ({f > t}) € [0, 1] converges to P({f > t})

for all but at most countably many ¢ € [a, b]. Hence, by dominated convergence,

/fdPn—aJr/aan({fzt})dt IR a+/abP({th})dt—/fdP.

Thus, (i) is satisfied too. L]
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A.6 Lindeberg’s Central Limit Theorem

The key message of Lindeberg’s Central Limit Theorem is that the distribution of a sum of stochas-
tically independent random variables is approximately Gaussian, if each summand has only little

impact on the total sum. In what follows we provide precise statements in this vein.

A.6.1 The Univariate Case
Theorem A.15. LetYi,Ys,...,Y, be stochastically independent random variables with mean 0
and Y% | IE(Y?) = 1. Then

sl {3 vi <o} o] < on

Here, C is a universal constant, and

n
A =) E(Y?min(|Y;],1)).
i=1
The quantity A measures the influence of the single summands Y; on the total sum. Obviously,
A < 1. If, for instance, the modulus of each summand Y; is bounded from above by some constant
k <1, then

A<D EB(YP) <) ERY) =k
i=1 i=1

Example A.16 (Binomial distributions). Let X ~ Bin(n,p) for some n € N and p € (0,1).
Then X has the same distribution as Z?Zl X; with independent random variables X;,..., X, €
{0,1} such that IE(X;) = IP(X; = 1) = p. Here

X - X; —
P -, YV with Y= P

wp(l-p) © = Vrnp(1—p)’

and the summands Y7, ..., Y, satisfy the assumptions of Theorem A.15. In particular,
1
Y| < ————,
vnp(l —p)
whence
1

< —.
Vnp(l = p)
Consequently, the distribution of X is approximately Gaussian if its variance, Var(X) = np(1 —

p), is large.

A proof of Theorem A.15 is given, for instance, in the monograph of Barbour and Chen (2005),
utilizing a very intriguing technique of Charles Stein. As shown later, the original proof of Linde-
berg leads to the bound C'A/4 instead of C'A/2. Lindeberg’s idea is to replace the summands Y;
successively by independent, Gaussian summands. Roughly saying, IE)(YZ»2 min(1, |YZ\)) bounds
the approximation error resulting from replacing Y; with a random variable with distribution
N(0, Var(Y;)).
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A.6.2 The Multivariate Case

For the multivariate case we need a so-called triangular scheme of random vectors Y,; € R,

n € N, 1 < i < n. Again, asymptotic statements are meant as n. — oo.

Theorem A.17. Forn € Nlet Y,1, Y,o,..., Y, be stochastically independent random vectors
in R? such that

E(Y,) = 0 and TE(|Y.|*) < .
Further, suppose that

n

=Y E(Y,Y,;) > X,

ni+ ni
=1

A 1= D IB(|| Yo [* min (1, [[Yaal})) — 0
i=1

This implies that

> Yo =z Ng(0,%).
=1

Moreover,

IEHZYnzYn—zri " g

—~ 0 and IE(A max |, ||)
=

=L,4,...,n

Here || A|| denotes the Frobenius norm /trace(AT A) of a matrix A.

Again, A,, measures the influence of the single summands Y,,; on their sum. For instance, if

| Yonill < Ky forl <i<n,

then
n
A, < Ky Z IE(||Ym||2) = kptrace(X,) = kK, - O(1).
i=1
Exercise A.18. Forn € Nlet W,,1, ..., Wy, be random variables with values in [0, c0) such that

Show that the following three conditions are equivalent:

nll—{goZIE(Wnl min(Wp;, 1)) = 0; (1)

lim Y " IE(W,; min(Wy;, 1)) = 0 for any fixed § > 0; (i4)
n—oo

nILngOZIE(Wml[WMEE}) = 0 for any fixed e > 0. (7i7)

i=1
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Example A.19 (Multinomial distributions). Forn € Nlet H,, ~ Mult(n, p,,) with a probability
vector p,, = (pn(j))jf-i1 € (0,1)X. Suppose that

p, — p and 'r{lin npn(j) — o
J=L

for a fixed probability vector p € [0,1]%. It is possible that some components of p are zero,
as long as the corresponding components of p,, converge sufficiently slowly to zero. These two

assumptions imply that
n*1/2(Hn —np,) —r Ng (0, diag(p) — ppT)

and
n~'/? diag(p,) M (H, —np,) = Nic(0.1— BB ).

To verify this, we represent H,, as Z?:l H ,,; with random vectors H ,,; € {0, 1}K , Where

(1,0,...,0,0)"  with prob. p, (1),
(0,1,0,...,0)T  with prob. p,(2),

Hm =

(0,0,...,0,1)"  with prob. p, (K).
But then n™'/2A,,(H,, — np,) = >, Yy; with

Yni = n_l/QAn(Hni_pn)7

where A, = I or A, = diag(pn)_l/ 2. One can easily verify that the assumptions of Theo-
rem A.17 are satisfied with 3 = diag(p) — pplorX =1-— \/13\/13T, respectively. In particular,

. ) —-1/2
1Yl < V2 or ¥l < ( min, npa(i))

[ARS}

because ||H,; — p,||> =2 — 2H2ipn < 2 and

H diag(p,,) "/ (H pi — Pn)H2
K

& Hyi )? . . Hyi(j . A\ L
- ) ) = > L)y < (ain )

Exercise A.20. Let p and py, py, P, . . . be probability vectors in R¥ (i.e. vectors with nonneg-
ative entries summing to one). Further let (M ,,),en be a sequence of random vectors such that
M,, ~ Mult(n, p,), where

— d i i) — oo.
p, =P an 1§}1§1K”p“(3) o

(a) Consider Pearson’s chi-squared statistic

N (Bald) = PaG)?
T, = Z i) :

Jj=1
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Show that

2
Tn —L XK-1-

(b) We define the Hellinger statistic as H,, := 4nH \/Dp — /D, H2 Show that

b.1 p. (5
(b.1) o png)_l’ -
1<5<K | Py ()
(b.2)
H, T, =, 0;
(b.3)

2vn(VPn — vPn) —2 Nk(0.I-Byp').

Interpret the result (b.3) geometrically: Show that {\/p : p € [0,1]*, ZJKZI p(j) = 1} isa
certain subset of the unit sphere R”, and determine a linear subspace of R” on which the limiting
distribution N (0, I — \/I)\/ﬁT) is concentrated.

Example A.21 (Sample means). Let X1, X9, X3,... be independent, identically distributed
random vectors in R such that IE(|| X 1]|?) < oo. Let p := IE(X ;) and ¥ := Var(X). Then
the sample means X ,, := n~1 Y | X satisfy the following limit theorem:

Vin(Xy, —p) =z Ng(0,%).
The reason is that \/n(X,, — p) = > 1| Yy; with
Y, = nVA(X; - p),
so [E(Y,;) =0,3, =X, and
Ap = B(| X1 — pl*min(n || X1 — p|,1)) = 0

by dominated convergence.

Proof of Theorem A.17. Let G be the family of all twice differentiable functions ¢ : R —
R such that its second derivative (Hessian matrix) D?¢ satisfies the following conditions: For

arbitrary x, y € R?,
ID?g(z)| < 1 and [|D?*g(z) — D?g(y)| < 6|x -yl

Furthermore, we extend the underlying probability space(s) for each n such that in addition to
the random vectors Y,,; there exist random vectors Z,1, ..., Z,, with distribution £(Z,;) =
N4(0, Var(Y,,;)) such that all 2n random vectors Y,,; and Z,,; are stochastically independent.
With these 2n random vectors we define the random sums

Sn = zn:YnZ and Tn = zn:Zm ~ Nd(O,En)
=1 =1

In what follows, we shall prove that

(A7) Eg(S,) —Eg(T,)| < K(d)A, forallgeq, ifA, <1,
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where K (d) := 23/2(d? 4 2d)®/* 4 1. This finding, together with our general considerations about

weak convergence, show that S, converges in distribution to N4(0, X2).

To verify (A.7), we utilize Lindeberg’s trick and define

i<k >k

for1 < k <n. Then

Sn = Unl + Ynla
Unk + Znk = Un7k+1 + Yn,k+1 forl1 <k <mn,

Consequently,

g(sn) - g(Tn) = (Q(Unl + Ynl) - g(Unl + an))

+ g(Un2 + Yn2> - g(Urm + Znn)
2

+ g(UnS + Ynd) - g(Unn + Znn)

b
—_

= (g(Unk =+ Ynk) - g(Unk + an))a
k=1

and it suffices to show that for 1 < k < n,

provided that A,, < 1. To this end, we employ the following Taylor expansion of g: For arbitrary
U, T € RY,

gu+z) = g(u)+ Vg(u)Tm + 2_1mTD2g(u)m +r(u,x)

with

1
Ir(u,z)| = ’/0 (1-t)z" (D*g(u + tz) —D29(u))wdt)

1

< lall [ (= 0Dt +t2) - Dig(u) | d
1

< ol | (1= ) min(2, 6t dt

< Jl2l/? min(1, |lz]).

Combining this expansion with stochastic independence of U, and (Y., Z,.x), we obtain the
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equation

E(g(Unk, + Yor) — 9(Unk + Z i)
= B(Vg(Unr) " (Yok — Zri)) + 27 trace (E(D*g(Uni) (Y. Yo, — Z,1.Z 1))
+ Er(Unk, Yor) + Er(Unk, Znk,)
— E(Vg(Un)) ' E(Y — Zuk) +2  trace(IB(D?g(Upr)) (Y, Yk — Z o Z))

=0 =0
+ IET(Unkv Ynk) + ET(Unkv an:)

= ]Er(Unka Ynk:) + ]Er(Unka an)

Consequently,
E(9(Unk + Vo) = 9Uni + Z)| < B([Yore||* min(L, | Yoel])) + E(1Zr|P),
and it suffices to show that
E(|1Zul?) < 22(d® +2d)** E(||Youl|* min(L, | Yae ).
With X, := Var(Y,x) = Var(Z,x) and Z ~ Ny(0, I),

1/2
E(|Zu|?) = E(IZY2ZIP) < 1Sal2E(|12]P)
3/4
ISkl ZI)Y = (1S slP/2 (@ + 2d)%/%.

IN

Skl = || E(Y,, Y,0)|| < E(||Yor]|?), and for arbitrary € € (0, 1], the latter expec-
tation is not greater than

&+ B(| Ykl 1y, o) < €+ B( Yol min(1, [ Yox]) e

Setting € := IE(||Y,.]|* min(1, HYnkH))l/3 < AL/, then we obtain the upper bound

. 2/3
2T (|| Vi[> min(1, [ Ve )

for || X, ||, provided that A,, < 1.

Now we show that the expected value of HZ?Zl(M ni — IEM m)H - converges to 0, where

M., :=Y,,Y,}. For this purpose we write M,,; = M’ + M". with

M/, = max(1 — ||Yyil|,0) M,; and M, = min(||Yl,1) My;.

Then

IEHi(Mm- ~EM,)| <
=1

AN
8
I
|
&=
2

[ + el - war,
1/2
F)) +2;1EHMZJF
n 1/2 n
(S E(IMIE) "+ 2 Y B M e
=1 =1

M, — T M)

A
7 N
&
—
i-

IN
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But
1M1 = max(l = [[¥ll, 0)%)| Yo" < min(|[Yoill, 1)IYi* /4,
M7l 7 = min(]| Yl D) Yo%,
whence || (M i — IE M) || < AY?/2 4 2, — 0.
It remains to show that that the expected value of max;—1_, ||¥y:||* converges to 0. To this end,
we choose an arbitrary number &,, € (0, 1] and write

n
B( max [[¥uil?) < B(<2+ 3 Vol min([¥aill, 1)/2n) = 3+ An/en.
T i=1

Setting €, = A}a/ % in case of A, <1 leads to the bound 2A,2~/ % for the expected value in question.
O

Proof of a weaker version of Theorem A.15. The proof of Theorem A.17 reveals that in the set-
ting of Theorem A.15,

(A.9) Eg(S) —Eg(Z)| < K1)A forallg € g,

where S :=>"" | Y;, Z ~ N(0,1), and G is the set of all twice differentiable functions g : R — R
such that for arbitrary z,y € R,

lg(@)] <1 and |¢"(x)—g¢"(y)| < 6]z —yl.

Now let H : R — [0, 1] be three times differentiable with bounded third derivative such that
H =1on(—00,0]and H = 0 on [1,00). Then cH € G for a suitable constant ¢ > 0. For z € R
and e > 0,

P(S<z) < EH((S—x)/e)
< |EH((S—=2)/e) —IEH(Z —x)/e)| +P(Z <z +e¢)
< cePROA+B(2 +¢)
< ¢ LKA + (2n) V2% 4+ ®(2),

and

P(S<z) > BEH((S+¢e—z)/e)

> —|[EH((S+e—a)/e) —EEH((Z+e—a)/e)|+P(Z <z —¢)
> —c LB K)AD(x —¢)
> —c e BK (A — (21) V% + ®(a),

because ce>H((- — a)/e) € G for arbitrary a € R, and 0 < & < ®/(0) = (27)~'/2. Conse-
quently,

sup [IP(S < z) — ®(z)| < leBKA)A + (2m) V2%,
T€eR

If we set € := DA'/4 for some D > 0, the latter bound equals CA'/* for some C' > 0. U
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Exercise A.22. Let Z be a real-valued random variable with IE(Z) = 0 and IE(Z?) = 1. Show
that for any constant ¢ > 0 and any twice differentiable function f : R — R with bounded second

derivative f”,

Ef(02) ~Ef(2)] < |0 =" ]loc/2.

A.7 Iteratively Reweighted Least Squares

The QR decomposition and least squares methods are essential ingredients in various regres-
sion methods. The general framework is as follows: Let D = [dy,ds,... ,dn]T € R™"*P with
rank(D) = p. Fori =1,2,...,nlet H; : R — R be a twice continuously differentiable function
such that H;' > 0. Now we consider the target function L : R? — R given by

(A.10) L(6) = ) Hi(d/9).
=1

Example A.23 (Least squares). For a vector Y € R” let
Hi(z) == (Vi —2)%

Then
Hl{(z) = 2(x-Y;) and H](xz) = 2.
Example A.24 (Logistic regression). For a vector Y € [0, 1]” let
Hi(z) = =Yz +log(l+e").
Then
Hi(z) = (z)-Y; and Hj(x) = l(z)(1—{(z))
with the logistic function

) = -5 = Y e
VT I e T emgd T

The target function L in (A.10) is twice continuously differentiable with gradient
n
VL) = Y Hi(d]6)d,
i=1

and Hessian matrix

D’L(0) = Y H/(d]0)dd, .
=1
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Hence, the second order Taylor expansion of L(6 + -) reads
1
L@ +v) ~ L(O)+VLO) v+ 3 v D?L(6)v

= 1
= L(0) + Y (Hi(d] 0)d] v+ 5 H!(d] 0)(d] v)?)
=1

1<~ H/(d] )2 1< ( H!(d] 8) 2
= LO)— -y 4 - R\ /HI'(d] 0 djv)
© 2;1‘1{’(@0) 2; A0

H!(d; 0)

= c(0) + %HY(O) ~ Do),

where

~H{(d[0) —Hj(dj0)  —H <d10>>T g
VHI(d]0) \/HY(d]6) H(d] )

.
D(6) = {\/H” d] 0)dy,\/H!(d]0)d,,...,\/H!(d]8) dn] e RV,

Consequently, one step of the Newton—Raphson procedure is given by

Y (0) = <

2

)

6 — 6+v(0) with v(0) := argmin||Y () — D(6)v|
vERP

and v(60) may be computed by means of the QR decomposition. Furthermore, the directional
derivative VL(0) "v(0) equals

VL(6)'v(0) = ~Y(0)' D(0)v(8) = —||D(6)v(0)[.

A.8 Couplings and Mallows Distances

In the context of bootstrap procedures and elsewhere, measures of distance between probability
distributions are useful. In the present section we consider a general class of such distance mea-
sures which are based on couplings and related to weak convergence. Throughout this section let
(X, d) be a complete and separable metric space, equipped with its Borel o-field.

A.8.1 Optimal Transport

We use repeatedly the fact that X’ x X is also a complete, separable metric space if equipped with
the metric

d((xlayl)a(anyZ)) = maX(d@la@),d(yl,yﬂ)

or

d((z1,91), (22, 92)) = Vd(21,22)2 + d(y1, y2)2,

for instance. And then

Borel(X x X) = Borel(X) ® Borel(X).
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Exercise A.25 (Cartesian products). As in Exercise A.12, let (X, dy) and (), dy) be metric
spaces, and for (z1,y1), (z2,y2) € X x Y set

d((xl,y1) Hfz,yz) = H( (z1,22), dy(y1,y2))H

with an arbitrary norm || - || on R x R such that ||(v1, v2)|| is non-decreasing in |v1| and |vs].

(a) Suppose that both spaces (X, dy) and (), dy) are separable. Show that (X x ), d) is separa-
ble, too, and that
Borel(X x X,d) = Borel(X,dy) ® Borel(Y, dy).

(b) Show that (X x ), d) is complete, provided that both spaces (X, dx) and (Y, dy) are com-
plete.

For two probability distributions P and @) on X, let R(P, Q) be the set of all probability distribu-
tions R on X x X such that for (X,Y) ~ R,

X~Pand Y ~ Q.

A distribution R € R(P, Q) is a coupling of P and (). A simple but not too useful coupling is the
product measure
P® Q.

Now we consider a continuous cost function C' : X x X — [0, c0) and seek to minimize [ C' dR
over all couplings R € R(P, Q). This is a so-called transport problem: We may interpret P and
() as mass distributions on X, and C(z,y) are the costs of transferring a unit mass from point =
to point y. A distribution R € R(P, Q) may be interpreted as a transport plan: For Borel sets
A,B C X, R(A x B) specifies which part of the mass P(A) is transported from the set A into
the set B.

The following theorem shows that there is always an optimal coupling of P and Q:

Theorem A.26 (Optimal transport). There exists a distribution R, € R(P, Q) such that

/C’dRo = inf /CdR
RER(P,Q)

To prove Theorem A.26, we use Prohorov’s Theorem:
Theorem A.27 (Prohorov).

(i) Let P be a probability measure on X. Then for any € > 0 there exists a compact set K C X
such that P(K) > 1 —e.

(i) Let (P,), be a sequence of probability distributions on X. Suppose that for any ¢ > 0
there exists a compact set K C X such that P, (K) > 1 — ¢ for all n € N. Then there exists a

subsequence (P, )k of (P)n which converges weakly to some probability distribution on X .

Proof of Theorem A.26. Let c, be the infimum of [ C'dR over all R € R(P,Q). In case of

c« = 00, the assertion is trivial; we could just choose R, = P ® (). Hence let ¢, < oo, and let
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(Rn)n be a sequence of distributions in R (P, Q) such that [ C' dR,, — ¢,. According to part (i)
of Theorem A.27, for any € > 0 there exist compact sets K, Ko C X such that P(K7), Q(K2) >
1 — /2. But then, K := K; X K3 is a compact subset of X’ x X" such that

R(K) > 1-PX\K;)—QX\Kz) > 1—¢

forall R € R(P, Q). According to part (ii) of Theorem A.27 (applied to X x X instead of X'), we
may replace the sequence (R, ), with a subsequence, if necessary, such that it converges weakly
to some distribution R, on X x X. The Continuous Mapping Theorem, applied to the continuous
projections ¥ x X' 3 (z,y) — x € Xand X x X 3 (z,y) — y € X, implies that R, € R(P, Q),

too. Moreover, Exercise A.11 implies that

/C’dRo < liminf/Can = Cy,

n—o0

whence ¢, = [ C'dR,. O

A.8.2 Optimal Transport on the Real Line

The proof of Theorem A.26 does not provide an explicit optimal coupling. Indeed, the determi-
nation of optimal couplings is still an active area of research. But in the special case of X = R

and
Clz,y) = ¢(x—y)
with a convex function ¢ : R — [0, 00), there is an explicit version of the optimal coupling based

on quantile functions:

Theorem A.28 (Optimal coupling in R). Let P and () be probability measures on R with distri-
bution functions F' and G, respectively. Then

1
[ ot~ ) Rtd,dy) = /0 o(F~ () — G~ (w) du

for arbitrary couplings R € R(P, Q). Here, F~! and G~ are the quantile functions of P and Q,
respectively.

Theorem A.28 shows that an optimal coupling of the distributions P and () is given by
R, == L(F'(U),G"Y(U)) with U ~ Unif(0,1).
As a preparation of the proof of Theorem A.28, we pose two exercises:

Exercise A.29. Let ¢ : R — R be a convex function.

(a) Show that for arbitrary numbers a; < ag and by < ba,
P(ar — ba2) + dplaz — b1) = @(ar — b1) + ¢az — ba).

(b) Show that for arbitrary integers n > 2, real numbers a; < --- < apand by < --- < by, and

permutations o of {1,2,...,n},
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Exercise A.30. Let F be a distribution function on the real line. Show that F—! is continuous at
u € (0,1) if and only if F/ < won (—oo, F~1(u)) and F > w on (F~(u), 00).

Proof of Theorem A.28. Let R be an arbitrary coupling of P and @ such that [ C'dR < oc.

Now consider a probability space (£, A, IP) with independent random variables
(Xl, Yl), (XQ, Yg), ()(37 Y3), .o.~ R and U~ Umf(((), 1))

For any integer n > 2, consider the order statistics X,,.; < -+ < X, of Xq,..., X, and
Y1 < - < Y of Y1,...,Y,. Then it follows from Exercise A.29, Fubini’s theorem and

Fatou’s lemma that

n—oo

> liminf ]E(% i A( Xz — Yn:i)>
=1

—
Q
Q.
=
I

=
sE
&
VN
S
BN
I
|
=~
N’
v

= lim inf W(&(Xoi[nrr) = Youar))

> IE(liminf ¢(X,,. -Y. .
= <hn inf ( n:[nU] n[nlﬂ))
Hence, since ¢ is continuous, it suffices to show that

lim X, = F7'(U) and lim Y = GL(U)

n—oo

almost surely. It suffices to verify the former statement; the latter one follows analogously. Since
F~! is monotone increasing on (0, 1), the set of points u € (0, 1) at which F~! is discontinuous
is at most countably infinite. Hence, with probability one, U is a continuity point of F~!. This is

equivalent to saying that with probability one,

<U on(—o0, F7YU)),
>U on (F~Y(U),o0).

Moreover, if ﬁn denotes the empirical distribution function of X7, ..., X,,, it is well-known that

lim ||[F — Fllooc = 0

n—o0

almost surely. Thus, with probability one, for any ¢ > 0 there exists a random index N () such
that
Fu(FYU)—¢) < U < Fp(F7Y(U) +¢) foralln > N(e).

But with K := [nU],
Fo(Xpx—) < (K—1)/n < U and Fo(Xnx) > K/n > U,

so the inequalites F,(F~1(U) — ¢) < U < E,(F~Y(U) + ¢) imply that

FHU)—¢e < Xppurp < FTHU) +e.
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A.8.3 Mallows Distances

An important special case of the cost function C' : X x X — [0, 00) is

Cla,y) = d(z,y)*
for some k£ > 1.
Theorem A.31 (Mallows distance). Let P and () be probability measures on X. For k > 1, the

minimum

o . i 1/k
dua(P.Q) = min ([ diw)* Ridn,dy) " € 0.4

exists. It defines a metric dpy (-, -), the Mallows distance with exponent k, on the space of all

probability measures on X .

In case of X = R and d(z,y) := |z — y|, one can apply Theorem A.28 and obtains the explicit

A (P, Q) </ 2 _l(u)}kdu>1/k,

where F' and G are the distribution functions of P and (), respectively.

formula

The next theorem establishes for two special cases a connection between weak convergence and

convergence with respect to Mallows distances.

Theorem A.32. Let Py, P5, Ps, ... and P be probability distributions on (X, d) and k an arbitrary

number in [1, 00).

(a) In case of a bounded metric d(-, -),
lim d]\/[,k(Pny P) =0
n—o0

if and only if
P, —, P.

(b) Let (X, || - ||) be a separable Banach space with corresponding metric d(x,y) = ||z — y|.
Further let [ ||z||* P(dz) < oo and [ ||z||¥ P,,(dz) < oo for all n > 1. Then the following three
statements are equivalent:

nh_{IOlo drg (P, P) = 0; (b.1)

P, ., P and /HkaPn(dx) . /qukp(d:c); (b.2)

lim fdPn = /fdP for all f S C( ) such that sup Lﬂ:‘”k
n—o00 i ||;p”

< 00. (b.3)
Remark. The function (x,y) — min(d(z,y), 1) defines another metric on X', and the topolo-
gies generated by these metrics coincide; see Exercise A.33. Hence, part (a) of Theorem A.32
shows that weak convergence of probability measures is equivalent to convergence with respect to

the metric

1/k
(P.Q) ~ iy ( [ win(de,). )* Rlde.d) "
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Exercise A.33. Let (X, d) be a metric space, and let 7 : [0, co] — [0, 0o] be a monotone increas-
ing function such that lim,_,o 7(r) = 0, but 7(r) > 0 for arbitrary » > 0. Furthermore, let 7 be
subadditive, i.e.

T(r+s) < 7(r)+ 7(s) forarbitrary r, s > 0.

Show that 7 o d defines a metric on X which induces the same topology as d. That means, a set

U C X is open with respect to d if and only if it is open with respect to 7 o d.

Proof of Theorem A.31. The existence of an optimal coupling of P and () is a consequence of

Theorem A.26. It remains to show that dps (-, -) is a metric.

Obviously, das i (P, Q) = darx(Q, P) > 0. And it follows from dys (P, Q) = 0 that there exists
arandom variable (X,Y) € X x X suchthat X ~ P,Y ~ @ and X =Y almost surely. But this

implies that P = (). Hence, it remains to show that d; i (-, -) satisfies the triangle inequality, i.e.
darp(Pr, P2) < dyi(Pr, Po) + dyi(Pe, Po)

for arbitrary probability distributions Py, P;, P» on X. To this end, let R; € R(FPp, P1) and
Ry € R(Py, P») such that

/d(:c,y)kRj(da:,dy) = dux(Po, P)* forj=1,2.
Now we choose Markov kernels K; : X' x Borel(X') — [0, 1] such that
Rj(BxC) = / Kj(z,C) Py(dxz) forall B,C € Borel(X).
B

Then we define a probability distribution R on X x X x X via

R(BO X Bl X BQ) = Kl(.’E,Bl)KQ(.:U,BQ) Po(dl')
Bo

With the random variables X (wo, w1, w2) 1= ws on X x X' x X, the pair (X, X;) has distribution
R;. Then the triangle inequalities for d(-, -) and for LF-spaces yield that

1/k
dyrp(Pr, P2) < (E[d(leXQ)k])
1/k

IN

(B[(d(X0, X2) + (X0, X2))"])
1/k

IN

(B [a(xo, Xl)’f])l/k + (B [d(Xo, X2)7)
dare(Po, Pr) + dari(Po, P2). O

Proof of Theorem A.32. The proof uses Skorohod’s Theorem: The sequence (P, ), converges
weakly to P if and only if there exists a probability space (€2, A, IP) carrying X'-valued random
variables X1, Xs, X3,...and X such that X ~ P, X,, ~ P, for all n, and

lim X, = X almost surely.
n—oo
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In the special case of X = R with the usual topology, one may work with X := F~1(U) and
X, := E;1(U), where F and F,, are the distribution functions of P and P, respectively, while
U ~ Unif(0,1).

Proof of Part (a). Let 0 < d(-,-) < d, < co. Suppose that (P,),, converges weakly to P. With

the random variables X and X, above,

limsup ds,(Pn, P)* < limsup E[d(X,, X)"]
n—oo n—oo

=0

by dominated convergence, because 0 < d(X,,, X)*¥ < d* and d(X,,, X)¥ — 0 almost surely.

Suppose that dps (P, P) — 0. For eachn > 1let R,, € R(F,, P) be an optimal coupling of P,
and P. Then for arbitrary bounded and Lipschitz-continuous functions f : X — R with Lipschitz

‘/fdPn—/fdP‘ - ‘/ ) Ry(dz, dy)‘

[1#@) = 10| Budn,dy)
L/d(x,y) R, (dz, dy)

1/k
L( [ dte.)* Rulds.dy))

constant L,

IN

IN

IN

Hence, (P,), converges weakly to P.

Proof of Part (b). Suppose that (b.1) holds true. For each n > 1 let R,, € R(FP,, P) be an

optimal coupling of P,, and P. Then one can argue as above that

n—o0

lim [ fdP, = /fdP

for bounded, Lipschitz-continuous functions f : X — R. Furthermore, since ||z|| < ||z —y||+|y||

for arbitrary x,y € R¥,

([ 1l paan)”’

([ el oz, )
(/ |z — y”kRn(dm,dy) VE _|_ /HkaRn(dl‘,dy))Uk

dns i (P, P) + /||:c||k dm ,

IN

and interchanging the roles of F,, and P leads to the inequality

’(/\kaPn(dm))l/k— </|!J:HkP(dx)>1/k‘ < dun(Po P).

Hence, lim, o [ ||2||*¥ Py(dz) = [ ||z||¥ P(dz). Thus, (b.2) is satisfied as well.
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Suppose that (b.2) holds true. We resort to the random variables X and X, on (€2, .4, IP) again.
Obviously,

dar i (P, P)F /HX — X|*dP,

and now we show that the expected value on the right hand side converges to 0. For this purpose,

we write X,, = || X, || - U,, with a random unit vector U,, € X and define
Xn = min(|| X, [ X)) - U
Then

1/k ~ - 1/k
(f 1, - xpraw) ™ < (/(uxn—xw+|an—Xn\|)kle)
< ([1%-xpraw) "+ ([, % praw)

The construction of X,, implies that || X,|| < ||X| and lim, ., X, = X almost surely. Con-
sequently, lim,, o || X,, — X||¥ = 0 almost surely, and || X,, — X||¥ is bounded from above by
2k|| X||* with [ 2¥|| X||¥ dIP < oco. Thus, by dominated convergence,

(A.11) lim /HXn—Xde]P = 0.
n—oo
In particular,

lim /HXndeIP = /qukdlp.

Another implication of the construction of X, is that || X, — X,|| = || Xa|| — || Xn|l. Since
f(t) = tFis convex int > 0, || X, — X,||* = f(|Xnll — | Xnl]) — £(0) is not larger than
FUXR]) = FUIX]) = [ Xnl* — [ Xa|*. Consequently,

/ 1 X, — X,|[FdIP < / | X )|FdIP — / | X )FdP — 0.
The equivalence of (b.2) and (b.3) results from Exercise A.11. ]
Exercise A.34. (a) Show that for arbitrary distribution functions F’ and G on the real line,

dy1 (F, G) /‘F G(z)|dz.

(b) Let Y7,...,Y, be independent random variables with distribution function F'. Show that for
the empmcal distribution function F}, of (Yo,

Vi Ed i (Fy, F) — \/Z/R\/F(y)(l—F(y))dy.

Exercise A.35. Consider vectors p, ft in RP and symmetric, positive semidefinite matrices 3, >
in RP*P_ Show that

dara (Np (1, 2), Np(, 2)? < ||l — ||” + ||ZV2 -

F

1/2
— Taryl/2 — 2 : : : -
Here | M || := trace(M " M)Y/? = (Zz 5 M; j> is the Frobenius norm of an arbitrary matrix
M.

Additional task: Let A, B € RP*P be symmetric and positive semidefinite. Show that

HA1/2 . BI/QH? < p1/2||A— BHF
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Lindeberg’s CLT revisited. The Mallows distance dp2(-,-) of distributions on R?, where
d(x,y) is the usual Euclidean norm ||z — y||, is particularly useful in connection with the Central

Limit Theorem. Here is an elegant extension of Theorem A.17:

Corollary A.36. Forn € N letY,1, Yy, ..., Ya, be stochastically independent random vectors
in R? such that
E(Y,;) = 0 and TE(|Y|* < oo

Further, suppose that

>, ._ZIE (Y,,Y,;) = O(1) and Ay =Y IB(||¥ol|* min(L, |[¥osl])) = 0

ni nz
=1

Then

n

dyr2(£(Y Yo ) Nal0, %)) = 0

=1

and
IE ‘ ‘ Z Ynz Yn—lz— -

=0, B(_max [¥,]?) = 0
F ) n

Ly

Proof. Let 9 > 0 be the limes superior of

b 1= daga(C (ZYM>,Nd 0,3, )+IEHZYmYnTZ— ),

as n — oo. We want to show that § = 0. To this end, let n(1) < n(2) < n(3) < --- be indices
such that limy o 0,(z) = 0. Since (X,,), is bounded, we may even assume that

+B(_max [Y,]?)
1=1,2,...n

Y = hmE()

k—o0

exists. But now we could replace the original triangular array (Y,;)n>1,1<i<n With the following
array (Ypi)n>1,1<i<n Without changing 8: For n < n(1) we set Yy; := 0, 1 < i < n, and for
nk)<n<n(k+1),k>1,

v .= JYawi 1 <i<n(k),
"o if (k) < i <n.

In other words, we may assume without loss of generality that the assumptions of Theorem A.17
are satisfied. But then it follows from Theorems A.17 and A.32 that

Az (£ (zn: Yai) Na(0,%)) = 0
=1

and
IE ‘ ‘ Z Ynz Yn—zr -

Moreover, Exercise A.35 implies that

=0, IE( max ||Ym~||2) =0
F i=12,...n

dM,Z(Nd(o,z),Nd(o,zn)) 0,
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so the triangular inequality for dj/ (-, -) implies that

dira(£(Y Yo ) Na0.2,)) > 0,
i=1

Hence, the limes superior 0 is equal to 0. U

A.9 An Inequality for Sums of Independent Random Vectors

At various places in these lecture notes, inequalities for sums of independent random variables are
useful. Let X, Xo,..., X,, be independent random variables with values in R?, and let || - || be

the usual Euclidean norm on R?. We assume that IE || X;|| < oo for all 4 and consider

aswell as X :=n~1S.
Let us start with two special cases: By the triangle inequality,
n n
B[S -ES)| < Y EX - EX)| < 2) BlX.
i=1 i=1

Moreover,

E(|IS-ES)?) = > B((X: - EBX:) T (X; - E(X;)))
ij=1

= (1)~ Ex) )

=1
n

< Y E(IX),
=1

provided that all second moments IE (|| X;]|%) are finite. Both inequalities may be generalized to
the situation that for a fixed » > 1, all 7-th moments IE(|| X;||") are finite.

Theorem A.37. Foreachr > 1 there exists a universal constant C,. 4 such that

n r/2 n
B(IS - B < Cu( (L IX1)") < G210 3wl
i=1 i=1

In particular,

_ _ : 1<
o ™ < —min(r—1,7/2) =~ 7Y,
E(|X -EX)[") < Cran - ;1 (] X:]")

Remark. The proof presented here yields the constant
erd _ (271‘)70/2 IE(HGHr)d— min(r/2,1)

with a standard Gaussian random vector G € R<.
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Proof of Theorem A.37. We complement the underlying probability space such that it carries
stochastically independent random variables X1, ..., X,, X/, ..., X/ and Gy, ... s Grax(n,d)
such that £(X]) = £(X;) and £(G;) = N(0,1). Now we apply Jensen’s inequality repeatedly.
At first, with X = (X;)"; and IE,(-) := IE(- | X) one may write

E(|S - E(S)|") = (HE< l(X X))H)

A GORS)
1E<) i:1( /) )

For symmetry reasons, » _.(X; — X/) has the same distribution as ), sign(G;)(X; — X/), so

]E(H;Z;(XZ-—XD ) <H251gn )X, — X)) )
- IE<H;sign(Gi)Xi - zzn;sign((;

IN

T
X;>

n
< rIE(HZsign(Gl)XZ T),
i=1
because . .
axppr < 2 (JALEIBIY o IR+ 1B
- 2 - 2
But

51gn (G; ))?:1, X),

i sign(G; FIE(
i=1

because |G;| and sign(G;) are stochastically 1ndependent with IE(|G;|) = 1/2/m. Consequently,

IE(H;sign(G X ) - (7r/2)7“/2]E<‘ )
< (w2 (1 (H s1gn<Gz~>)§;1,X))

- (W/Q)T/QIEO
=1

(sign(Gy)) " i1 X)

r)

The conditional distribution of Z;‘Zl G;X;, given X, is a centered d-variate Gaussian distribution

L=%(X) = ) XX/
=1

T n r
) = em(ex)
i=1

- BE,([V%0).

with covariance matrix

Hence,

(3
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with G := (G;)4_; ~ Ng(0, I). If we write
G = |G,
then ||G||, the unit vector U and X are stochastically independent, and
E,(|=2G)1") = E(IGI") E.(I=2U]") = E(IG]") Eo((UTLU)?).

Consequently, defining

n 1/2
D =D(X) = trace(®)? = (" Ix:%) ",
i=1
it suffices to show that
E,((U'sU)"?) < C,4D"

for some constant C~’r,d.
In case of 1 < r < 2, we have the inequality

E,(UTS0)?) < (B(UT20))"” = (a7'D%)"* = d D,

because U ' XU =, Z(;:l U jZ)\j(Z), and a symmetry consideration shows that IE(U. ]2) = 1/d for
all j.

In case of 7 > 2, we use the fact that Z?Zl sz =1

E,(UTSU)7?) = IEO((zd: U]-Z)\j(E))r/z) < IEO(Zd: U2 (2)7?)

All in all, this yields the first asserted inequality, where C,. 4 = (27)"/2IE(||G||")d~ ™n(/21),
Since || X;||?/D? € [0, 1], we may conclude that for 1 < r < 2,
n n 9 n
Sl /o = S (1%02/0%)7 = S xi)?/p? = 1,
i=1 i=1 i=1

because 0 < /2 < 1,s0 D" < >, || X;||". In case of r > 2, we apply Jensen’s inequality to
the convex function 0 < ¢ — ¢"/2 and obtain the inequality

s2(1 - 2\"/? 21 - /2—1 -
Dr = (L3 IKE) T < SR =
i=1 =1 =1
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A.10 Stochastic Landau Symbols

Let (X,,), be a sequence of real- or vector-valued random variables, and let (R,,),, be a sequence

of random variables 12,, > 0. One writes
X, = Op(Ry)
and says that “.X,, is of stochastic order R,,” if for any ¢ > 0 there exists a constant C' such that

limsup P(|X,,| > CR,,) < e.

n—oo

One writes
Xn = op(rn)
and says that “X, is of smaller stochastic order than R,,” if for any € > 0,
nh_)ngO P(|X,| > €eR,) = 0.

The symbols O, (R,,) and o, (R,,) are also used directly as placeholders for sequences of random
variables with the stated properties. Often one uses a deterministic sequence (7,),, of numbers
rp > 0 rather than a random sequence (R,),. Important special cases are Op(1) and op(1),
corresponding to the constant sequence (1),,. Indeed, X,, = O,(R,,) if and only if R,1X,, =
Op(1), and X,, = o,(R,,) if and only if R, X,, = 0,(1). The statement X,, = Op(1) is also
phrased as “X,, is bounded in probability”, and X,, = o,(1) means that X,, converges to zero in

probability.

Exercise A.38. Prove the following rules for stochastic Landau symbols:
(@) 0p(Ra) = Op(Ry)

(b) Op(Ry) + Op(Sy) = Op(max(Ry, Sy))

() 0p(Ry) + 0p(Sn) = op(max(R,, Sy,))

(@) Op(Rn)Op(Sn) = Op(RnSn)

(€) Op(Rn)op(Sn) = 0p(RnSn)

(®) f(a+op(1)) = f(a) + op(1) whenever f is continuous at a.

(@ fla+ Op(Ry)) = f(a) + Op(R,,) whenever lim supo#x_)0|f(a + ) — f(a)|/|z| < oo and
R, = op(1).

These rules are meant to be read from left to right. For example, (¢) means that if X, is of stochas-
tic order R,, and Y, is of smaller stochastic order than .S,,, then X,,Y,, is of smaller stochastic order
than R, S,,.

Exercise A.39. Prove the following rules for (stochastic) Landau symbols:
(a) If X,, converges in distribution to X, then X,, = Op(1).

(b) If E (|X,,|*) = O(a,,) for some k > 0, then X,, = Op(a}/k).

(¢) If E (|X,,|*) = o(ay) for some k > 0, then X,, = op(a,{/k).

In parts (b-c), (ay )y is a deterministic sequence of numbers a,, > 0.



