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Chapter 0

Introduction

Statistics is the art of analysing data and dealing with non-avoidable errors and uncertainties in a
concise way. In introductory and many advanced Statistics courses, various procedures such as
point estimators, statistical tests and confidence regions are introduced for different settings, but
often they seem a bit ad hoc. The purpose of Mathematical Statistics is to present these procedures
in a coherent framework and to clarify which procedures are optimal for a given task. This includes

the question of how to quantify the quality of a statistical procedure.

An indispensable tool for mathematical statistics is measure theory, including Radon-Nikodym
derivaties, conditional expectations, conditional distributions and Markov kernels. These topics

are covered in the lecture “Advanced Measure Theory”.

From raw data to statistical experiments

Consider some experiment or study which yields raw data w € €2. We assume that these raw data
are random, so we imagine a probability space (2, A, IP). Preprocessing the raw data w leads to
data X (w) in some measurable space (X, B), the sample space. We assume that the mapping X

1S measurable.

Typically the underlying space (€2, .4, IP) is not further specified, and the raw data w are rarely
mentioned. Instead we focus on the distribution of the random variable X and assume that it be-
longs to a given family (Py)gce of probability distributions on the sample space (X', B), indexed
by parameters 6 in a parameter space ©. Thus we assume that there is an unknown true parameter
f € O such that X has distribution Fy. In what follows, the symbol # may denote this particular
true parameter or a potential parameter. It should become clear from the context in which sense
is meant. The dependency of probabilities, expectations, variances etc. on # will sometimes be de-
noted by a corresponding subscript, leading to IPy(-), IEy(-), Vary(-) etc. Integrals of measurable
functions on (X, B) with respect to Py are denoted with Fy(-).

The resulting model for our observed data X is the statistical experiment

& = (X)Bv (PQ)GGG)‘
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At first glance there seems to be some redundancy in this definition of a statistical experiment &£,
because specifying the family (FPy)sco implies the specification of the measurable space (X, B).
But sometimes we shall replace B with certain sub-o-fields, so the current definition is useful.

Often the data consist of a tuple of n independent, identically distributed random variables with
values in some measurable space (X, B). Then we sometimes write the data as X = (X;)I"
with values in the sample space (X", B®"), and the statistical experiment has the form & =
(X", B2, (P )geo) with a given family (Pp)gee of distributions on (X, B). The assumption
that X ~ Pég’” is often phrased as “X is a sample from FPp”.

Example (Simple location family). Suppose that we observe independent random variables X1,
Xo, ..., X, where
X, = 0+¢.

Here # € R is an unknown parameter, and €1, €2, . . . , €, are independent (unobserved) random

errors with given distribution Fj.

One could think about n repeated measurements with a measurement device (e.g. a scale), and
Py describes the distribution of an unavoidable measurement error, which does not depend on the

value of 0.

Thus the tuple X = (X;)?_; € R has distribution P;”" with
P@(B) = ]P(@ +e€€ B), e~ Py.

If the error distribution Py has distribution function F{, then the distribution function Fy of Py is
given by Fy(x) := Fy(x — @), and if P, has a density f, with respect to Lebesgue measure on R,
then P has density fy given by fyp(x) = fo(x — 6). This leads to the statistical experiment

£ = (R, Borel(R)®", (P£™)gep).

Example (Bernoulli experiment). Suppose we observe independent random variables X7, Xo,
..., Xy, with values in {0, 1}, where

for an unknown parameter 6 € [0, 1].
As a first specific example, one could think about n repeated tosses of a (not necessarily fair) coin.

Here the tuple X = (X;)?; € {0,1}" has the following discrete distribution: For any tuple
x € {0,1}",

P(X =x) = [[P(Xi =) = [Jom(1-0)""" = 07@ (1 — )"
; =1

with T'(z) = >, 2; € {0,1,...,n}. This leads to the statistical experiment

€ = ({01 PHO.1Y"). (Ph)aeoy).



where Py is given by

Py({x}) = 07T@ 1 - )" T@®  forax e {0,1}".

Instead of reporting the n outcomes X1, Xo, ..., X,, one could summarize the experiment by the
total number 7'(X) = > | X; with distribution Bin(n, §). This leads to the experiment

£ = ({0,1,...,n},P({0,1,...,n}), (Bin(n,0))scp1)) -

Here is another specific example leading to the same statistical experiment(s) with an explicit
description of (€2, .4, IP): Imagine a population M and a subpopulation M, of individuals with a
special property. Suppose that the fraction § = #M,/#M is unknown. To find out something

about 6, we draw a random sample w = (wj, . .., w,, ) from this population and report
1 ifw; € M,,
X, (w) _ Wi o
0 else.
If wy,...,w, are drawn completely at random with replacement, then w belongs to the finite set

Q = M™, TP is the Laplace distribution on (€2, P(€2)), and the random variables X7, ..., X, have

the properties described before.

If wy,...,w, are drawn completely at random without replacement, then w belongs to the finite
set 2 of all w € M™ with pairwise different components. Again, IP is the Laplace distribution on
(©,P(£2)), and the random variables X7, ..., X, still have the property that P(X; = 1) = 6 =
1-IP(X; = 0). But now they are stochastically dependent, and 7'(X') follows the hypergeometric
distribution Hyp(#M, #M,,n). If we focus on the potential distributions of 7'(X), and the

population size #.M is unknown too, this leads to the statistical experiment

({0, 1,...,n},P({0,1,...,n}), (Hyp(N,m, n))(Mm)E@),

where O consists of all pairs (N, m) of integers such that N > nand 0 < m < N.

If n < #M, however, the difference between sampling with replacement and without replace-

ment becomes negligible, and the simpler Bernoulli or binomial experiments are appropriate.
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Chapter 1

Measurement Series and Estimators of
Location

1.1 Point Estimators

We start from a statistical experiment £ = (X B, (Pg)gE@). Sometimes one is interested in a
function ¢(#) of the true parameter ¢ with values in some metric space (G, d), where g : © — G
is given. In the simplest case, one would like to deduce from the observed data X a simple guess
9(X) € Gof g(0).

Definition 1.1 (Point estimator). A point estimator of g(f) (short: an estimator) is a measurable'

function

g: X —G.

To compare different estimators g, one can quantify their inaccuracy for instance by their mean

squared error,
Bod(@.90)°) = [ d(@(a).o0)) Fo(da).

Note that this quantity depends on the parameter 6. In general, it may happen that one estimator g;
is strictly better than another estimators g» in a certain region of the parameter space © but strictly

worse somewhere else.

1.2 Estimators of Location

We consider a simple location family as in the introduction, i.e.
g = (R",Borel(R)*™, (Py™)gcr)

with
P@ = Po *(59.

' B-Borel(G, d)-measurable

11
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Here ‘x” denotes convolution?, and dg is the Dirac measure at the point 6.

To ease notation, we identify (€2, A) with (R", Borel(R)®") and set X;(x) := x;, so X is just
the identity mapping. Moreover, we write [Py := Pé‘,gm.

Equivariant estimators. For a vector = (z;)!"_; € R™ and any number a € R let
at+x = x+a:= (z;+a),
The simple location family £ has the property that for arbitrary 6, a € R,
X ~ Py ifandonlyif X +a ~ Pgi,.

This motivates the following property of an estimator 9 of 0:

Definition 1.2 (Equivariance). An estimator 0 :R" — Ris called equivariant, if

~ ~

O(x+a) = 6(x)+a forallz € R"anda € R.

Note that the sample mean,
_ 1<
X = 2 X,
1=

as well as the sample median are equivariant estimators. Concerning the sample mean, it follows

from the weak law of large numbers that for a fixed distribution Py with mean [z Py(dz) = 0,
lim Eyg|X — 60| = 0.
n—oo

If in addition, P, has finite variance o2, then even

Risk functions. For an arbitrary estimator § : R — R, we consider its risk function R(é\, )
R — [0, oo] with
R(0,0) = TEe((0 — 0)%) = / (6 — 0)2d 1Py,

the mean squared error of # in case of the true parameter being 6.

In case of an equivariant estimator 6, its risk function is constant: For arbitrary 6 € R,

R(8,0) = R(8) := R(6,0) = IEy(6).
More generally, if 9 is equivariant, then for any measurable function h : R — R and arbitrary
6 € R,
Eoh(6 —0) = Eyh(0),

~

provided that IEq h(#) is well-defined.

For distributions P and Q on the real line, P * Q denotes the distribution of X + Y with independent random
variables X ~ P and Y ~ Q. In particular, for 8 € R, P * Jy is the distribution of X + 6 with X ~ P.
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1.3 Constructing an Optimal Equivariant Estimator

An equivariant estimator 6, is called optimal (among all equivariant estimators) if

R(g*) < R(g) for any equivariant estimator g,

If X ~ Py, then X = 0 + € with € ~ IPg, and for any equivariant estimator 5

8(X) = 0+ 6(e).
Of course, we don’t know e, but at least we know T'(e) for the particular function 7" : R” — R"
given by

T(x) = x—x1 = (0,29 —21,...,2, —x1) .

Indeed, this function T is invariant in the sense that
T(x+a) = T(x) forallz € R"anda € R.

Hence, if we observe X = 6 + €, then

~ ~

That means, we know at least T'(e). So we could try to improve the estimator (X ) = 0 + 6(¢€)

by subtracting the conditional expectation of 6(€), given that T'(€) is equal to the observed T'(X).

That means, we subtract a reasonable guess of §(€) from (X ). This idea leads to an optimal

equivariant estimator indeed.

Theorem 1.3 (Pitman’s improvement). Let 9 be an equivariant estimator with finite risk R(@)
Then
0, == 6 —1TEy0|o(T))

defines an optimal equivariant estimator. It is unique in the sense that for any equivariant estimator
0 and arbitrary 0 € R,

R(A) = R(6,) impliesthat 6 = 6, IPg-almost surely.
Remark 1.4 (Invariance and the choice of T'(-)). Our particular choice of T'(-) is somewhat
arbitrary. In principle one could take any equivariant estimator 6 : R" — R and define T(x) :=
T — é(m) Inspecting the proof of Theorem 1.3 carefully reveals that Theorem 1.3 remains valid
with this definition of T". Our particular version corresponds to 6 = X, and is convenient for

explicit calculations.

Exercise 1.5. Consider an estimator § : R” — R. Show that 0 is equivariant if and only if

T(x) := x — () is invariant, i.e. T'(x 4+ a) = T'(x) for arbitrary x € R” and a € R.

Remark 1.6 (Characterization of optimality). The particular construction in Theorem 1.3 implies

that an equivariant estimator 0 with finite risk R(@) is optimal if and only if

IE0(§|0(T)) = 0 IPp-almost surely.
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Exercise 1.7. Let é\* : R™ — R be an optimal equivariant estimator for § with finite risk R(g*)

Show that é\* is unbiased, that means,
Eg(6,) = 6 forallf € R.

Exercise 1.8. Suppose that P is the Laplace distribution on {0, 1}.
(a) Before starting to apply the general theory, how would you estimate 6?

(b) Determine the conditional distribution of X, given that T' = y, in case of § = 0. (Which

vectors y € R™ are relevant?)

(c) Determine the optimal (in terms of mean squared error) equivariant estimator of 6.

Proof of Theorem 1.3. The general theory of conditional expectations shows that we may write
IEo(g\ o(T)) = g«(T) with a measurable function g, : R™ — R such that

Eo((6 — 9(T))*) = Eo((0 — g.(T))*) + Eo((9(T) — 9:(T))?)
for any measurable function g : R™ — R. In particular, for g = 0 we obtain the formula

(1.1) Eo(0?) = Eo((0 - g:(T))?) + Eo(g.(T)?).
Since 8 is equivariant and 7" is invariant, 0, = 0 — g«(T") is an equivariant estimator, too: For

arbitrary x € R" and a € R,

b.(x+a) = 0(@+a)—g.(T(x+a)) = 0(x)+a—g.(T(x) = 0.(z) +a

=0(x)+a =g+(T(x))

Hence, we may rewrite (1.1) as

R(0) = R(0:) + o (g:(T)?).
Consequently, R(@) > R(g*) with equality if and only if IEg(g«(T)?) = 0, and this is equivalent
to
Eo (5] o(T)) = 0 IPp-almost surely.

Finally, let 6 : R® — R be another equivariant estimator with finite risk R(f). Then h := 6 —
is invariant in the sense that h(x) = h(T'(x)) for arbitrary @ € R"™. Consequently, if we apply

Pitman’s recipe to 6 instead of 6, we obtain the estimator

0. = 0 —T(0|o(T))
= 0+ h(T) — Eo(6 + h(T) | o(T))
= 0+ h(T) = (0| o(T)) — Eo(h(T) | o(T))
=h(T) as.
= 67—]E0(§|0(T)) = 0, IPg-almost surely.

Moreover, since 0, — QA* is invariant, IPg (5* # 5*) = 1P, (5* # 5*) = 0 for arbitrary 6 € R. O
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In case of Py having a density with respect to Lebesgue measure, there is an explicit formula for

the optimal equivariant estimator 6,:

Corollary 1.9. Suppose that Py has a density fy with respect to Lebesgue measure on R, and
suppose that there exists an equivariant estimator with finite risk. Then there exists a Borel set
B, C R™ such that Po(T~Y(B,)) = 1,> and for each x € T~*(B,), the optimal equivariant

estimator 0, is given by
b.@) = [ 6fol@)a0/ [ w) s
R R

where fo(x) =[]}, fo(x:) and fy(z) := fo(x — 0) for real numbers x. In other words, 5*(33)
is the mean of the probability distribution (), on R with density

0 folw)/ /R fol) dn,

Example 1.10 (Gaussian distributions). Suppose that Py = N(0, 02) for some ¢ > 0. Then

~

0, = X.
This follows from Corollary 1.9 and the following calculations: fo(z) = C exp(—2?/(20%)) with
C = (2n0?)~1/2, whence
x — 0|
)
fo(x) exp 572
But
82 = e — | + n(® — )2

withZ :=n~ 131 | 2, 50

@) = fate)esn(- G0
and this implies that the distribution @, in Corollary 1.9 is equal to N(Z, o2 /n). Hence
0.(z) = mean(N(z,0%/n)) = Z.
Example 1.11 (Uniform distributions). Suppose that Py = Unif([—o, o]) for some o > 0. Then
f.(xz) = (min(z) 4+ max(x))/2
with min(x) and max(x) denoting the minimum and maximum of {x1,...,x,}, respectively.
This follows from the following considerations: Since fo(z) = (20) ' 1[_y<y<o]-

n

fox) = 20) " [[11-r<ai-0<0
=1

n

= (20.)7n H 1[$¢—U§0§$i+0]
=1

- (20) 1 [max(x)—o<0<min(x)+o]-

Po(T~!(B.)) = 1 for all @ € R by invariance of T..
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Hence the distribution () in Corollary 1.9 is the uniform distribution on the interval with end-
points max(x) — o and min(x) + o, unless max(x) — min(x) > 20. (Note that max(X) —

min(X) < 20 almost surely.) Consequently,
6.(x) = midpoint of [max(x) — o, min(x) + o] = (min(x) + max(x))/2.

(This definition makes sense no matter how large the difference max(x) — min(x) is.)

Exercise 1.12. Suppose that Py = Unif[—0c, o]. As shown before, the optimal equivariant esti-
mator of 6 is given by (/9\*(:c) = (min(z) + max(x)) /2.

(a) Determine the risk of X.

(b) Show that the risk of 8, is of order O(n=2).

Bonus question: Show that
202
(n+1)(n+2)

Remark 1.13 (Maximum-likelihood estimation). In case of Py having density fo, the function

R(0,) =

0 — fo(X) =] fo(X)
=1

is the so-called likelihood function. For any number 6 one may interpret fy(X) as a measure
of plausibility of # being equal to the true parameter. Indeed a standard estimator of the true
parameter 6 would be the maximum-likelihood estimator
O, = argmax fo(X),
(SN

provided the latter is uniquely defined. Our previous calculations show that 0, = §ML = X in
case of Py being a centered Gaussian distribution.

The higher popularity of O, in comparison with 0, is due to the fact that the latter estimator is
rather difficult to compute explicitly in non-Gaussian models. Moreover, in many settings one can

show that R
((9 — GML)2>

fo(X) = f5,, (X)exp(~ =

for some random variable 5 > 0 such thaty —, 0 as n — oo. Hence Q x ~ N(@ML, 42) for large
sample sizes n, and §ML seems to be a good surrogate for ..

Exercise 1.14. Suppose that the error distribution Py is the standard exponential distribution.

That means, its density is given by

fole) = {0 if z <0,

exp(—x) ifz>0.

(a) Determine fy(x) for @ € R and € R™ in terms of min(z) and x4 := > ;" | z;.
(b) Determine the maximum likelihood estimator §ML.

(c) Determine the optimal equivariant estimator 6.
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Proof of Corollary 1.9. Consider the linear transformation given by
x — (21, T2 —21,..., 0, —71) = Az

with the lower triangular matrix

1 0 0

-1 1 0 0
A=1|-10 1

: 0

-1 0 0 1

Its inverse is given by
y = Wty tn)| = Ay,
and det(A) = 1 = det(A™1). Hence, by the transformation formula for Lebesgue integrals,
Py(AX € B) = /Rn Liazep) fo(z) dz
= / lyen fo(A™y) dy
- [ na
for any Borel set B C R”. This shows that the distribution of A X under IPg has density*

y — fo(A7y) = folyi,y2 + Y1, Un + 11).

Note that AX = (X1,T5,...,Ty,)" while T} = 0. Thus the distribution of (7%, ..., T},) is given
by the density

(tay... tn) — g(ta,... ty) = /Rfo(u,tg + Uy ...ty 4 u)du.
In particular, there exists a Borel set B, C R"™ with IPo(T" € B,) = 1 such that for any t € B,,
0 < g(ta,... tn) == /Rfo(u,t2—|—u,...,tn+u)du < o0,
and the conditional distribution of X, given that T" = ¢, has density

w s g(ta,. .. tn) folu,ta +u, ...ty 4 u).

Coming back to our estimator 6 with finite risk IEO(GAZ), note that g(m) = x1 + h(T(x)) for some
measurable function & on R™, and

00 > E0|§\ = / /|u+h(0,t2,...,tn)|f0(u,t2+u,...,tn—i—u)dud(tg,...,tn).
Rr—1 JR

*In this proof, densities are with respect to the corresponding Lebesgue measure.
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Hence for a Borel set B, C B, with IPo(T" € B,) = 1 and arbitrary ¢t € B,,
/R\u|f0(u,t2 +u, ...ty +u)du < oo.

In particular, if we plug in ¢ = T'(x) for some x € T~1(B,), then

foluyto+u, ...ty +u) = folrr —x1+u,x0 — 21+ U,y .., Ty — 21+ u) = fo,—u(T),

gta, ... ty) = /fol_u(:c)du = /ng(a:)de,
and
lEo(mT:T(m)) = /R(u—i—h(T(m)))fxl_u(a:) du//ng(ac)dQ
= o+ W) ~ [ (o1 =)o@/ [ @) a0
~ @)~ [ ontw)as | o).
Consequently,
b.(x) = O(z) — (0| T = T(x)) = /Rﬂfg(a:)dﬁ//Rf@(m)dG
for all z € T~ '(B,), as claimed. O

We end this section with the interesting result that in case of an error distribution Py with finite
second moment and Lebesgue density fj, the optimal equivariant estimator is the sample mean if

and only if P is a centered Gaussian distribution.

Theorem 1.15 (Kagan-Linnik—Rao). Letn > 3, and let Py have finite second moment. Then
0, = X almost surely if and only if Py = N(0, o) for some o > 0.

Proof of Theorem 1.15. We have verified already that 5* = X in case of P, being a centered

Gaussian distribution. Hence it suffices to prove the reverse statement.

In what follows all probabilities and expectations refer to the distribution IP = IP(. The proof of

Theorem 1.3 shows that optimality of X is equivalent to
E(X|o(T)) =0
almost surely, where T = X — X; = (0, X2 — X1,..., X,y — X1) . In other words,
n
(1.2) ]E(Z X,-g(T)) — 0 whenever g(T) € L*(IP).
i=1
With g = 1 this implies that X := X; has mean

E(X) = /xfo(a:)daf = 0.
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If n > 3, we may take g(T') = h(T»,T3) = h(X2— X1, X3— X;) and deduce from independence
of X1, Xo,..., X, and IE(X;) = 0 that

(1.3) E((X1 + X + X3)h(T2,T3)) = 0 whenever (T, T3) € L*(IP).

Now let ¢ be the characteristic function of Fj, i.e.

o(t) = IE(eitX) = /eit‘r Py(dx)

with the imaginary unit 2 € C. We know that ¢ : R — C is bounded and continuous with
¢(0) = 1. Moreover, since Py has finite second moment, ¢ is twice continuously differentiable
with derivative ¢(®) (t) = i* IE(X*e*X) for k = 1,2, so

#'(0) = 4IE(X) = 0 and ¢"(0) = —E(X?).

We may apply (1.3) to the (real and imaginary part of the) complex-valued and bounded function

h(z1, z9) = e**1+#22 with arbitrary real numbers s, t. This leads to

0 — IE((X1 X, +X3)eis(X27X1)+it(X37X1))
_ E(Xlefi(ert)Xl pis X2 e’ith,)
+ IE( —i(s+) X1 x, (15 X2 ith) +E(e—i(s+t)X1 X2 X, eith)
= E(Xie {TX) E(e
+ (e —i(s+1) Xl) (X stQ) E(e tig) +E<e—i(s+t)X1>IE<eisX2)IE(X3€itX3)
= ¢'(=(s+1)d(s)p(t) + (= (s + )¢ (s)(t) + d(—(s + 1)) $(5)¢'(¢),

'LSXQ) ( ti;)

where the latter two equalities follow from X, Xo, X3 being independent and identically dis-

tributed. Consequently,

& (—(s+1)d(s)d(t) + d(—(s + t))(¢'(s)¢(t) + qb(s)qS'(t)) = 0 for arbitrary s,t € R.

Now let
¢ = max{t € (0,00] : ¢ # 0on (—t,t)}.
Then 5 ()

defines a continuous function ¢ : (—¢, ¢) — C with ¢(0) = 0 and
Y(—(s+1t)) +1(s) +¢(t) = 0 whenever |s|,|t],|s +t| < c.
But this implies that for some o € C,
P(t) = at forallt € (—c,c),
see Exercise 1.16. In other words,

&' (t) = atg(t) fort € (—c,c).
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Together with ¢(0) = 1, standard results for differential equations imply that
o(t) = /2 fort e (—c,0).

But continuity of ¢ and the definition of ¢ imply that ¢ = co. For otherwise, continuity of ¢ and

the definition of ¢ would imply that 0 = ¢(+c) = /2, Consequently,
o(t) = /2 forallt € R.

Since ¢"(t) = (a + a?t?)¢(t), we may conclude from ¢”(0) = a = —IE(X?) that a is a
negative real number. It is well-known from probability theory that for any ¢ > 0, the char-
acteristic function of N(yu, 0?) is given by ¢ — exp(ity — 0?t2/2). Hence the characteristic
function of P, coincides with the characteristic function of N(0, 02), where o := \/—a. Since
any probability distribution is uniquely determined by its characteristic distribution, this shows
that Py = N(0, 02). O

Exercise 1.16. For some ¢ € (0, 00], let ¢ : (—¢, ¢) — C be a continuous function such that
Y(—(s+1t)) +(s) +¢(t) = 0 whenever |s|, [t],|s +t] < c.
Show that there exists a constant o € C such that

P(t) = at forallt € (—c,c).

The contents of the next two exercises are probably known from other courses in Statistics.

Exercise 1.17 (Binomial distribution functions). Forn € N and p € [0, 1], let F}, ;, be the distri-

bution function of Bin(n, p), that is,
c n . .
Fop(e) = Z <j>p](1 —p)"7 forece{0,1,...,n}.
j=0

Show that for any fixed ¢ € {0,1,...,n — 1}, F}, »(c) is a continuous function of p € [0, 1] with
Fn’o(c) = 1, le(c) = 0and

Fo(c) = n<” - 1) /pl (1 — u)"=1¢ du.

c

Exercise 1.18 (Distribution of order statistics). Let X(;) < Xy < --- < X, be the order

statistics of independent random variables X7, . .., X,, with distribution function F' on R.

Show that for k € {1,2,...,n},
IP(X(k’) < JJ) =1- Fn,F(w)(k - 1)7

with F, ;, as in Exercise 1.17. Now deduce from Exercise 1.17 that

— F(z)
P(Xy <) = n(Z i) / P (1 —w)F du.
- 0
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Exercise 1.19 (Distribution of the sample median). Let X7, ..., X,, be independent random vari-
ables with density f and differentiable distribution function ' on R. Suppose that n = 2m + 1

for some integer m > 1.

(a) Show that the sample median M,, := median(X7, ..., X;,) has density

2m
m

ote) = ()P~ P Sa).

(b) Suppose that f is the standard Cauchy density, f(x) = 7~1(1 4+ 22)~!. For which values of
mis IE(M?2) < 0o?

Remark 1: One can answer (b) without computing IE(M?2) explicitly, utilizing rough bounds for

Remark 2: One can show here that n IE(M2) — 72 /4 as n — oo.

1.4 Beyond Equivariance: Admissibility

Although equivariance is a rather natural requirement, it is not obvious that it isn’t too restrictive.

Let us first consider a different estimation paradigm.

Bayesian estimation of 6. Suppose that P is given by a density fy on R, so the distribution
of X is given by the density fy(x) =[], fo(z; — ), € R". Now imagine that 6 itself is
a random variable which is chosen by “mother nature” according to a so-called prior distribution

with probability density 7 on R. That means, for arbitrary Borel sets C C Rand D C R”,

B = T = £ €r T .
PB(@ecC, X eD) = /C]PQ(D) (6)do /C/DM ) da (0)d

Here and thoughout the sequel, the superscript ‘B’ stands for ‘Bayesian’ and means that 6 is
considered as a random variable. (We do not distinguish notationally between the random variable

0 and an explicit value 6.)

The latter display and Fubini’s theorem show that the joint distribution of (6, X) is given by the
density (0, x) — g(0,x) := fo(x)m(6). That means, for any Borel set B C R x R™,

P2((0,X) e B) = /g(e,m)d(e,m).
B

Moreover, by Fubini’s theorem,

B = Bw T
P en) = [ fPa)a

with

fP(m) = /Rfe(m)W(O)dH.

Hence fB describes the marginal distribution of X in the Bayesian framework.
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More generally, for any measurable function 4 : R x R” — R,

BB h(0, X) = /R bt )gl0.2)d(6.3),

provided that the latter integral is well-defined. By Fubini’s theorem this may be rewritten in two

ways:

EP h(f,X) = /R/n h(0,x) fo(x) dx w(0)do = /R]Eg h(6,X)m(0)do,
and

B h(6, X) = / n /R h(6,x) QE(d0) () d,

where QP is conditional distribution of 6, given X = @, with density

fo(x)m(0)/fP(x) if 0 < fB(z) < o0,

o mblz) = {7‘(‘(9) else.

Within the Bayesian framework, Q2 and 7 (- | ) are called the posterior distribution and posterior

density, respectively, of 0, given X = .

The Bayes risk of any estimator 0 : R™ — R in this framework is defined as
RB(@6) = EB((0(X) - 0)?)
— [ [ @@ - 07 fo(a) don(o)is
R JR?
= / R(8,6) (6)ds.
R

The general theory of conditional expectations implies that the (essentially) unique minimizer of

the Bayes risk is given by
0%(x) = BP0 X =x) = /9w(<9|a:) d9 = mean(QE).
R

Furthermore,

Note the similiarity between the Bayes-optimal estimator g8

~

0.,:

and the optimal equivariant estimator

@) = [ on@=@)s) [ fo@ (o).
@) = [ on@ds/ | folw)a.
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Hence 6, may be interpreted as a Bayesian estimator with prior distribution Lebesgue measure,
corresponding to ™ = 1. Moreover, suppose that 7 is the density of N(v, 72) for some v € R and

7> 0. Then 7(#) is proportional to e~ (®=*)*/(2) whence

/9f9 —(0—v)?/(212) de//fe 2T2)d0

Since (0,1] e~ (0=)?/(27) 1 as T — oo, it follows from dominated convergence that
0% (x) — O.(x) asT — oo,

provided that the integrals in the enumerator and denominator of 0. (x) are well-defined.

Example 1.20 (Gaussian model and prior). Suppose that 7 is the density of N (0, 72) for some
7 > 0, and let Py = N(0, o) for given ¢ > 0. Then

0_2

n+o2/r2

n

"B
@) = e

Z and RB(gB) =

To verify this, recall that
60— 1 2
fotw) = folayesp(~ "0,

Since 7(#) is proportional to exp(—62/(272)),

20— 7)2
fo(x)m(0) = Ci(x) exp(— Lo M)

272 202
0?2 02 +nt?  nz
= C@en(-5 "5+ 5 0)
(60 — Bz)?
— Cy(@) exp(~ 2 )
with certain terms C(x), Ca(x), C3(x) > 0 and
, o o2
7T 22 T n+o2/7?’
.o
T 0?2 ndo?/r?

In particular, QB = N(8z,~?), so

0%(x) = Bz and Var(QB) = 4% = RB(P).

Admissibility. The use of any estimator 0 is justified if it is admissible in the following sense:

Definition 1.21 (Admissibility). An estimator 0 of 0 is called admissible if there exists no other
estimator 0 such that

R(6,6) < R(6,0) foralld c R,
R(é, 0,) < R(0,60,) forsomef, € R.
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Example 1.22. A rather trivial example of an admissible, but non-equivariant estimator is given
by 8 = 6, with some fixed value 6, € R, provided that fo > 0. Here, R(é\, 0) = (6, — 0)2. If
6 would be another estimator with R(6,-) < R(6,-), then R(6,6,) = 0 is equivalent to IPg, (6 #
6,) = 0. But for each 6 € R, the distribution IPy is absolutely continuous with respect to IPy_, so
Py(0 # 6,) = 0, whence R(6,60) = (6, — 6)2.

Exercise 1.23. Suppose that Py([—1,1]) = 1. Show that the trivial estimator § = 0 is not
admissible.

Proposal: Show that if X ~ Py, then max(X) — 1 < 6 < min(X) + 1 almost surely. Now
deduce that 6(X) := (max(X) — 1)+ — (min(X) + 1)~ outperforms (X) = 0.

The following theorem shows that in case of a centered Gaussian error distribution F, the estima-
tor X is indeed admissible.

Theorem 1.24. If Py = N(0, 02) for some o > 0, then X is an admissible estimator of 0.

Proof of Theorem 1.24. The risk function of X is constant o2 /n. Suppose that g is an arbitrary
estimator such that R(@, -) < 02/n on the whole real line. As shown in Exercises 1.25 and
1.26, it follows from R(§7 ) < oo on R that the risk function R(@, -) is continuous. Hence
if R(@\, 0,) < o2/n for some 0, € R, then there exist real numbers § > 0 and a < b such that
R(6,6) < 0%/n—6 for 6 € [a,b]. Now we evaluate the performance of 6 in a Bayesian framework
with 6 ~ N(0, 72) for some 7 > 0. Here
RB() = EPR(9,0)
2

0'2 g
< PP(0 & [a.b]) = +PP(0 € [a,8)) (- - )
2
_ 9 B
= ;—IP (0 € [a,b])o
o2 b a

= () -2()s

o S —a)s
for some number £(7) € [a/7,b/T]. On the other hand,

0'2 0'2 0'4

RB(®) > RBO®) = —~—— > = -
( ) = ( ) n -+ o2 /7_2 ~ n n27r2
by the elementary inequality 1/(1 + y) > 1 — y for y > —1. These inequalities for RB(é) imply

that

o

' (E(M)b-a)s <

- n’r
for arbitrary 7 > 0. But as 7 — oo, the left hand side converges to ®'(0)(b — a)d > 0, whereas
the right hand side converges to 0. This contradiction shows that R(6,-) < o2 /m implies that

R(é\, ) =o?/n. O

Exercise 1.25 (Some basic considerations). Let M be a measure on a measurable space (2, .A),
and let g, h : Q — R be A-measurable functions such that for real numbers a < b,

/(eag + e"9)|hldM < oo.
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(a) Show that
L{t) == /efgh dM
defines a continuous function L : [a, b] — R.

(b) Show that L is continuously differentiable on (a, b) with derivative
L'(t) = /getgh dM.
(c) Show that L is infinitely often differentiable on (a, b) with k-th derivative
L® (1) = /gketgh dM.

Exercise 1.26 (Continuity of risk functions in simple Gaussian location families). Consider the
simple location family with Py = N(0, o) for some o > 0. Let 6 : R" — R be an estimator of §
such that the risk

R(S,8) = Ee((6 —0)?)

~

is finite for any 6 € R. Show that R(6, -) is continuous on R.

Exercise 1.27. Let Z ~ N(0,1) and a € R. Show that [E(1[7+4Z) = ¢(a) and IE(1[2>&]Z2) =
®(—a) + a¢(a), where ¢ and ® arethe density and distribution function of Z, respectively.

Exercise 1.28. Suppose that the error distribution equals Py = N(0, o) for some o > 0. If one
assumes that § > 0, a possible estimator would be

X

(a) Determine R(X ™, 0) for arbitrary § € R. (Hint: Exercise 1.27.)
(b) Compare R(X™,-) with R(X).

Remark: This exercise shows that the estimator X of @ is inadmissible in the statistical experiment
(R”, Borel(R™), (N(§, 02)%") 9>0) , because X T has strictly smaller risk than X. Whether or not

X T is admissible itself is a different question.

1.5 Location Functionals and Gross Error Models

Estimators as functionals of (empirical) distributions. Consider a random vector X € R"

~

with independent components X; having distribution P. Most estimators 6( X ) may be viewed as

a functional S(P) of the empirical distribution

~ 1 &
P = - 0x;,
0 20

1.e.

n

i=1
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for B C Rand h : R — RR. For instance

X = mean(P),

median(Xy,...,X,) = median(P),

where for arbitrary distributions @) on R,

mean(Q) = /xQ(dm) provided that /]w\Q(dw) < 00,

min{z : Q((—oo,z]) > 0.5} + max{z : Q([z,00)) > 0.5}.

median(Q) := 5

It is well-known that the empirical distribution P is a consistent estimator for the underlying
distribution P. Precisely,

IE( sup \ﬁ(B)—P(B)\) — O(n~V?)

intervals BCR

uniformly in P, and for arbitrary measurable functions i : R — R with [ |h|dP < oo,

E‘/hdﬁ—/th‘ 0 asm— oo

Hence ‘reasonable’ functionals S(-) should satisfy S(P) —p S(P) as n — oo, at least if P itself

is ‘reasonable’.
In what follows we consider the families

P o= {probability distributions on R},

P

{PGP1/|ZL‘|TP(CZ:L‘)<OO}, r >0,

ie. PO ="P.

Definition 1.29 (Equivariant location functional). An equivariant location functional on P" is a
function S : P — R such that
S(Pxdq) = S(P)+a

for arbitrary P € P" and a € R.

Indeed, mean(-) is an equivariant location functional on P!, and median(-) is an equivariant

location functional on PY = P.

Gross error models. For a given exponent > 0 we consider a simple location family
(R™, Borel(R"), (P;"")per) with Py = Py * dg,

generated by a given distribution Py € P". Now suppose that X1, Xo, ..., X, are independent

random variables with distribution P in a “contamination neighborhood” of some distribution
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in {Py : 6§ € R}. Precisely, we assume that for some unknown parameter # € R and some
e € (0,0.5),

Pel(0) ={1-R+eQ:QeP"}
= {Q eP :Q(B)>(1—¢€)Py(B)forany B € Borel(R)}.

The idea behind this “gross error model” is that each observation X; stems from Py with proba-
bility 1 — ¢, but with a (small) probability e it could follow any other distribution () € P".

For instance, a well-known problem in sociology is that a certain percentage of people give non-
sensical answers on questionnaires. In the natural sciences, it may happen that a measurement
device fails completely with small probability or that the measured value is recorded with a wrong

or missing decimal point which may result in extreme outliers.

If such a model is realistic, for large sample sizes n we should not worry too much about the
sampling error S(P) — S(P) but rather about the systematic error S(P) — 6. Note that in case of
an equivariant location functional S : P" — R,

sup !S(P)—H‘ = sup ’S(P)‘
PeUr(6) Peur(0)

for any 6 € R. For instance, for any » > 1 and any ‘generator’ Py € P" with mean(Py) = 0,

sup |mean(P)| > sup |mean((1 — €) Py +65a)| = 0.
PeU(0) acR

=€a
Hence the mean is a problematic functional in the presence of gross errors.

The following theorem of Peter J. Huber, a Swiss mathematician and co-founder of the field of
“robust statistics”, shows that the median is an optimal equivariant location functional for a broad

class of generators F.

Theorem 1.30 (Huber). For any fixedr > 0 let Py € P" with density fy such that f; is even on
R and non-increasing on [0, 00). Then for any equivariant location functional S : P" — R and
arbitrary e € (0,0.5),

sup |S(P)| > sup |median(P)| = F(;l( 0.5 ),
Peur(0) PeuUr(0) 1—ce¢

where Fy and F|; 1 are the distribution and quantile function, respectively, of Py.

Proof of Theorem 1.30. We first show that indeed

0.5

sup |median(P)} = x = F(fl( )
PeU.(0)r I—e

The assumptions on f imply that with =, := sup{z > 0 : fo(z) > 0} € (0, o], the interval

(—z4, x4) coincides with {x € R : 0 < Fy(x) < 1}, and Fy is continuous and strictly increasing

on (—z«, ). Moreover, Fo(—z) =1 — Fy(z) for all z € R. Since 0 < € < 0.5, the number .
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lies in (0, x,). The distribution function F' of P = (1 —€) Py + €Q € U! (P) is strictly increasing
on (—x4,x,) as well and satisfies
0.5

1—e€
with equality if, and only if, Q((—o0, —z¢]) = 1. On the other hand,
F(ze) > (1—¢)Fo(z) = (1—-€)05/(1—€) = 0.5

with equality if, and only if, Q((—o0, z.]) = 0. These considerations show that the maximum of

Fl—z) < (1— €)Fo(—z) +¢ = (1-@(1- )—i—e ~ 05

|median(P)| over all P € U (0) equals .
Now we construct two particular distributions P(Y), P() € 47(0) such that
P? = pM) s, .
If this is possible, then for any equivariant location functional S : R" — R,
S(PPy - s(PY) = 2.
This implies that S(P(1)) < —z, or S(P?)) > ., whence
sup ‘S(P)} > .
Peur(0)
The construction starts from the function (1 — €) fp and noting that
Te
/ (1—¢)fo(z)dr = (1 —e€)Fy(ze) = 0.5.
—00
Shifting this function to the right by 2. yields the function (1—e¢) fo(z —2x.), and the assumptions
about fp imply that
> <
a-an {2 a-ant-2m it {5)a

and

/Oo(l—e)fo(x—%:e)da; = /OO (I—¢)fo(x)dr = 1— Fy(—zc) = 0.5.

— e

This shows that

f@ = (1= eymax{fo(z), folx — 22.)}
defines a probability density such that the corresponding distribution P(?) belongs to Ur(0). In-
stead of shifting (1 — €) fy to the right, we could shift it by 2z, to the left and would obtain the
density

fO = (1= ) max{ fo(x), folx + 2zc)}
of a distribution P € ¢7(0). But f& = f(. —2z,.), so P? = P x5y, , as desired.
Figure 1.1 illustrates the construction of (1), f(2). O

Remark. There seems to be no simple location family such that Median(x) is the correspond-
ing Pitman estimator. On the other hand, if Py is the centered Laplace distribution with density
fo(x) = (20)~Lexp(—|z|/o), then Median(z) = §ML(x) and one can show that this estimator

is approximately optimal as n — co.
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-4 -2 0 2 4

Figure 1.1: Construction of two particular distributions PV, P(?) ¢ 1, 3(0) with densities
fD, £ in case of Py = N(0, 1).
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Chapter 2

Statistical Tests

In this chapter we consider a general statistical experiment (X , B, (P@)gee). Recall that (FPy)geco
describes potential distributions of observed data X € X. Suppose for the moment that the
observed data are indeed a realization of a random variable with distribution Py for an unknown
true parameter 6. Sometimes we conjecture that § does not belong to a given set ©, C O. That
means, our working hypothesis is that § € ©\ 6, and we would like to falsify the null hypothesis

that 8 € ©, based on the observed data. This can be formalized by a measurable function
p: X —{0,1}.
If o(X) = 1, then we claim that 0 ¢ ©,. In other words we reject the null hypothesis. In case of

©(X) = 0 we make no assertion about 6.

For theoretical and other reasons it is useful to consider randomized tests , i.e. measurable map-
pings
p: X —10,1].

The idea is that after observing the data X € X', we reject the null hypothesis with (conditional)
probability ¢ (X). For instance, we could generate an additional random variable U ~ Unif|0, 1],
independently from X, and reject the null hypothesis if U < ¢(X). Allin all, by Fubini’s theorem,
the probability of rejecting the null hypothesis equals

Eo(p) = /sOdPG-

This is equal to Py(¢ = 1) in case of a {0, 1}-valued mapping (.

Definition 2.1 (Statistical test, power function). A (statistical) test is a measurable mapping ¢ :
X — [0,1]. If ¢ takes only values in {0, 1}, this can be indicated by saying that ¢ is a non-

randomized test. The power function of a test ¢ is the function

©30 — Eg(gp)—/cdeg,

and Fy(p) is the power of ¢ for parameter 6.

31
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Note that this definition does not involve any null or working hypothesis. Let us come back to
observed data X with distribution Py for an unknown true parameter § € O. If we use a test ¢ to

check the null hypothesis that § € ©,, there are two possible types of error:

Error of the first kind: The true parameter 6 belongs to ©,, but we reject the null hypothesis.
Error of the second kind: The true parameter 6 does not belong to G, but we do not reject the null
hypothesis.

An error of the first kind happens with probability

Eg(p) if6 € O,,
0 if0 ¢ O,,

whereas an error of the second kind occurs with probability

0 if € O,
1— Ey(p) if6 & O,

Traditionally one tries to control the probability of an error of the 1st kind.

Definition 2.2 (Test level). Let() C ©, C O, and let « € (0,1). Suppose that ¢ is a test such
that
Ey(p) < a forall§ € ©,.

Then ¢ is called a test of the null hypothesis O, at (test) level a.. A shorter formulation: ¢ is a
level-a test of O,

Instead of fixing the test level o and searching for a level-« test ¢ of the null hypotheses ©,, one

could also design a test ¢ and then determine its exact test level

sup Ep(y).
0€0O,

Example 2.3 (Quality control). The producer of a certain gadget wants to learn something about
the unknown probability 6 that such a device fails in a standardized test of endurance. To this end,
he runs an experiment in which n such gadgets are exposed to that endurance test. The outcome
of this experiment could be described by a tuple X = (X;)_; in {0, 1}", where X; specifies
whether the i-th gadget fails (X; = 1) or not (X; = 0). Assuming that the n gadgets perform

independently, this leads to the Bernoulli experiment described in the introduction, i.e.

({0, 13", P({0, 1}"), (Po)oep,n)

where Py({x}) = 07@®) (1 — )"~ T@) T(z) = 3 | ;. Note that T(X) ~ Bin(n, 0).

Suppose the producer wants to verify that the unknown probability 6 is smaller than a given (small)
number 6,. Then he should test the null hypothesis ©, = [0, 1]. If he performs a statistical test of
O, at level «, and if that test rejects the null hypothesis, he may claim with confidence 1 — « that
the unknown parameter 6 is smaller than 6,. As we shall justify later, a reasonable non-randomized
test for this task is given by ¢(X) = 1ip(x)<k for some suitable integer k£ € {0,...,n — 1}.
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With F}, y denoting the distribution function of Bin(n, #), the power function of this test is given
by
E9(90) = Fn,@(k)

Elementary considerations show that this power function is continuous and strictly decreasing with

Eo(p) =1 and E;(p) = 0, see Exercise 1.17. Thus the exact test level is given by

sup Fpo(k) = Fpp, (k).
0€[00,1]

Consequently, if the test level & € (0,1) is given, then one chooses the largest k& such that
F,(k) < o. If the threshold k is given, one computes the exakt test level « = F}, g, (k).

General goal. Typically we specify a nonempty subset © 4 of © \ ©, and focus on testing the
null hypothesis ©, versus the alternative hypothesis © 4. The goal is to construct a level-« test

of ©, with maximal power Fy(y) for § € © 4.

Exercise 2.4 (De-randomisation). Let ¢ : X — [0, 1] be a statistical test. Show that for any fixed

B €(0,1),
P = L2
is a non-randomized test satisfying
E E - B)*
95((’0)/\1 > FEy(p) > W forall 0 € ©.

Exercise 2.5 (Quality control). The producer of a certain gadget wants to learn something about
the unknown probability 6 that such a device fails in a standardized test of endurance. To this end,

he runs a two-stage experiment:

Stage 1: n; such gadgets are exposed to that endurance test, and X is the number of gadgets that
fail.

Stage 2: If X; = 0, another ny gadgets are tested, and X5 is the number of failures in this round.
If X1 > 0, we just set Xo = 0.

(a) Describe a statistical experiment & = (X , B, (Pg)geg) for the distribution of X = (X7, X»).
(Use the notation f,, ¢ for the probability mass function of Bin(ns, §).)

(b) Let p(z1,72) := 13— z,<k) for some k € {0,...,n2 — 1}. Determine the power function
6§ — Ey(yp) of this test. (Use the notation F},, ¢ for the distribution function of Bin(ns, 6).)

Plot this function in the case of n; = ny = 10 and k = 1.

(c¢) Show that the power function in part (b) is strictly decreasing with Fy(¢) = 1 and E1(¢) = 0.
(Here one should recall or prove the fact that F,, (k) is continuous and strictly decreasing in ¢
with F},, o(k) = 1and F,,, 1(k) = 0.)

What is the exact level « of this test if the working hypothesis is that 6 is smaller than a given
value 6, € (0,1)? Which value v do you get if n; = ny = 10, k = 2, and the working hypothesis
is that 6 < 0.2?
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(d) Let N be the total number of gadgets which are tested. Determine IEy(N).

Plot the function 6 — IEy(NN) in the case of n; = ng = 10.

2.1 The Neyman-Pearson Lemma

We start with the very simple setting of © = {0,1} and ©, = {0}. Thus we have only two
possible distributions Py, P; for the observed data X, and we want to test the null hypothesis {0}
(that X ~ Pp) versus the alternative hypotheses {1} (that X ~ P;) at level cv.

Theorem 2.6 (Neyman—Pearson). Suppose that Py and P; have densities fy and fi, respectively,
with respect to some measure M on (X, B). For any o € (0, 1) there exist constants k, > 0 and
Yo € [0, 1] such that
1 if fi > kafo
Yo = (Vo Iff1 =kafo
0 iffi <kafo

defines a test @, of {0} with the following properties:

(i) The test i, has exact level « in the sense that
Ey(pa) = a.

(ii) For any level-« test ¢ of {0},
Ei(p) < Ei(pa)-

(iii) If o is a level-a test of {0} with E1(¢) = E1(pa), then
M(f1 > kafoandp <1) = 0 = M(f1 < ko fo and ¢ > 0).

If in addition ko > 0, then Ey(p) = a.

(iv) If Py # Py, then
El(@a) > Q.

Note that the optimal level-« test ¢, could also be defined in terms of the likelihood ratio f/ fo
with the conventions that a/0 := oo for a > 0 and 0/0 := 0:

1 if fi/fo > ka,
Pa = § Yo iffl/fO = kq,
0 if fi/fo < ka.

Remark 2.7 (Existence and choice of M). The assumption that Py and P; have densities with
respect to some measure M on (X, BB) is not a real restriction. If we take M° := Py + Py, then
it follows from the theorem of Radon-Nikodym that there exist densities f§ = dFPy/dM° for
6 = 0, 1. If M is an arbitrary measure such that a density fy = dPy/dM exists for = 0, 1, then
one can easily verify that f§ = fy/(f1 + f2) ontheset { fi + fo > 0}, and M°(f1 + fo = 0) = 0.
Hence, the resulting optimal test o, would be essentially the same, no matter which measure M

we start from.
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Proof of Theorem 2.6. For the construction of our special test ¢, we consider the auxiliary func-
tion H : [0, 00) — [0, 1] given by

H(r) = Po(f1 <7fo).

Since Py(fo = 0) = 0, we may rewrite this as H(r) = Py(f1/fo < r), where a/0 := oo for
a > 0and 0/0 := 0. Since Py(f1/fo = o0) < Pyo(fo = 0) = 0, H is a distribution function
on [0, 00). That is, H is nonnegative, nondecreasing and right-continuous with limit H (co) = 1.

Consequently, the number
ko == min{r >0:H(r) >1—a}
is well-defined. It has the property that

Po(fi > kafo) = 1= H(ka) < a < 1—H(ka—) = Po(f1 > kafo).

If Po(f1 = kafo) =0, we set 7, := 1. Otherwise we define

_ a— Py(f1 > kafo) _ a—Py(f1 > kafo) e [0,1]
1T By(fi = kafo) = Po(fr > kafo) Po(f1 = kafo) o

In both cases, the test o := 1(f, —g, fo] Vo + L[f>ka fo] Satisfies

Eo(pa) = Po(f1 = kafo)va + Po(f1 > kafo) = o
This proves property (i).
As to properties (ii-iv), note that for any test ¢,
((Pa - (P)(fl - koef[)) >0

with strict inequality on the disjoint sets

{fi > kafoand p <1} and {f1 < kaofoand ¢ > 0},

because by construction of ¢,

l-¢
Pa — ¥ =
- @

0 < /(SOa—SO)(fl — ko fo)dM

= Ei(pa) — E1(9) — ka(Eo(¢a) — Eo())
= El(QOQ) — El(@) - ka(a - EO(()O))a

@)

on {f1 — kafo > 0},
0 on{fi —kafo <0}

IN IV

Consequently,

which is equivalent to

2.1) Ei(pa) = E1(p) = kala— Eo(p)).
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Equality holds if and only if

(2.2) M(f1 > kafoand p < 1) = 0 = M(f1 < kafoand ¢ > 0).

If o is a level-a test of {0}, then the right hand side of (2.1) is non-negative, so E1(p) < Ei(pq).
This proves property (ii).

If o is a level-a test of {0} with E1(p) = E1(pa), then the right hand side of (2.1) has to be zero,
and the first half of property (iii) is just (2.2). Moreover, if k, > 0, then the right hand side of
(2.1) being zero means that Fy(¢) = «, which proves the second half of property (iii).

Finally, we may compare ¢, with the trivial test ¢ = «, so Ey(¢) = F1(¢) = a. Then (2.1) and
(2.2) show that E(p,) > « with equality if and only if

M(f1 # kafo) = 0.

That means, P; has density k,, fo with respect to M. Butthen 1 = Py (&X) = ko Po(X) = kq, SO
P, = F,. This proves property (iv). O

Example 2.8. Let X = (0,00) and Py := Gamma(ag, by) with shape parameters a; > ag > 0
and scale parameters by > by > 0, where (ag,bp) # (a1,b1). Then the density fy of Py with
respect to Lebesgue measure on X equals fy(z) = ['(ag) ~'b, “x%~te=2/% so

fi I'(a)bg”

To (z) = Ww“l*% exp((1/bg — 1/b1)z)

is strictly increasing in > 0. Hence the optimal level-« test of {0} versus {1} is given by

(7004(1:) = 1[$Zka]’
where k,, is the (1 — a)-quantile of Gamma(ao, bp).

Exercise 2.9. Let Py = N(0,02) with 0 < /2. The corresponding distribution function is
Fy(z) = ®(x/o). Further let P; be the standard logistic distribution with distribution function

Fi(z) = e = (1+e )1,

Show that the Neyman—Pearson test of P versus P; (i.e. of {0} versus {1}) atlevel « € (0,1) is
given by

a =1 .
#al(2) (2] > 001 (1-a/2)]

Hint: Show first that

fi()
log o)

is strictly convex and even, where fj and f; are the density functions of Py and Py, respectively.
Exercise 2.10. Letbe Py = N(0,1) and P; = N(p, 0%) with o > 1.

(a) Show that the Neyman—Pearson test of Fy versus P; at level « has the form

#al®) = o 1> k]
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for some ko = ko (p,0) > 0.
(b) Determine ¢, in the special case of u = 0.

(c) Show that the special test ¢, in part (b) has the following property:

/gpa dN(u,0?) > /gpa dN(0,0?) for arbitrary ; € R.

Determine the latter power.

2.2 Monotone Density Ratios

In this section we consider a parameter space ©® C R, and we assume that each distribution Py has
a density fp > 0 with respect to a measure M on (X, ). Moreover, we assume that there exists a

measurable function

T:X—>R

with the following property: For arbitrary 81,65 € © with 61 < 65, there exists a non-decreasing
function g, o, : R — [0, oc] such that

jﬁf )

In particular, 0 < g, 4, < oo onT(X).

Example 2.11 (Bernoulli experiments). Let X = {0,1}", © = (0,1), and let Py describe the
joint distribution of n independent random variables with values in {0, 1} and expectation #. That

means, with M denoting counting measure on X', Py has density fy given by
fol@) = 67 (1 — )" T
with T'(z) := > | ;. Thenfor0 < 6; < < landx € X,

ag(w)(l _ 92)n—T(a:)
91T($)(1 _ gl)n—T(m)

B (1 — 92)” 92(1 — 91) T(x)
N (1 —0y)" <(1 — 92)91>

= 90,0, (T'(x))

Joo
fo

(x) =

with

(1= 0)" 02(1— 61) Nt
9or,0,(t) = (1_9j)n((i—02);1> '

Note that gg, g, () is strictly increasing in t € IR, because

92(1—91) _ 92 91 > 1
(1-69)0  1—6,/1-6, ‘
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Example 2.12 (Gaussian location family). Let X = R", © = R and Py = N(, 02)®" for a fixed
standard deviation o > 0. Recall that the density fy of Py with respect to Lebesgue measure on

R™ is given by

2 —12 - 2
T e WP e R T et
fo(x) = (2m0®) exp( 52 ) (2mo®) exp( 552 )
Thus for 61 < 05,

fo, B (T — 61)? — n(z — 63)?
() = exp( 07 )

n(fs —61) _  n(67 —63)

= exp( ) T+ 952 )

= o, 0,(T(x)),

where T'(x) := Z, and

n(f2—01) , n n(67 — 9%))

991,92 (t) = eXp( 0_2 20_2

is strictly increasing in ¢ € R.

Example 2.13 (Gamma families). As in Example 2.8, let X = (0, c0), and let Gamma(a, b) be
the gamma distribution with shape parameter a > 0 and scale parameter b > 0. Now consider an
arbitrary parameter set © C R and parameter pairs (ag, by) € (0,00) x (0,00) such 6 — ag and
6 — by are non-decreasing. Specific examples with © = (0, co) are given by (ag, by) = (0, b) for
some fixed b > 0, or (ag, by) = (a, §) for some fixed a > 0.

In general, for parameters §(1) < #(2) in ©,

_ Joy

= o) () = Cy1yp2yx™@ "D exp((1/bpr) — 1/bp(2))x)

90(1),0(2) (2)

for some 09(1)’9(2) > 0, and this is strictly increasing in z > 0, unless ag(1) = ag(2) and by(1) =

b@(Q) .

In statistical models with monotone density ratios as above, there exist optimal tests of null hy-

potheses of the form
O, = ON(-00,0,] or O, = ON[b,, )
with arbitrary 6, € ©. An essential tool for the derivation of these tests is the following lemma.

Lemma 2.14 (Stochastic order). For any bounded and non-decreasing function h : R — R,

Eo(hT)) = [ (T)ar,

is non-decreasing in f € ©.
Proof of Lemma 2.14. Let 01,05 € © such that 61 < 03 and Py, #Z Pp,. With g := gp, 0,
/h(T) d Py, —/h(T) dPy, = /h(T)g(T) dPy, —/h(T) d Py,
_ /h(T)(g(T) —1)dpy,.
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For h = 1 we obtain
/(g(T) —1)dPy, = 0.

Since g is non-decreasing and Py, # Pp,, the latter equation implies that for some ¢, € R,

> 1 whenevert > t,,
g9(t)
< 1 whenevert < t,.

But then we may conclude that

[ e - var, = [() - ne)o(r) - 1Ry = o
because the latter integrand is everywhere non-negative. O

Theorem 2.15 (Uniformly most powerful (UMP) right-sided tests). Let 6, € ©.

(i) For any fixed o € (0, 1) there exist constants k, € R and ~y, € [0, 1] such that the test

Ya = Lr=p,)Va + Lr>k,]

satisfies
Eeo (gpa) = .
(ii) A test ., as in part (i) has the following properties:

(ii.1) The power function 8 — Ey(p,) is non-decreasing on © with values in (0, 1). In particular,

sup  Fp(pa) = Fp,(pa) = a.
0€0:0<0,

(ii.2) For any test v with Ep, (¢) < «,
Eyo(p) < Ey(py) foralld € © N (6,,00).

(ii.3) For arbitrary parameters 01 < 62 in ©, Ey, (pa) < Eg,(¢q), unless Py, = Py, .

Remark 2.16 (UMP left-sided tests). The previous theorem carries over with obvious modifica-
tions to null hypotheses ©, = © N [6,, o) for some 6, € O. Here the optimal level-« test of ©,

has the form

Yo = =g Yo + lir<ka]
with suitable constants k. € R and 7, € [0, 1].
Proof of Theorem 2.15. The existence of v, € [0,1] and k,, € R such that v, := 17—k, 70 +

Lk, satisfies Ep,(¢q) = a can be verified with the same arguments as in the proof of the

Neyman—Pearson lemma: We consider the distribution function H : R — [0, 1] with
H(r) == Py, (T <r).

Then we define
ko = min{r e R: H(r) > 1— a},
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SO
Py (T >ky) < a < Py (T > kq).

In case of Py (T = kq) = 0 we set 7, = 1, otherwise

a— By (T > ka)
0 = o 0,1].
’y PQO(T: ka) e [ ]

Then one can easily verify that the resulting test ¢, has power « at ,. This proves part (i).

As to part (ii), note first that ¢, = h(T") with the nondecreasing function h : R — [0, 1], h(t) :=
Lit=ko] Yo + Ljt>k,]- Consequently, according to Lemma 2.14, the power function of ¢ is non-

decreasing on O.

For 6 € ©\ {6,} let gy := gy, 9 if 0 > 6, and gy := 99_,50 if 0 < 0,. Then go(T) = fo/fo, > 0,
and this implies that 0 < Ep(p,) < 1. Indeed, 0 = Ep(p) = [ ¢go(T) APy, would imply that
Py, (¢a > 0) = 0and Ep, (¢a) = 0. And 1 = Ey(pa) =1 — [(1 — pa)ge dPp, would imply
that Py_(pq < 1) = 0and IEy, (@) = 1.

These considerations prove property (ii.1).

For arbitrary 61,02 € © with 61 < 05, the function g := g, , € [0, 0] is non-decreasing on
R with g(T') = fo,/fo, € (0,00). Moreover, 0 < g(kq) < o0, because g(k,) = 0 would
imply that {T" < k,} C {9(T) < 0} = 0 and ¢, = 1, whereas g(k,) = oo would imply that
{T > ko} C{g(T) > oo} = () and p, = 0. Hence, any test  satisfies the inequality

(0o — ) (fo, — 9(ka) fo,) = (pa — @) (9(T) = g(ka)) fo, = 0.

Consequently
0 < /(soa —¢)(fo, — 9(ka) fo,) AM
= Eg,(a) — Eo,(¢) — 9(ka) (Eo, (pa) — Eo, (),
(2.3) E6’2 (9001) - E92 (‘10) > 961,02 (k;a) (E91 (9004) - E6’1 (90)) .

In the special case of §; = 6,, it follows from (2.3) that Ey, (¢n) > Epy, () for arbitrary 62 > 6,
and any test ¢ satisfying Fy_(¢) < a = Ey_(pq). This proves property (ii.2).

As to property (ii.3), (2.3) shows that for arbitrary parameters 1 < 6, the test o, is an optimal test
of the simple null hypothesis {6; } versus the simple alternative hypothesis {62 } atlevel Ey, (¢q) €
(0,1). Thus it follows from the Neyman—Pearson lemma that Fy,(¢,) > Ejg, (¢a) unless Py, =
Py,. O

Example 2.11 (Bernoulli experiments, cont.) Note that the distribution P9T of T equals the

binomial distribution Bin(n, #). Let f,, y and F}, g denote the probability mass function and distri-
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bution function of Bin(n, 6), respectively, i.e.

fn,e(k) = (Z)gk(l_g)nk’
Foo(z) = an,g(k:)

k<x

for k,x € {0,1,...,n}. With the corresponding quantiles

Fa(u) := min{z: F,o(z) >u}, wuec(0,1],

n,o
for fixed 0, € (0,1) and o € (0, 1), the optimal level-a test of (0, 6,] versus (6,, 1) is given by
Yo = lr=k)Ya + lr>kas
where

Fn,b?o(ka) -1+«
fn,@o(ka)

ko = nglo(l—oz) and 7y, =

n,

The power of this test at 6 € (0, 1) equals

Eo(pa) = 1— Fnﬂ(ka) + fn,@(ka)%v-

Example 2.12 (Gaussian location family, cont.) Note that in case of X ~ N(6,02)®", the
sample mean X = T'(X) has distribution N(6, 72) with 7 := ¢ /,/n. Hence,

PHO(TET) = 1_(1)(7“—7_90) _ (I)<907——7«)

equals « if and only if 7 = 6, — ®~!(a)7. Consequently an optimal level-a test of (—oo, 6]

versus (6,,00) is given by
Pa(®) = lgsy, with ko = o — D (a)T.

The power of this test ¢, at an arbitrary parameter 6 equals

0 — kq
T

Py(T > ko) = <1>( ) = o(dY(a) + (0 — 0,)/7).

Exercise 2.17. Motivated by the Hardy—Weinberg law in genetics, consider the statistical model
(Pa)oc(0,1) with

Py = Mult(n,p(d)) and p(0) := ((1—0)20(1—0),6%).
(a) Show that this model has monotone density ratios for a suitable test statistic 7" : Ng — Np.

(b) Determine the distribution PQT of this test statistic 7.

(c) Describe an optimal level-a test of “4 < 0.5” versus “6 > 0.5”.
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2.3 The Generalized Neyman—Pearson Lemma

Our goal is to construct optimal tests of null hypotheses ©, such that #0, > 1. In the setting of
monotone density ratios, we solved this problem for ©, = ON(—o0, 6,] or ©, = ON[f,, 00) with
a “least favourable parameter” 6, € ©. But what about null hypotheses without such a unique least

favourable parameter? To deal with such settings, we start with a rather general consideration.

Theorem 2.18 (Generalized Neyman—Pearson lemma). Let T be the set of all statistical tests
¢ : X — [0,1]. Let M be a o-finite measure on (X,B), and let f1, ..., fm, fmi1 € LY(M) for

some integer m > 1. Further let o« € R™ and define

T(a) = {(pET:/«pfdM—a}
with f = (f;)™, : X — R™,

(i) If T () # 0, then there exists a test po, € T (at) such that

[¢atwnddt = [ ofunadd foraiio € Tia)

(ii) Suppose that @4 is a test in T () such that

oul) = {1 if fn1(x) > kL f(2)
“ 0 if fmy1(x) < ko f(2)

for a certain ko, = (k:a,j)}”:l € R™. Then o has the optimality property in part (i). More
generally,

/‘Pafm—l-l dM > /QOfm_H dM

for arbitrary tests ¢ € T such that for1 < j <m,

/¢fde {> a; ifke; <0,

< a; ifkq; > 0.
(iii) Suppose that o is an interior point of the set
{/@fdM:ngT} c R™
Then there exists a test o, as described in part (ii).
Proof of Theorem 2.18. In what follows let
Ky = {/gpfdM:(pET} c R™,
K1 = {(/gofdM,/gomedM) ;9 €T} C R"xR.

The set /Cp, 11 is a compact and convex subset of R”* x R. This can be verified in two different

ways:
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With F := £1(M), the set

¢ {(foran),, oe7)

is a compact and convex subset of R”, equipped with the product topology, see Theorem A.1 in

Appendix A. But KC;,, 41 is the image of X under the linear and continuous mapping
R]: = (.Tf)fe]—' — ((.Tfj)}nzl, xfm+1) e R™ x R,

whence it is a compact and convex subset of R™ x R.

Alternatively, one can verify directly that /C,,,+; is a convex and bounded subset of R™ x R. But

Theorem A.3 implies that it is closed, whence it is compact.

Proof of part (i): Since KC;,+1 is compact and convex, its intersection with the set
{a} xR

is empty or of the form
{a} x[a, 0]

with real numbers a < b. In the latter case there exists a test oo, € 7 () such that

/tpamedM = b = max /cpfm+1dM.
v€T (o)

Proof of part (ii): Let ¢, € T () have the specified special form. Then for any other test ¢,

(P — @) (fmr1 — k&) > 0,

whence

[satmerdrt = [ofmardtt = [(oa— ) —kLH M

m

+ ZkaJ(aj—/(pfde)
j=1
> ika,j<aj_/90fde>'
j=1

The right hand side equals 0, if ¢ € T(a), s0 pq maximizes [ ¢ fr,+1 dM over all tests ¢ €
T (ax). More generally, the right hand side is non-negative for all tests ¢ such that for 1 < j < m,

< aj ifkq; >0,
/@fde {> J «,)

> a; ifkay <0.

Proof of part (iii): Let
C := {a} x (b,0)
with

b = ma1 dM.
wgﬁﬁ)/w +1
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Then KC,,41 and C are disjoint convex subsets of R™ x R. Consequently they may be separated

weakly by a hyperplane. That means, there exists a nonzero vector (k,u) € R™ x R such that
((=,y), (k,u)) < {(a,2),(k,u)) forarbitrary (x,y) € K41 and z > b
with (-, -) denoting the standard inner product on R x R. Thus
E'x+uy < k'a+uz forarbitrary (z,y) € K1 and z > b.

Fixing one point (x,y) € K,,+1 and letting z — oo shows that u > 0. In case of u = 0, we
would have k # 0 and
'z < k"o for arbitrary & € IC,,.

But then o« would be a boundary point of X, rather than an interior point. Consequently, u > 0,

and we may assume without loss of generality that u = 1. Consequently, for arbitrary tests ¢ € T,

kT/gpfdM~|—/gpfm+1dM < k'a+b.

If oo € T(a) with [ pgfmt1dM = b, then with ko := —k, we may rewrite the previous
inequality as

/(«pa — @) (fmt1 — ko f)dM > 0

for arbitrary tests . Applying this inequality to the special test

if frp1 > ko f

Pa = 0 if frup1 < ko f
Yo else
shows that
M(po # Pa) = 0.
Hence we may replace (o, with Q. O

2.4 Tests of Two-Sided Hypotheses

2.4.1 One-parameter exponential families (with natural parametrization)

In what follows we apply the generalized Neyman—Pearson lemma to a particular type of statistical
model (2( , B, (Pg)geg): Let © be a real interval, and suppose that for some o-finite measure M

on (X, B), wp
Jo(z) = dT\;

for given measurable functions i : X — [0,00), T : X — R and the normalisation constant

C) = (/heerM)l.

We also assume that M (h > 0 and T' # ¢) > 0 for any real constant ¢, so Py, # Py, for arbitrary
different 61, 05 € O.

() = C(O)h(x) exp(6T (x))
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Example 2.11 (Bernoulli sequences, cont.) This statistical model is an exponential family with

X ={0,1}", M being counting measure on X, and

O = R,
0(p) = log(p/(1—p)),
h(xz) = 1,
T(x) = in,
=1
C9) = (1+e)H)™, ie. C(A(p)) = (1—p)™

Example 2.19 (Poisson distributions). The family of Poisson distributions Poiss(\), A > 0, is a
exponential family with X = Ny, M being counting measure on X, and

© = R,
000) = log(M),
B) = ()7,
T(z) = =,
C(6) := exp(—e’), ie. C(O(N) =e .

Example 2.12  (Gaussian location family, cont.) The family of distributions N(z, 02)®", i € R,

is an exponential family with X = R", M being Lebesgue measure on R"”, and

0 =R,
0(n) = np/o?,
W) = (2mo®) V2 exp(— e/ (20%)),
T(x) = z,
C(0) := exp(—0°6?/(2n)).

Alternatively, one could choose, for instance,

0(n) = n,
T(z) := nz/o?,
C(0) = exp(—nb?/(207)),

or

0u) = /o,
T(x) = /nz/o,
C(6) = exp(—62/2).

An advantage of the latter parametrization is that PeT =N(0,1).
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2.4.2 Two-sided hypotheses, version 1

Now we consider the problem of testing
0, = {9 €cO:0<6fiorf > 02} versus ©4 = (61,62)

with given parameters 61, 02 € © such that #; < 0.

Theorem 2.20. (i) For any fixed a € (0, 1) there exist real constants ¢; < ¢y and v1,72 € [0, 1]
(with v = 0 in case of ¢; = c2) such that

Pa = =M + lr=c]12 + Lo <r<e,]

is a test satisfying
Ep, ((Pa) = Ep, (SOOA) = .

(ii) A test ., as in part (i) has the following properties:
(ii.1) For any level-« test p of {01, 02},
Eo(pa) > Eg(p) foralld € (61,05).
(ii.2) For arbitrary tests ¢ such that Eg, (¢) = Ep,(p) =
Eo(va) < Ep(p) forallf € ©,.
In particular, ¢, is a level-« test of O, i.e.

Eo(pn) < a forallf € O,.

For the proof of this and later theorems, we need an elementary result about weighted sums of two

exponential functions.

Lemma 2.21. For real numbers ¢; < cg and dy < dy there exists a unique vector b € R? such
that the function A : R — R,

2
At) = Z b;eddt
j=1

satisfies

A(Cl) = A(Cg) = 1,
A/(Cl) =0 ifc1 = C9.

Ifd; < 0 < do, then by, by > 0 and

A {< 1 on(cy,co),

>1 onR)\ [c1,co.

If0 < dy < da, then by > 0 > by, whereas d; < do < 0 implies that by < 0 < bo. In both cases,

A {> 1 on(cy,co),

<1 OHR\[Cl,CQ].
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Proof of Lemma 2.21. We start with existence of a unique b satisfying the stated (in)equalities.
Suppose first that ¢; < cz. Then the condition A(c;) = A(c2) = 1 is equivalent to

Ab = (1,1)7

with the matrix . .
e 1C1 e 2C1
A = dic dac: .
e 1¢€2 e 2C2
Note that

det(A) — ed101+d262 _€d201+d102 _ €d261+d102 (e(dzfdl)(czfm) _ 1) > 0.

Hence the equation Ab = (1,1) " has the unique solution

daco _ ,dacy dacy (pd2(ca—c1) _
b = det(A)~! [ ‘ y } [1 en (e Y

_ —1
_edlcg edlcl 1:| - det(A) |:ed102 (e_dl(CZ_Cl) _ 1) )

and the stated inequalities for by, by are clearly satisfied.

In case of ¢; = ¢ = ¢, the equations A(c) = 1 and A’(c) = 0 are equivalent to
Ab = (1,0)7

with the matrix

A edlc 6dgc
T dledlc dgedQC )

Again, det(A) = (do — dy)el1F92)¢ > 0, so the equation Ab = (1,0)" has the unique solution

B d edgcc _edgc 1 _ edgcd
b = det(A) ! |:_2dledlc €d10:| |:0:| = det(‘A‘) ! |:—€dlcC2ll:| )

and the stated inequalities for by, by are clearly satisfied.

It remains to verify the additional inequalities for A. In the case of b1, b2 > 0, the function A is
strictly convex, whence A < 1 on (¢i,c2) and A > 1on R\ [¢1, c2).

Incase of 0 < dy < dg and by > 0 > bo,

>0 ift<t,

A/(t) = b1d16d1t + b2d2ed2t _ ‘b2|d2€d1t(7 - e(dg—dl)t) .
<0 ift>t,

for some t, € R. If ¢; < cg, it follows from A(c;) = A(cz) = 1 thatt, € (c1,c2), whence
{A > 1} = (c1,c2) and {A < 1} = R\ [e1,¢2]. If ¢1 = ¢, it follows from A’(c;) = 0 that
to = c1, whence {A > 1} =0 and {A <1} =R\ {c1}.

Analogous considerations apply in case of d; < d2 < O and b; < 0 < ba. O

Proof of Theorem 2.20. Since Py(h = 0) = 0 for all § € ©, we may replace X with {h > 0}
and M (dx) with h(xz)M (dx), so h = 1. Then our statistical experiment has monotone density
ratios, and P has density fy = C(6) exp(07") with respect to M.
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Proof of part (i). We fix an arbitrary parameter 0, € (61, 63) and construct an optimal level-«
test ¢, of {61, 62} versus {6, } by means of the generalized Neyman—Pearson lemma. To this end

we consider the point @ := (a, )" and the set
Ko = {/gofdM:«pET}

with f := (fo,, fa,)| : & — R2. Let g = 0, let ¢ be an optimal level-« test of {61} versus
{62}, and let ¢ be an optimal level-« test of {62} versus {6 }. Then

/goofdM = (0,0)7,
/(plfdM = (a,al)T for some a1 > «,
/gpgfdM = (ag,a)T for some ay > «.

This implies that « is an interior point of the set Ko, see also Exercise 2.22 below. Consequently,
there exists a test ¢, such that Ey, (¢a) = Ep, (o) = a with

o — 1 if fo, > k1 fo, + kafo,
¢ 0 if fo, < k1fo, + kafo,

for certain constants k1, ko € R. With b; := k;C(6;)/C(6,) we may also write
1A <1
T 0 AT > 1

with
A(t) = byel =0t 4 pyell2=02)1,
Since Ey, (¢a), Eg,(va) < 1, we may conclude that max (b1, b2) > 0. But then the function A

is strictly monotone or strictly convex. Hence the set {A = 1} has at most two elements, and we

may replace ¢, with

1 if A(T) < 1
Po = M(T:c)_l/ Yo dM fT=ce{A=1}
{T=c}
0 else

with the convention that 0/0 := 0. This does not change the power function of ¢, because

/ 0o dPy = C(0)e / wadM = C(0)e / GodM = / B APy
{T=c} {T=c} {T=c} {T=c}

forany 0 € © and ¢ € { A = 1}. Consequently, we may assume that the test ¢, has the form

1 ifA(T) <1
Vo =0 fAT) >1
v() fT=ce{A=1}

with numbers 7. € [0,1],c € {A =1}.
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Suppose that by < 0 < by or by > 0 > by. In this case A(-) would be strictly monotone, so
Ey(vq) would be strictly increasing or strictly decreasing in § € O, see Theorem 2.15 (ii). But
this would contradict the equation Ey, (o) = Ep,(¢a). Hence by, ba > 0, and A(-) is strictly
convex with A(t) — oo as [t| — oo. Consequently, our test ¢, has the asserted form

Yo = L= + Lr=cy)72 + Loy <T<en)

with real numbers ¢; < ¢y and 71,72 € [0, 1], where v2 = 0 if ¢; = co.

Proof of part (ii). Let @, be a test as in part (i). For arbitrary fixed § € © \ {61,602} let dp; :=
01 — 0 < dgp := 0 — 0. Then Lemma 2.21 shows that there exist real numbers b,, , b,, such that

Ap(t) = bgle(el_g)t + b926d(92_9)t

satisfies
Ag(cl) = Ag(CQ) = 1,
Aé(cl) =0 ifCl = C9.

With kg; := bg;C(0)/C(0;), we may write

Ag(T) = ke

for | k(;g& > 1 if fo < ke1fo, + ko2fo,,
Jo fo | <1 if fo > keifo, + ko2 fo,-

Suppose first that 1 < 6 < 6. Lemma 2.21 shows that both components b, ; are strictly positive,

and
>1 onR\ [c, ),
Ag
<1 on(c1,c2).

Hence
o — 1 if fo > ko1 fo, + ke2fo,,
¢ 0 if fo < ke1fo, + ke fos-

Consequently, property (ii.1) follows from part (ii) of the generalized Neyman—Pearson lemma.

In case of § < 01 or 8 > 6, Lemma 2.21 yields the inequalities

<1 onR\ [c, 2],
A
>1 on(c1,c2).

Hence
) B {1 if fo > ko1fo, + ko2fo,5
— (pa =

0 if fo < ko1fo, + ko2fo,-
Consequently we may deduce from part (ii) of the generalized Neyman—Pearson lemma that
Ep(¢) < Ep(1 — ¢q) for any test ¢ such that Ey, () = Ep,(¢) = 1 — a. In other words,
Ey(p) > Eg(pq) for any test ¢ such that Ey, (¢) = Ejp,(¢) = . This is property (ii.2). Consid-
ering the special test ¢ = « shows that ¢, is a level-« test of ©,,. O

Exercise 2.22. Let K C R? be a convex set containing the three points (0,0)", (o, a1)" and

T

(ag, )T with real numbers a > 0 and @1, ap > . Show that (a, @) " is an interior point of K.
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2.4.3 Two-sided hypotheses, version 2

Version 2a. At first we consider tests of
O, := [0h1,02] versus©y := O\ 0O,

with given interior points 1 < 63 of ©. This testing problem is essentially the reverse of the

testing problem in Theorem 2.20.

Theorem 2.23. (i) For any fixed a € (0, 1) there exist real constants v1,72 € [0,1] and ¢; < c2
(with 5 = 0 in case of ¢; = cg) such that

Yo = 1[T:c1]71 + 1[T:cg]’72 + 1[T<c1 or T>ca]

is a test satisfying
Eg, (‘Pa> = Ey, (‘Pa) = .

(ii) A test ., as in part (i) has the following properties:

(ii.1)
Eo(va) < a forallf € O,.
(ii.2) For any test o satisfying Eg, (¢) = Ey,(p) = a,
Eg((pa) > E@(QD) forallf € © 4.
Proof of Theorem 2.23. We may apply Theorem 2.20 with 1—« in place of « to obtain an optimal

level-(1 — ) test @, of O\ (61, 62) versus (61, 02). Then the precise properties of ¢, provided by
Theorem 2.20 imply that ¢, := 1 — ¢, has the properties stated in Theorem 2.23. U

Version 2b. Now we consider tests of
O, := {0,} versus O4 = ©0\0,

for a given interior point 6, of ©. Without further constraints on the tests, there exists no globally

optimal level-« test of {6, }. For let
Pal = Lr<ky ) T Lr=ka ) Vo ls
Po,r = 1[T>ka,r} + 1[T:ka,r}’7a,r

with real constants ko, ;, ko» and ¥4 1, Va,r € [0,1] such that Ey, (¢q1) = Ep, (pa,r) = . Then
by Theorem 2.15 (ii), the power functions of ¢, ; and ¢, , are strictly decreasing and strictly

increasing, respectively, and any test ¢ with Ey_(¢) < « satisfies

Eg(goa,l) if@ § (90
EG(SOCV,T) it 0 Z 90

Ey(p) < {

To obtain a unique optimal test we shall restrict our attention to tests ¢ such that

Eg(p) > a = Ey,(¢),
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i.e. the power of ¢ is nowhere lower than the power of the trivial level-a test ¢ = a.

Before going into further detail, let us mention an important property of power functions in the
present setting of a one-parameter exponential family: It follows from Exercise 1.25 that for any
test ¢, the power function

0360 — Ey(p)

is continuous on © and continuously differentiable on the interior of © with derivative

d d [@e’ThdM
) _ 4 Jye RO
a6 ) = Qg T an
~ JeTe""hdM [T dM [ TeT dM
J e'ThdM (f 0T dM)2
_ /wTdPQ—/adeQ/TdPQ
= Covy(p,T).

Hence, if ¢ is a test such that
(2.4) Ey(p) = a > Eg,(p) foralld e 0\ {6,},

then
Ep,(¢) = a and Covy (¢, T) = 0.

Theorem 2.24. (i) For any fixed « € (0, 1), there exist real constants v1,72 € [0,1] and ¢; < c2
(with v = 0 in case of ¢; = c2) such that

Pa 1= lr=e 1+ 1r=c72 + lr<e o T>el

is a test satisfying
Ep, (po) = o and Covgo(goa,T) = 0.

(i) A test ¢, as in part (i) has the following property: For any test ¢ such that Ey_ (p) = o and
Covy, (o, T) =0,
Eo(pa) > Ep(p) forallf € ©.

In particular, ., has property (2.4), and its power function is pointwise maximal among all tests

with that property.

Proof of Theorem 2.24. Without loss of generality we may assume that 8, = 0 and M = F,

h = 1, because
fo _ ClO)
feo 0(00)

that means, C'(0)C(6,) ! exp((6 — 0,)T) is a density of Py with respect to Py, . We may further

exp((f — 6,)T) on{h > 0},

assume without loss of generality that F(7') = 0, because

C(0) - exp(6T) = C(0) exp(0Ey(T)) - exp(6(T — Eo(T))).
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Now we construct for a fixed ; € © \ {0} a test ¢, maximizing Ey, (,) under the constraints
that

EO(QOa) = /SpoadPO = a and EO(QOaT) = /‘PochPO = 0.

This may be achieved with the generalized Neyman—Pearson lemma applied to f; := 1, fo := T,
f3 := fg, and M := Fy. With the four tests ¢ := 0, ¢ := 1, ¢ 1= 150 and ¢ = ljp<q) it
follows that

Ko = {/(pfdPo:goeT}

with f := (f1, fo) contains the points (0,0)", (1,0)", (3,7)" and (1 — 3, —v)" with 8 =
Py(T >0) € (0,1)andy = [T+ dPy = [T~ dP > 0. Hence (c,0)" is an interior point of

ICo. Consequently there exist a test i, and real constants k1, ko such that

/soadPo _— /«paTdPo — 0

and
. 1 iffgl—k1—k2T>0,
N0 i fy, — ki — keT < 0.
Note that fp, — ki — kT = A(T), where A(t) := C(61)e'* — k1 — kot is strictly convex in t € R.
Thus, the set { A = 0} consists of at most two different points. We may replace ¢, with

1 if A(T) > 0

() :_/ 5 dPy/P(T =¢) ifT =ce{A=0)
(T=c)

0 if A(T) <0

with the convention that 0/0 := 0. This changes neither the power function of ¢,, nor the integral
J ¢aT dPy. Thus, ¢, can be written as a function of 7. If {A = 0} = (), then strict convexity
of A would imply that A > 0 on R, that is, ¢, = 1, a contradiction to [ podPy = a € (0,1).
If {A =0} = {1} for some ¢; € R but A'(c1) # 0, we could deduce from convexity of A that
either 9o = Lip—c7(c1) + Lrsey) OF Yo = lip—c;17(c1) + 1i7<(,]> that is, ¢, is a monotone
function of 7'. But then it would follow from Exercise 2.25 below that (, is constant Fy-almost
surely. Together with [ podPy = « and [ p,TdPy = [T dP, = 0, this would mean that
v(c1) = aand T = ¢; = 0 Py-almost surely, a contradiction to our assumptions. Hence, we may
assume that { A = 0} = {¢1, co} with real numbers ¢; < ¢y, where A’(¢1) = 0 in case of ¢; = co.

Strict convexity of A implies that in both cases, ¢, has the form described in part (i).

As to part (ii), consider an arbitrary fixed parameter # # 0. One can easily verify that there exist
real constants kg, kgp such that Ag(t) := C(0)e? — kg, — kgot satisfies

Ag(c1) = Ag(c2) = 0,
A'e(cl) =0 ifCl = C9.

By strict convexity of Ay,

A (t) >0 iftER\[Cl,CQL
<o ifte (e, ),



53

whence
1 it fo > ey + keoT,
“ 0 if fyp < ko1 + keoT.

Consequently, it follows from part (ii) of the generalized Neyman—Pearson lemma that Ey(p,) >
Ey(ip) for any test ¢ such that [ pdPy = a and [ T dPy = 0. Taking ¢ = « reveals that p,
has property (2.4) and is optimal among all tests with that property. 0

Exercise 2.25. Let Y, T be random variables such that IE(Y?),IE(T?) < oo, and suppose that
Y = ¢(T) for some non-decreasing function g : R — R. Show that

Cov(Y,T) > 0
with equality if and only if Y = g(IE(T")) almost surely.

Exercise 2.26. This exercise provides further details about the power function of statistical tests
in a one-parameter exponential family with natural parametrization and test statistic 7' : X — R.

(a) Suppose that f : X — R is measurable such that

hy(0) = Eo(f)

is well-defined in R for all § € ©. Show that h is continuous on © and differentiable on the

interior of © with
We(0) = Eo(fT) — Eo(f)Eo(T) = Cove(f,T).
Hint: Consider Exercise 1.25.

(b) Show that for interior points 8 of O,

Wi (0) = Cove(f,T?) — 2h(0)Ey(T).

(¢) Let 0 be an interior point of © such that /s (9) = 0. Show that

Wi(0) = Eg((T — 1) (T — c2)(f — Eo(f)))
for arbitrary c1,co € R.
(d) Now consider optimal tests of two-sided hypotheses, that is

1[61 <T<ca] (Type 1)

Ya = lp=c )71 + Lr=cy)72 +
“ r=eil r=e:] {1[T<01 or T>cs] (Type 2)

with ¢; < ¢g and 1,2 € [0, 1], where 2 = 0 if ¢; = co. Show that

<0 (Typel)

($a = Eo(pa))(T = ex)(T = c2) {> 0 (Type2)

with strict inequality in case of T ¢ {c1,c2}. Deduce from this and part (c), that in case of
h;a (9) =0,
<0 (t 1
W (6) (type 1)
“ >0 (type?2)

unless P} is concentrated on {cy, ¢}
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2.44 Summary and some first applications

For notational convenience, we formulated and derived the previous results for one-parameter ex-
ponential fanilies with “natural parametrization”. That means, the exponential term of the density
fo contains the product of the test statistic 7" with the parameter 6. In the examples we looked at in
Section 2.4.1, this necessitated a transformation of the original parameters. To get a more complete

picture, let us summarize the main results of this section in terms of the original parametrization.

Definition 2.27 (One-parameter exponential family). A one-parameter exponential family is a

statistical experiment
(X, B, (Px)xea)

of the following form: The parameter space A is a real interval. For a o-finite measure M on
(X, B) and measurable functions h : X — [0,00), T : X — R, each distribution Py has density
fr = dP\/dM given by

fil@) = COh() exp(BOT(x)),

where § : A — R is a differentiable mapping with #/ > 0 on A or #/ < 0 on A. Moreover,
M(h > 0and T # ¢) > 0 for any real constant, so Py, # Py, whenever \; # Ao.

The parameter 6(\) in the previous definition is called “natural parameter”. The set © = 6(A) is

a subset of the “natural parameter space”

Ot = {GER:/heGTdM<oo}.

Now we consider tests ¢, of one of the following types:

(2.5) Pa = 1[T:61}’Yl + 1[c1<T<cg] + 1[T:C2}r)/2’
(2.6) Pa = 1[T:cl}’71 =+ 1[T:(;2]72 + 1[T<c1 or T>ca)]”

where ¢; < cg and 1,72 € [0, 1] (with v2 = 0if ¢; = ¢2).

If M7 is continuous in the sense that M (T = ¢) = 0 for any ¢ € R, it suffices to consider tests
g of the following type:

(2.7 Pa = 1[01§T§02]a
(2.8) Pa = 1[T§c1 or T>ca]»

where ¢ < co.

Two-sided test, version 1. For given points A\; < As in A, an optimal level-« test of
A\ (A1, A2) versus (Mg, A2)
is given by (2.5) or (2.7), provided that

EA1(<Pa) = a = E)\2(300¢)'
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Two-sided test, version 2a. For given interior points A; < Ay of A, an optimal level-« test of
[A1, A2] versus A\ [A1, Ao
with exact power « at A1 and Ay is given by (2.6) or (2.8), provided that

EM(‘PO&) = o = E/\Q(Spa)-

Two-sided test, version 2b. For a given interior point A, of A, an optimal level-« test of
{A} wversus A\ {\}
with power function bounded from below by « is given by (2.6) or (2.8), provided that

Ey,(pa) = a and Covy, (s, T) = 0.

Example 2.12 (Gaussian location family, cont.) We observe a random vector X € R™ with
distribution N(p, 02)®" for a given o > 0 and some unknown p € R. As shown before, the model
(N(p, 02)®”)u cg 18 @ one-parameter exponential familiy with natural parameter 6(p) = np/ o?

and test statistic 7'(X) := X. For any fixed y,, an optimal level-« test of

{no} versus R\ {po}
is given by )
1 if | X — o] > 70711 — /2),
0 else,

Pa(X) = {

where 7 := o /y/n is the standard deviation of X. This follows from the fact that ¢, is of type
(2.8), and with Z := (X — u)/7 ~ N(0, 1),
Bu(pa) = P(IZ| 271 (1 - a/2)) = o,
Covy, (e T) = TE(Lcp-1(1_a/2Z) = 0

Suppose we want to verify the working hypothesis that

= po| < 0

for given numbers i, € R and § > 0. This corresponds to Version 1 of a two-sided test with
boundary parameters \; = p, — 0 and Ay = p, + 0. By symmetry reasons, a possible ansatz for

(o Would be
1 if | X — po| < 7ea
0 else

Pa(X) = {

for a suitable constant ¢, > 0. Indeed, this defines a test of type (2.7), and with Z as above we
may write
Epgrs(pa) = Pas(|X| < 7o) = P(|£6/7+ Z] < ca)
= O(cqa FO/7) — P(—ca FO/7)
= ®(co +6/7) + P(cq — /1) — 1.
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This is obviously a continuous and strictly increasing function of ¢, with value 0 for ¢, = 0 and

limit 1 as ¢, — o0o. Hence there exists a unique ¢, (d/7) > 0 such that

E,uoié(SOa) = .

The precise value of ¢, (6/7) has to be computed numerically.

If we let 6 | 0, we obtain ¢, (0) = ®~1((1 + «)/2). Indeed, an optimal level-« test of

R\ {po} versus  {uo}

rejects the null hypothesis if
X — po| < 7271+ @)/2).

In this case, we may claim with confidence 1 — « that ;1 = p,. This sounds almost miraculous, but
note that the inequality | X — y,| < 7®71((1 + «)/2) occurs with probability at most «. Instead

of trying to prove that ;1 = fi,, one should rather compute an upper (1 — «)-confidence bound for

1= to

, see later.

Exercise 2.28. Let X ~ Gamma(a,b) with shape parameter a > 0 and scale parameter b > 0,

i.e. X has density f, ; with respect to Lebesgue measure on (0, co), where
fan(@) = T(a)™ b~ (x/b)* e/,

(a) Suppose thata > 0is given but b > 0 is unknown. Verify that (Gamma(a, b)), _  corresponds

b>0
to a one-parameter exponential family with test statistic 7'(X) = X.

(b) Suppose that b > 0 is given but @ > 0 is unknown. Verify that (Gamma(a, b))a>0 corre-

sponds to a one-parameter exponential family with test statistic 7'(X) = log(X).

(c) Assuming that a > 0 is given but b > 0 is an unknown parameter in (0, c0), determine an

optimal level-« test of
{1} wversus (0,00)\ {1}.

(d) Modify your test in part (c) to become an optimal test of

{bo} wversus (0,00)\ {bo}.

for arbitrary fixed b, > 0.
Exercise 2.29. Let X ~ Bin(n,p) with given n € N and unknown p € [0, 1].

(a) Fix small numbers « € (0,1) and 6 € (0,0.5). Construct a statistical procedure to verify with
given confidence 1 — « that |[p — 0.5| < 4.

(b) How large should n be such that for a given small o’ € (0, 1), this conclusion is drawn with
probability at least 1 — o in case of p = 0.5? Give a numerical answer to this question in case of
a=0.05ac =03and§ =0.1.
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2.5 Tests and Confidence regions

For any statistical model (X', B, (Py)gco ) there is a close relationship between tests and confidence

regions. Let uns first clarify what we mean by confidence regions.

Definition 2.30 (Randomized confidence region). A (randomized) confidence region is a map-
ping C': X x © — |0, 1] such that for any fixed 6 € ©, the mapping C(-, ) is .A-measurable.

Suppose that for a given test level o € (0, 1),
/C(x, 0) Py(dz) > 1 —«a for arbitrary 6 € O.

Then C'is called a (randomized) confidence region with confidence level 1 — «, or shortly: a

(1 — «)-confidence region.

Interpretation, and the meaning of confidence. Suppose that we observe a random data set
X € X with distribution Py, where 6 € © is unknown. Let U be a random variable with uniform

distribution on [0, 1] and independent from X. Then we claim that 6 is contained in the set
C(X,U) :={#e0:C(X,0)>U}.

In case of C being non-randomized, i.e. C' taking only values in {0, 1}, we do not need the extra
random variable U, because the set C(X, U) equals

C(X):={0e€0:C(X,0) =1}
almost surely.

If C'is a (1 — «)-confidence region, then

Py(C(X) > 6)

= EyC(-,0) > 1— forall 6§ € ©.
]Pg(C(X,U)BG)} 00(,0) 2 1-a forallf e

That means, the confidence region covers the unknown true parameter with probability at least
1 — «. This statement involves the random variable X (and U, if needed) and is true prior to
observing X (and generating U).

Once we have observed X (and generated U, if needed), the claim that C(X') or C(X, U) contains
the unknown true parameter is simply true or false. Hence it would be a bit ridiculous to say that
“with probability 1 — «, the confidence region C(X) or C(X,U) contains 6. Instead, one may
claim with confidence 1 — athat § € C(X) or § € C(X, U). This formulation indicates that for a
specific observed data set, the claim is simply true or false, but we use a procedure which leads to

a correct statement in at least (1 — «) - 100 percent of applications in the long run.

Duality between confidence regions and tests of one-point hypotheses. If C': X' x© — [0, 1]
is a (randomized) confidence region, then for any 6, € ©, a test of {6,} is given by ¢(+,0,) :=
1 —C(-,6,). On the other hand, if for any 6, € © we have defined a test (-, 6,) of {6,}, then
C(x,0) := 1 — p(x,0) defines a confidence region C. The confidence region C' has confidence
level 1 — «vif and only if each test ¢(+, 6,) is a level-« test of {6, }.



58

Example 2.12 (Gaussian location family, cont.) We observe X ~ N(u, 02)®” with unknown
mean p € R and given standard deviation ¢ > 0. As shown before, an optimal level-« test of

{po} with power function at least « everywhere is given by

PXoto) = 12y ore1(-as)

where 7 = o/y/n is the standard deviation of X. This leads to the (1 — «)-confidence region C
given by
C(X,p) =

1 [[X—ul<ro—1(1-a/2)] 1 [pe(Xtro—1(1-a/2))]’
ie.C(X)= (X £727'(1 - a/2)]).

Exercise 2.31. As in Exercise 2.28, suppose we observe X ~ Gammal(a, b) with given shape
parameter a > 0 and unknown scale parameter b > 0. An ansatz for a confidence interval for b is

C(X) := [X/ka, X/K1]

with constants 0 < k1 < Ko.

(a) Show that for any choice of (k1, k2), the coverage probability IP;(C(X) > b) is constant in
b > 0. Then characterize the set of all pairs (k1, k2) such that the confidence level is exactly equal

tol — o
(b) A potential measure for the size of C(X) is the ratio of its upper and lower boundary,

X/K,l . K2
X/ka K1

or the logarithm thereof. Determine the unique pair (k1, £2) minimizing this size. (The solution
is characterized by some equation which could be solved numerically for specific «.) Show also
that this pair satisfies k1 < a < ka.

(c) What is the relation of the solution in part (b) to the optimal test in Exercise 2.28 (b)?

Duality between confidence regions and tests of composite hypotheses. There exist numerous
variants of the duality between confidence regions and tests of composite hypotheses. We consider
here just one specific version. Suppose we are interested in an upper bound for g(6) with a given
function

g:0 —[0,00).

For instance, if (O, d) is a metric space, we are sometimes interested in the distance between the

unknown true parameter and some given point , € ©, so g(6) := d(6,6,).

An upper confidence bound b, for g(¢) corresponds to a measurable function b, : X — [0, 00]
such that
Py(bg > g(0)) > 1 —a forallf € O.

Such a confidence bound gives rise to the level-« test

Pal@,0) = Ly, ()<



59
of the null hypothesis
0(8) = {#€0O:9(0) >4}

for arbitrary numbers § > 0. Indeed, if g(#) > ¢, then

Py(pal-0) =1) = Py(ba <6) < Py(ba < g()) < a.

On the other hand, suppose that for any number § > 0, we have constructed a level-« test ¢, (+, 9) :
X — {0, 1} of the null hypothesis ©(9). Then

ba(x) = sup({0} U {8 > 0: pa(z,6) = 0})
defines an upper (1 — «)-confidence bound for g(#). Indeed, for any § € © and § := g(6),

Po(9(8) < ba) = Po(¢a(~8) =0) = 1= Pylpa(-0)=1) > 1-a.

Finding an “optimal” upper confidence bound b, may be interpreted as finding optimal level-«
tests ¢q(+,0) of the null hypotheses ©(5), 6 > 0. Ideally, the function ¢,(-,-) is even non-

decreasing in its second argument.

Example 2.12 (Gaussian location family, cont.) As shown in the next exercise, for any given
Lo € IR, asimple upper (1 —a)-confidence bound for | — 1, | is given by | X — 10| +7@ 71 (1— ).
But if we think about the duality of tests and confidence regions, a good upper (1 — «)-confidence
bound b,, for |p — 1| should satisfy the following condition: For any 6 > 0,

Pa(®,0) = 1y (z)<s]
defines an optimal level-« test of

R\ [po £6] versus [po £ 0]

This is essentially Version 1 of our two-sided testing problem, except that the alternative hypoth-
esis is chosen to be a closed rather than an open interval. We know already a solution for this

testing problem: An optimal level-« test is given by

ol@,8) == 1p
Pa(x,d) [|x7uo|/7<ca(6/7)}

where for v > 0, ¢, (7) is the unique number ¢ > 0 such that
Plc+v)+P(c—7) = 1+a.

Recall that ¢, (0) = @ ((1 + «)/2), but for § > 0, there is no simple formula for c, (7). An

optimal upper confidence bound for |p — p,| is given by
ba(x) := sup({0} U {6 > 0: ¢pq(xz,0) =0})
x

)
= Sup({O} U {(5 >0:¢(d/7) <|z— /,LO\/T})
= sup({0} U {my:7 > 0,2(|Z — pol/T +7) + ®(|IZ — pol /7 —7) = 1+ }).
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2.5 3.0
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ba(x)
15

1.0
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Figure 2.1: Optimal (black) and ad hoc (dashed blue) upper 95%-confidence bound for | — |
in a simple Gaussian shift model.

If |2 — po| /7 < @7 H((1+)/2), then b, (x) = 0. Otherwise, b, () is 7 times the unique solution
~ > 0 of the equation

(1 — pol /T +7) + (|17 — pol /T —7) = 1+«

which can be computed numerically. Note that for any fixed ¢ > 0,

iy(¢(6+7)+¢(c—7)) = ¢(c+7) —glc—7) = dlc+7)(1 —exp(2cy)) < 0.

Figure 2.1 depicts the optimal upper 95%-confidence bound (black curve) for | — p,| and the
simple upper bound |Z — 10| + 7®~!(1 — «) (dashed blue line) in the case of 0 = 1 and n = 1.

Exercise 2.32 (An ad hoc uppper bound for |z — p1,]). Suppose we observe X ~ N(p, 02)®" for
some unknown parameter 1 € R and given o > 0.

(a) Show that for any given p, € R,
Co(X) = [min(X — 70711 — @), o), max(X + 7 1(1 - @), 1)

is also a (1 — «)-confidence interval for u. Precisely,

1 if o= pho,
IP,(Co(X) 2 p) =
wCalX) 2 1) {l—a for any p # fio.

(b) Show that
bo(X) = |X — pio| + 70711 — @)
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is an upper (1 — «)-confidence bound for | — p,|, i.e.

P, (ba(X) > | —po]) = 1 —a forallp€R.

2.6 Stochastic Order, P-Values, Confidence Bounds

Practitioners use mostly non-randomized tests and confidence regions. Nevertheless the results
in the previous sections show that certain non-randomized tests are close to optimal. In the
present section we describe a more pragmatic approach to non-randomized tests and confidence

regions via so-called p-values. These methods require weaker conditions on our statistical model
(X, B, (Fy)oco)-

The setting. We consider a statistical experiment (X', B, (FPy)g) and a given function g : © — R.
Observing X ~ Py for some unknown 6 € ©, our goal is to construct a (1 — «v)-confidence region
for g(0).

We assume that there exists a statistic 7' : X — R such that its distribution PQT depends only on

g(0). That is, there exists a family (Q.)yer of probability distributions on the real line such that
I' = g(©), and for any parameter 6 € O,

Py(T € B) = Q4 (B), B € Borel(R).

In many examples, © C R and g(6) = 6.

P-Values. For any hypothetical value «y of ¢g(f), we consider the left-sided p-value 7T,1yeft (T(X)),

where
Tt (t) = Qy((—00,1]),
and the right-sided p-value wf,ight(T (X)), where

Both p-values quantify the plausibility of the null hypothesis that g(#) = ~. Small values of
(T (X)) or 728 (T X)) indicate that T(X) is “suspiciously small” or “suspiciously large”,
respectively, for the hypothetical value v of g(#). One can combine these one-sided p-values to
the two-sided p-value 74" (T'(X)), where

two ,__ . left __right
0 = 2min(m 7, ).

Small values of 7%"°(T'(X)) indicated that the value T'(X) is “suspiciously extreme” for the

hypothetical value v of g(9).

For any given test level & € (0,1) and 6 € ©,

(2.9) Py (7,0 (T(X)) <) < a,
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left rlght t . . . . . . . .
where 7., stands for 77, = or w7, Equality holds if the distribution @ 4(¢) is continuous. This

is well-known from introductory courses on mathematical statistics and follows from elementary

considerations. Hence, a level-« test of the null hypothesis that g(6) = ~y is given by

Par(®) = 1 (r())<a);

and a (1 — «)-confidence region for g(0) is given by

Co(z) == {yel:m (T(x))>a}.

Stochastically ordered distributions. There is no guarantee that the particular tests ¢, or
confidence regions C, above are useful at all. They are useful if, for instance, the family (Q~)~er

satisfies the following conditions which are all equivalent:

(S0.1) For any fixed t € R, Q. ((—00,t]) is non-increasing in y € I'.

(50.2) For any fixed t € R, Q,([t,00)) is non-decreasing in y € I'.

(SO.3) For any fixed v € (0,1), min{¢t € R : Q,((—00,t]) > u} is non-decreasing in y € I".
(SO.4) For any non-decreasing function b : R — [0, 00), [ hdQ, is non-decreasing iny € T..

If (SO.1-4) are satisfied, the distributions () are stochastically increasing in y € T'.

Exercise 2.33. Show that Conditions (SO.1-4) are equivalent.

Lemma 2.14 shows that any statistical model with monotone density ratios satisfies condition

(SO.4) and hence (SO.1-4), where g(6) = 0. Note also that in Example 2.11 one may extend the

parameter space to © = [0, 1], and the stochastic order constraint remains valid.

Confidence bounds. If the family (Q.,)~cr satisfies (SO.1-4), the confidence regions C, corre-
spond to confidence bounds or confidence intervals. Precisely, if ., = wl/eft, then

Colz) = Ci(x) = {7 €9(0): Qy((—00, T(x)]) > a}

is of the form {y € T': v < bo ()} or {y € I' : v < ba(z)} for some by (x) € [inf(T), sup(I)].
In particular, b, is an upper (1 — «)-confidence bound for g(6) in the sense that

Py (ba(X) > g(f)) > 1 —a foralld € ©.

Similarly, if ., = 5/®", then

Colz) = Ci¥'(x) = {7 €9(0): Q,([T(x),0)) > a}

is of the form {y € I : v > aq(z)} or {y € T': v > aq(x)} for some aq(z) € [inf(T), sup(I)].
This yields a lower (1 — a)-confidence bound a,, for g(6) in the sense that

Py (aqa(X) <g(#) > 1—a foralldcO.
Finally, if 7, = 72", then C,(z) = C}f/ftz(x) N C;i/g;t(x) is an interval in I" with boundaries
aa/2($) and ba/2(‘r), SO

Py ([an/2(X),ba/2(X)] 2 g(0)) > 1—a foralld € O.
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Example 2.11 (Bernoulli sequences, cont.) For any 6, € [0, 1] the left- and right-sided p-values
are given by
Fp,(T(X)) and 1= Fp,(T(X) = 1),

respectively. The resultung confidence intervals are

O ) — {[o, ba(@)) i T(w) <n.
[0, 1] if T'(z) = n,

et () {[o, 1T =0,
(aa(z),1] ifT(z) >0,

where b, () is the unique p € (0,1) such that F}, ,(T'(z)) = a (if T(x) < n) while a,(x) is
the unique p € (0,1) such that F}, ,(T(z) — 1) = 1 — « (if T'(z) > 0). (Recall that for any
integer t € {0,1,...,n — 1}, the function p — F, ,(t) is continuous and strictly decreasing with
boundary values F;, o(t) = 1 and F}, 1(t) = 0.)

Example 2.34 (Ratio of two standard deviations). Suppose we observe independent random vari-

ables X;; ~ N(m,af), where i« = 1,2 and j = 1,...,n; with n;,no > 2. The parameter

0 = (p1,01, 12,02) € R x (0,00) x R x (0, 00) is unknown. Suppose we are mainly interested

in the ratio g(f) = o1/02 of the two standard deviations o1 and o2. With the sample means
X, = ni_1 Z}Zl X;; and sample variances
2 1 o \2

S7 = Z(Xij - Xi)%,

n; — 1
T ]:1

it is well-known that S7 and S3 are stochastically independent, where (n; — 1)S?/o? follows
a chi-squared distribution with n; — 1 degrees of freedom. Denoting the tuple of all ny + no
observations with X, a plausible estimator of g(#) is T'(X) := S1/Ss, and T'(X)?/g(6)? follows
Fisher’s F' distribution with n; — 1 and no — 1 degrees of freedom. The latter distribution has a

continuous distribution function ' = F,, 1,1, so fort > 0,
Py(T(X) <t) = F(t?/g(0)*) = 1 —Py(T(X) > 1),

This leads to the left-sided p-values 7 (¢) = F(t?/~?). Solving the equation F(T'(X)?/y?) =

«a for v yields the upper (1 — «)-confidence bound

S1/52

ba(X) = NID)

for o1 /02. Analogously, the right-sided p-values are given by ﬂfyight(t) =1 — F(t?/+?) and lead

to the lower (1 — «)-confidence bound

S1/52

X = i —w

for 0'1/0'2.

Exercise 2.35. This is a preparation for the next exercise. Let X ~ Bin(n,p) with unknown
p € [0, 1]. Show that for arbitrary integers 0 < ¢; < ¢o < n with ¢ — ¢; < n, the log-probability
logIP,(c1 < X < ¢p) € [—00, 0] is continuous and strictly concave in p € [0, 1].
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Exercise 2.36 (Confidence bounds for |p — 1/2| in binomial model). Let X ~ Bin(n, p) with un-
known p € [0, 1] and given n > 2. Withm := |n/2|let T(x) := min(z,n—z) € {0,1,...,m}.
(a) Show that the distribution of 7'(X') depends only on ¢g(p) := min(p,1 —p) € I' = [0,1/2].
With (), denoting this distribution in the case of g(p) = +, determine an explicit formula for
Q~([t,)),t €{0,1,...,m}.

(b) Show by means of Exercise 2.35 that () ([t,00)) is strictly monotone increasing in y. Use
this fact to define an upper (1 — a)-confidence bound for [p — 1/2|.

(¢) Implement this confidence bound as a computer program and illustrate the results for some
n > 20 and o = 5%.

Example 2.12 (Gaussian location family, cont.) We consider Py = N(6, 0%)®" with unknown
6 € R and given 0 > 0. With T'(z) = = and 7 = o/+/n, the distribution of 7" under Py is
Qo = N(6,7%). It has continuous distribution function ®((- — 6)/7), so the left- and right-sided
p-values for any given parameter 6, are given by

®((z—0,)/7) and @((6, —2)/7),

respectively. The resulting confidence intervals are

c (@) = (—00,ba(w)) with ba(@) == &+ & (1 —a)r,
C(x) = (an(e),0) with aq(x) == z—® (1 - a)T.

Exercise 2.37. Find probability distributions Py and P; with finite support X C R and distri-
bution functions Fy and F}, respectively, such that Fy <y F) (i.e. Fy > F) but g(x) :=
Py({z})/Po({z}) is not monotone in = € X.

Example 2.38 (Capture-recapture). The unknown size IV of a population of animals is sometimes
estimated with a capture-recapture experiment: At first, a random sample of size n; is drawn from
the population without replacement, and all animals in this catch are marked and then released.
After some time a second sample of size ng is drawn without replacement, and one determines the
number X of marked animals in this second catch. That means, X is the number of animals which
were catched twice. Ideally, X is a random variable with distribution Hyp(N, n1, ng). This leads
to the statistical experiment

(X, P(X), (Hyp(N, n1,n2))

N>max(n1 ,nz)) ’

where X := {0, 1,...,min(ni,n2)} and

ot = (2)(, 2/ () = ()G

for x € X with the convention that (]Z) := 01if £ > k. Possible point estimators for /V are given

by
~ 1 1
_ mng o N(z) = (n1+1)(n2 + )
T z+1
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It follows from Exercise 2.39 below that the distributions Hyp(/V, n1, ng) are stochastically de-
creasing in N. That means, if Fy denotes the distribution function of Hyp(V, n1,ng2), then

Fx(x) is non-decreasing in N > max(ny, ng)

for any x € X, and
lim Fy(0) = 1.
N—o0

Consequently, a lower (1 — «/)-confidence bound for N is given by
ao(z) = min{N > max(ny,n2) : Fn(z) > a}

while an upper bound is given by

bo () o0 if x =0,
a\T) =
maX{N > max(ni,n2) : Fn(z —1) <1— a} if x > 0.

Exercise 2.39. For integers n1,no > 1and N > max(nq, ny), let Fiy be the distribution function
of the hypergeometric distribution Hyp(N, ny, n2).

(a) Show that Fiy(z) < Fny1(x) for arbitrary x € {0, 1, ..., min(ny,n2)}. Proposal: Think of
an urn with n; black, N — n; white and one red ball from which you draw no + 1 balls one by

one without replacement.

(b) Show that
lim Fy(0) = 1.

N—oo

Exercise 2.40. Let X be a random variable with distribution Hyp(N, nq, ne) with given param-

~

eters n1,ne € N and an unknown parameter N > max(nj, ny). Determine Ex (N) for the point
estimator N := (n 4+ 1)(ng + 1)/(X + 1).
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Chapter 3

Decision Problems and Procedures,
Sufficiency and Completeness

In the present chapter we introduce some fundamental concepts and results from statistical deci-
sion theory. Estimation and testing problems may be viewed as special cases of decision problems,

while point estimators and statistical tests are corresponding decision procedures.

3.1 Decision Problems and Procedures

As in the previous chapters, we consider a statistical experiment

&= (XaB’ (P6)966)~

If there is no doubt about the sample space (X, B), we just write £ = (Pp)gco.

Decision spaces. A decision space is a measurable space (), C) representing the possible con-

clusions we could draw about the unknown true parameter 6.

Loss functions. A loss function is a mapping
L:Vx0 —[0,]

such that L(-,0) is C-measurable for any fixed § € ©. Here L(v, #) quantifies the loss (e.g. the
costs) when drawing the conclusion v € V while the true parameter equals 6 € O.

Some people use loss functions which can take negative values, but for our purposes it suffices to

consider non-negative functions L.

Example 3.1 (Point estimation). Consider a given mapping ¢ : © — RY. For instance, for the

statistical experiment & = (N (, 02)®")( , one could think about g(u, o) := p or

1,0 )ERX (0,00)
g(p, o) := o. Our decision could be a guess v € R? for the unknown true value g(6). A potential

loss function would be given by
L(v,0) = [lv = g(@)"

67
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for some norm || - || on RY and some exponent > 0. In case of > 1, this loss function is a

special case of the more general loss function L given by

L(v,0) := (v —g(0))

for some convex function ¢ : R? — [0, co) such that ¢)(v) — oo as ||v]| — oc.

Example 3.2 (Statistical tests). Suppose we have split © into two disjoint sets O and ©;. The
question is whether the unknown true parameter 6 belongs to ©¢ or ©1. Hence the two potential
decisions would be 0 and 1, respresenting the claims that § € Og or § € ©Oq, respectively. A

potential loss function would be the indicator of a wrong conclusion, i.e.

L(v,0) := 1j—16c00] + lp=00c0,]-

More generally, one could specify costs A; > 0 for an error of the j-th kind and set

(3.1 L(v,0) = 1jy=1,9c00 M + Ljp=0,0c0,) 2-

Decision problems. A triplet (£, (V,C), L), consisting of a statistical experiment, a decision
space and a loss function is called a decision problem. If there is a standard o-field C on V, we
just write (£,V, L).

Decision procedures. A non-randomized decision procedure is a measurable mapping p : X —
V. That means, if we observe X ~ Py with unknown § € ©, then we draw the conclusion
p(X) € V about 6.

More generally, a decision procedure is a stochastic kernel p from (X, B) to (V,C). That means,
p: X xC—10,1]
is a mapping such that

forany x € X, p(x,-) is a probability measure on (V,C),
forany C € C, p(-,C) is B-measurable on X'

Now the interpretation is that having observed X ~ P,, we draw a random conclusion about 6
from the probability measure p(X, -).

With slightly ambiguous notation, a non-randomized decision procedure p : {2 — V corresponds
to the stochastic kernel p(-, -) with

p(W, ) = 5p(w)'

Risk functions. The performance of a decision procedure p is quantified by its risk function
R(p,-) : © = [0, 00],

R(p,0) := [YAL(U,H)p(x,dv)Pg(dx).
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Example 3.1 (Point estimation, continued). A point estimator for g(6) is a measurable mapping

g : X — RY. This corresponds to the (non-randomized) decision procedure

Its risk function is given by

R(.6) = /X 15— 90" APy = Eo(l5— 9@)II")

or

R(3.60) = /X $(G - 9(6))dPy = Epb(G— 9(9)).

Remark 3.3 (De-randomisation for point estimation). In the context of point estimation, it is of-
ten sufficient to consider non-randomized decision procedures, i.e. usual point estimators. Specif-
ically, suppose that L(-,6) is convex and coercive' on R? for any # € ©. Then for any decision
procedure p, i.e. a stochastic kernel from (X, B) to (R?, Borel(R?)), there exists a point estimator
g : X — R7 such that for any 6 € O,

R(.6) = /X L(§(x),0) Py(da)

is no larger than

Rp,0) — /X /R L{0,0) pla, o) Py(d).

Indeed, the assumption that L(-, ) is coercive implies that for suitable constants a(f) € R and
b(6) > 0,
L(v,0) > a(0) +b(0)|v| forallve R%L

In particular, if x € X and 0 € O satisfy
/ L(v,0) p(z,dv) < oo,
Ra

then
[ lellpte,do) < <b6)1a(6) +56)" [ ol plasdo) < .
Ra Ra

Consequently, we may pick an arbitrary fixed point v, € R? and define
3@) = [ volado) it [ ollplad) < o,
Rae Ra

and g(z) := v, otherwise. Then, Jensen’s inequality implies that for arbitrary x € X and 6 € O,

/R L0,6) plar o) > L(G(0),0),

whence
R(p,0) > R(g,9).

'L(v,0) — oo as ||v]| = oo
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Example 3.2 (Statistical tests, continued). With the decision space V = {0, 1}, any decision

procedure p may be written as

plz;-) = (1= ¢(x))do + ¢(x)d
for some measurable function ¢ : X — [0, 1], i.e. atest on X'. With the power function § — Ey(¢p)
of ¢ and the loss function L in (3.1),

R(p,0) = 1o Eo(p) + 1ppco 1 2(1 — Eg(p)).

Bayes risks. Suppose that O itself is equipped with a o-field D, and suppose that the loss func-
tion L : V x © — [0, 00] is C ® D-measurable. Further suppose that § — Py(B) is D-measurable
for any fixed B € B. Then we may view (Py)gco as a stochastic kernel too and consider the
following Bayesian model: Let IT be a probability distribution on (0, D), a so-called prior (distri-
bution). One could imagine that “mother nature” chooses a parameter § € © from that distribution
I1. Then, conditional on 6, we observe a random variable X ~ P,. The Bayes risk of a decision

procedure p for the prior II is defined as
R = [ Rp.on@o) = [ [ [ 100.6) pla.do) Pofn) ),
© eJxJy

With IPP and IEB denoting probabilities and expectations in this Bayesian model, one can also
write
R(p 1) = EP [ L(0,6) p(X, do),
1%

and in case of a non-randomized procedure p this becomes

R(p.1T) = EP L(p(X),0).

3.2 Some Optimality Concepts and Results

Let (€, (V,C), L) be a given decision problem. Our goal is to devise decision procedures p with
low risks R(p, 6). Typically there is no “free lunch”: If p has very small risk R(p, 6;) for some

parameter 0; € ©, it will often have rather large risk R(p, 62) for some other parameter 62 € ©.

Minimax-optimality. A decision procedure p, is called minimax-optimal, if
sup R(p«,0) = min sup R(p,0).
0c© P 9cO
Throughout this chapter, “min,” or “inf,” stand for the minimum or infimum over all decision

procedures p.

Admissibility. A decision procedure p, is called admissible, if there exists no decision procedure
p satisfying
R(p,0) < R(p«,0) forallf € ©
and
R(p,0,) < R(p«,0,) foratleastonef, € O.
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Bayes-optimality. For a given prior II on ©, a decision procedure p, is called Bayes-optimal
for this prior II, if
R(ps«,II) = min R(p,II).
P

Least favourable priors. A prior II, is called least favourable, if

inf R(p,II,) = max inf R(p,II),
p mp

where “maxyy” stands for the maximum over all priors II on ©.

Here are three simple results establishing minimaxity, Bayes-optimality and admissibility of deci-

sion procedures.

Lemma 3.4. Let I, be a prior on ©, and let p, be a Bayes-optimal decision procedure for I1,.
Suppose further that

R(ps,IL,) = sup R(p«,0).
0cO

Then p, is minimax-optimal, and 11, is a least favourable prior.

Proof of Lemma 3.4. For any decision procedure p,

sup R(pae) > R(paH*>v
e

and by our assumptions on p.,

R(p,1L) > R(p«,1L) = sup R(ps,0).
0cO

Hence p, is minimax-optimal.

For any prior IT on ©,
inf R(p,II) < R(ps,II) < sup R(ps«,0) = R(p«,I1.) = inf R(p,IL,)
P 0cO P
by assumption. Hence I, is least favourable. O
Lemma 3.5. Let p, be a decision procedure such that for a sequence (IIj,)>1 of priors,
sup R(ps,0) = lim inf R(p,II).
0€O k—oo p

Then p, is minimax-optimal.

Proof of Lemma 3.5. For any decision procedure p,,

sup R(po,0) > limsup R(po,IIx) > lim inf R(p,IIx) = sup R(p«,0).
6€® k—o0 k—oo p SE]

O

Lemma 3.6. Let © be a topological space equipped with its Borel-o-field. Suppose that our

decision problem is such that any real-valued risk function is automatically continuous. If Il is a

prior on © such that II(U) > 0 for any non-void open set U C O, and if p, is a Bayes-optimal

decision procedure for 11 such that R(p.,I1) < co and R(p, -) is real-valued, then p, is admissible.
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Exercise 3.7. Let © be a metric space. Suppose that each distribution Py has a density fy with
respect to some o-finite measure M on (X, B) such that fy(x) is continuous in § € O for any
fixed z € X. Further, suppose that the loss function L is bounded, and let L(v, #) be continuous
in @ € O for any fixed v € V. Show that each decision procedure has bounded and continuous

risk function. Hint: Use Scheffé’s theorem (Theorem A.4) and dominated convergence.

Proof of Lemma 3.6. Suppose that p, is not admissible. That means, there exists a decision
procedure p such that R(p,-) < R(p«,-) < oo and R(p, 0.) < R(p«,0,) for some 6, € ©. Since
both risk functions R(p, -) and R(p., -) are continuous, there exist an open set U C O and an
e > 0 such that R(p, ) < R(p«,) — e on U. But then

Rip,Tl) = [ R(p,6)T1(d6) + /Rp,
o\U
< [ RG.0)@8) + [ (R(p.,6) ) 11(a0)
e\uU U
— R(p.,TI) — elI(U)
< R(p*7H>7
a contradiction to Bayes-optimality of p,. O

Finding Bayes-optimal decision procedures. In the Bayesian model, we have a random pair
(0, X) € © x X, and the key to finding Bayes-optimal decision procedures is to find the posterior
(distribution) of 0, given the observation X, where “posterior (distribution)” is synonymous to
“conditional distribution”. Let us explain this in the special setting of distributions Fy having
densities fy with respect to some measure M on (X, B), where (6, x) — fp(x) is measurable on
© x X. Further suppose that IT has a density 7 with respect to some measure NV on (0, D). Then
for arbitrary D € D and B € B,

P8¢ € D, X € B) / / folw )7(0) N(d§) = /B /D folz)m(0) N(d9) M(dz).

Setting D = O, we see that

PB(X € B) /f

with
_ /@ foa)m(6) N(d6) € [0,00].

In particular, M (f = oo) = 0. If we define

7(0) else,

z) " fp(x)m i x 00
r0]2) = {f() fo(w)m(0) if 0 < f(x) < oo,

then

B = X ™ X xX).
PBe D, X € B) = /Bf( )/D (0| 2) N(d6) M(dz)
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With standard tools from measure theory one can deduce that for any measurable function A :

O x X — [0, 0],
// (0, ) Py(dz) TI(d0) /f / 0, 2)7(0| z) N(d9) M(dz).

For any fixed z € X, the function 7(- | x) is a probability density with respect to N. We interpret

the corresponding distribution as the conditional distribution of 6, given that X = x. In that sense,

/@h(@,x)w(9|x)N(d9) = EB (0, X)| X = x).

Coming back to a specific decision space (V,C) and a measurable loss function L : V x © —

[0, oc], let p be an arbitrary decision procedure. Then,

Rip,T1) = /9 /X /V L(v,0) p(z, dv) Py(dz) TI(d0)

_ /X (@) /V /@ L(v,0)7(8| z) N(d6) p(x, dv) M (dg).

If p. : X — V is measurable such that

p«(z) € argmin/@L(v,H)w(Mx) N(d6)

veY
for all x € X, then p, is a Bayes-optimal, non-randomized decision procedure for the prior

distribution II. With conditional expectations one can also write

pe(z) € argminEB(L(v,0) | X = z).
veY

Let us apply this in the context of point estimation with a measurable function g : © — RY,
where L(v,0) = ||v — g(6)||*> with some Euclidean norm || - ||, i.e. ||y|| = /3" Ay for some
symmetric, positive definite matrix A € R?%%. According to Remark 3.3, it suffices to consider

non-randomized procedures, i.e. point estimators of g(6). If we assume that

B(|14(6) / 19(60)[12 7(6) N(d6) < oo,

then the formula
B(|14(6) / f(a / 19(8)|P (8] ) N(d6) M (dx)

shows that we may replace 7 (6 | ) with 7(6) whenever [g [|g(6)[/*7(0 | ) N(d9) is infinite. Af-

ter that modification,

3.(a) 1= E2((0)| X =) = [ g(0)n(6]) N (o)
(C]

defines a Bayes-optimal point estimator of g(6) for the prior II. Indeed, for any any point estimator

G:X SR,
/ / 6(2) — 9(6)|27(6 | 2) N(d6) M (dx)

[ 1@ (16@) = 3@+ [ 13.6@) = o0)x(0]2) N(a0)) 21 (a)

= E®(|[9(X) - 3.(3)|*) + R(g.11).

R(g,IT)
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For dimension ¢ = 1 and L(v,0) = (v — g(#))?, we get the useful equation
R@TD) = [ @) VarP(9(6) | X = ) M(do) = P (Var(g(6) | ).

Example 3.8 (Gaussian location model). For a given sample size n € N and a given standard
deviation o > 0, let & = (N (i, 02)®”)M cg- The sample mean /i.(x) := Z is a minimax-optimal

and admissible point estimator of g(u) = p for the quadratic loss

L(v,p) = (v —p)*

We have verified admissibility already in Theorem 1.24, but for the convenience of readers who
skipped Chapter 1, and to illustrate the use of Lemma 3.5, we provide the main arguments once

more. Note first that

o2

n
The density f, of N'(p, 02)®" with respect to Lebesgue measure on R™ can be rewritten as
=12
n(p—7=
fula) = falayesp(- LY,
For k > 1 let IT;, := N(0, k?). Its density 7 with respect to Lebesgue measure on R is given by
2
o
- con(-45)
() oxp| =5
for some C' > 0. Thus,

fu(@)m(p) = hi(w) eXp(— (% + :2)“22 + Z—fu)
2

= ho(x) eXP<_(”_n+T(L,—i2/k2)2/<2n+0(;2/k2))

with certain factors hy (), ho(x) > 0. As a function of , the right-hand side is the density of

( nz o? )
n+o2/k?’ n+o2/k?

up to a positive factor depending only on x. Hence the posterior distribution of u, given that
X = =z, is this particular Gaussian distribution. In particular, a Bayes-optimal estimator of y is

given by
nr

~B .
N (33) - ’I’L+0’2/k2

with Bayes risk

0_2

R(AB,II) = ————.
(A, 10) n+o?/k?
Since this converges to 02 /n as k — oo, Lemma 3.5 shows that /i, is minimax-optimal.

To prove admissibility of i., suppose that /i is another estimator of z such that R(fi,-) < o2 /n.

By means of Exercise 1.25 one can show that R(7i, -) is continuous on R. So R(fi, i1,) < o%/n
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for some 11, would imply that for suitable real numbers a < band € > 0, R(fi, 1) < 02/n — € for
all 4 € [a, b]. But then

0.2 2

R < © = el(ab) = ° — (@(b/k) — B(a/k)),

whereas )
R(,IL) > RGEB,IL) = — 2.
(/.L, k) = (/‘ ) k’) n+ 0’2/l€2
Combining these inequalites leads to
O'2 O'2 0'4
/<:<<I>bk—<I> k><k<——7) 7
e 2(0/k) (a/k)) < n  n+o2/k? < kn?

But as k — oo, the left-hand side converges to €(b — a)®’(0) > 0 while the right-hand side
converges to 0, which yields a contradiction.

Exercise 3.9 (Point estimation of a binomial parameter). For § € [0, 1] let Py := Bin(n, §). We

consider point estimators of 6 with loss function L : [0, 1] x [0, 1] — [0, c0) given by

L(v,0) = (v—6)>2

(a) Consider the Bayesian model with a random parameter § ~ Beta(a, b) with given “hyperpa-
rameters” a,b > 0, and a random observation X with conditional distribution Py, given 6. Here
Beta(a, b) is the distribution on (0, 1) with Lebesgue density

611 — 9)>1 ! L(a)T(b)
) = ————, B(a,b) = o=l )ty = 2
Tra,b( ) B(a, b) ’ (a,0) /0 Ut u) “ I'(a +b)
Show that
B B a+t+x
LPO|X =z) = Beta(a+z,b+n—2z) and E°@|X=12) = ——.
a+b+n
(b) Part (a) implies that
5 () = at+x
ab " a+b+n
minimizes the Bayes risk
1
R0, Beta(a, b)) — / R(3.0) Beta(a, b)(d0)
0

over all estimators 9 : {0,1,...,n} — R. Determine the risk function R(@Lb, -) of this estimator

~

O b

(¢) Now find parameters a, b such that the risk function in part (b) is constant. What are the

consequences for the corresponding prior Beta(a, b) and the corresponding estimator 6, ;?

Unbiasedness. Sometimes it is difficult to find decision procedures satisfying some optimal-
ity criterion. But often the problem gets easier if we impose some additional constraints which
are quite natural by themselves. Here is one such constraint: A decision procedure p is called
unbiased, if for arbitrary 6,7 € ©,

(3.2) R(p / / v,0) p(z,dv) Py(dx) / / v,n) p(x,dv) Py(dx).
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Example 3.1 (Point estimation, continued). Let L(v, ) := ||v — g(#)||?> with some Euclidean
norm || - || on RY, that is, ||y|| = \/y " Ay for some symmetric, positive definite matrix A € R?*.
For any estimator § : X — R, the risk R(g,0) = Ey(||[g — g(0)|*) is finite if, and only if,
Ey(]|g]|*) < oc. In the latter case,

. A o . 2
Eo(5 = 9I*) = Eo(I[7 — Eo@)I) + |Ea(@) — 9(n)||,

Eo(Ilg — 90)I1*) = Eo(I[7 — Eo@)|) + || Eo(@) — 90|,

80 ¢ is unbiased if an only if for all § € ©,
1£6(@) — 9(0)]| = min|[Es(3) — g(n)].
Consequently, if g is an estimator such that
Ep([|gl*) < oo and Ey(g) € closure{g(n) : n € O}
for all # € O, then g is unbiased if, and only if,
(3.3) Ey(g) = g(0) foralld € O.

In what follows, a point estimator g will be called unbiased if it satisfies (3.3).

Example 3.2 (Statistical tests, continued). We consider the general loss function L(v,60) =
1[11:1,9690])‘1 + 1[1}:0,96@1]/\2 with A1, Ao > 0. Then

/ / L(v,n) p(xz,dv) Py(dx) > R(p,0) for arbitrary 6,1 € ©
X Jy
is easily shown to be equivalent to

{)‘2(1 - E90(90)> > )\IEQO(SO) for any 0y € @0,
MEg () > A2(1 — Ep,(p)) foranyt; € O;.

In other words,

with \
2
Qo= € (0,1).
AL+ A2 (0.1)
Coming from the other end, for a given test level « € (0, 1), a level-« test of Oy with power at

least « for each § € O is unbiased in the sense of (3.2) if Ao /A1 = /(1 — ).

Exercise 3.10 (Estimating functions of a binomial parameter). Unbiasedness of point estimators
seems often a natural constraint. But it is potentially too restrictive. Consider the statistical exper-

iment (Bin(n, 0)) and an arbitrary function ¢ : [0, 1] — R.

0€[0,1]
(a) Suppose thatg: {0,1,...,n} — R is an unbiased estimator of g(0), i.e. Eg(g) = g(0) for all
6 € [0, 1]. Show that g(0) is a polynomial in € of order at most n.

(b) Show that an unbiased estimator g as in part (a) is unique.

(¢) Determine the estimator g explicitly in case of g(f) = 6* for some k € {1,...,n}. Hint:
Consider factorials [x] := [o<; (¥ — 7).
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3.3 Informativity and Sufficiency

This section is about the comparison of two statistical experiments with one and the same param-

eter space ©.

3.3.1 Informativity

Let £ = (X, B, (Py)geco) and € = (X, B, (Py)oco) be statistical experiments. Experiment & is
called at least as informative as experiment &, if the following condition is satisfied: Let (V,C)
be an arbitrary decision space and L : V X © — (—o0, o0] be any loss function. Then for any
decision procedure p : X x C — [0, 1], there exists a decision procedure 5 : X x C — [0, 1] such
that

R(ﬁa) < R(pa‘) on ©.

This looks like a very strong condition, because it involves arbitrary decision spaces and loss
functions. Nevertheless there is an elegant criterion due to David Blackwell:

Lemma 3.11 (Blackwell’s criterion). Let & = (X, B, (Ps)sco) and € = (/1;
statistical experiments. Suppose there exists a stochastic kernel K from (X X, B
that for any 0 € © and B € B,

B, (Py)gco) be
to

) to (X, B) such

Py(B) = P9 ® KX / K(z dz).
Then € is at least as informative as E.

The intuition behind Blackwell’s criterion. Suppose that Bob and Alice are planning statistical

experiments £ and g, respectively, to do inference about an unknown parameter in ©.

Alice: “My experiment is at least as good as yours.” Bob: “How do you know?”
Alice: “Well, tell me any decision space and loss function.” Bob: “(V,C) and L.”
Alice: “Okay, and what is vour favourite decision procedure for that?” Bob: “p.”

Alice: “All right, this is what I will do: If my experiment yields data X ~ Py, where 6 € @ is
unknown, I will use Mr. Blackwell’s kernel K to generate new data X ~ K (X,-). And then, I'll
use your p to draw a decision V' ~ p(X, -) about 6.” Bob: “That looks like a swindle!”

Proof of Lemma 3.11. The assumption implies that for any measurable function h : (X', B) —

[0, oc],
/ hdPy — / / K (i, dz) Py(d).

By assumption, this is true for indicator functions h = 15 with B € . By linearity of integration,
this is true for measurable functions taking only finitely many different values in [0, c0). By
monotone convergence, the asserted equation is true for arbitrary measurable functions h : X —
[0, o).
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For a given decision space (), C) and decision procedure p : X x C — [0, 1] we define a decision

procedure /5 : X x C — [0, 1] as follows: For C' € C we set
§5,0) = [ pla.C)K(5.do)
X

This construction of p implies that for any measurable function i : V — [0, 00| and Z € X,

/Vh( (7, dv) //h oz, dv) K (7, da).

Hence for loss functions L : V X © — [0, c0] and any 6 € O,
R(5.0) = [ [ 1006)p(z,d0) Pfas)
xJy

_ /)E/XAL(U,Q)p(w,du)K(fc,dx)ﬁe(dgz)
- /}([/L(v,@)p(x,dU)Pe(d$)
(p,0)

O]

Example 3.12 (Sampling with and without replacement). Let M be a population of known size
N = #M. Suppose we draw a sample of size n > 2 from M with replacement. Precisely, we
obtain a sample w = (w1, ...,wy) in the set Q := M" with N different elements completely at

random. This corresponds to the uniform distribution IP on €2.

In case of N > n, sampling without replacement would be an alternative strategy, leading to the
set Q of all [N], = N(N —1)--- (N —n + 1) tuples w € Q with pairwise different elements.
The uniform distribution on €2 is denoted by IP.

Suppose that we are interested in a specific property § € © of the population M. Without spec-
ifying random variables X : Q — X, X : Q — X and how their distributions depend on 6, one
can say that sampling without replacement is more informative than sampling with replacement.
If n = N, this is rather obvious, because any sample w € Q contains all individuals of M. But

what about the more interesting case of n < N?

To this end, imagine two gentlemen, Mr. Diligent and Mr. Lazy. Mr. Diligent draws a sample w
from completely at random, step by step. Mr. Lazy watches Mr. Diligent and defines (“draws”)
a sample w € € as follows: He sets wy := @y. Fork = 1,2,...,n — 1 he imagines drawing w1
completely at random from M. Conditional on the outcomes of the first k£ draws of Mr. Diligent,
this would yield w; with probability 1/N for 1 < j < k, and with probability 1 — k/N, wi4+1

would have the same distribution as wg1. Thus Mr. Lazy chooses

W1 = Wy

with a random index

J ~ %Zéﬁr (1—%)5k+1.
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Exercise 3.13 (From sampling without to sampling with replacement). Show that the construction
of w from @ in Example 3.12 corresponds to a stochastic kernel K from Q to Q such that for any
z €,

K(z, {z1,... ,:En}") =1,

and for any y € M",
1

1

z€Q
Exercise 3.14 (Estimating the reciprocal of a population size). At first glance one could think that

sampling from a population M without replacement is always more informative than sampling
with replacement. But this is not true in general. For instance, suppose that the size N of the
population M is unknown. Then drawing a random sample of size n without replacement from
that population reveals nothing about the population size N except that N > n. But sampling

with replacement yields some information:

For a given integer n > 2, let IP 54 be the uniform distribution on M". We are interested in

constructing an unbiased estimator of g(M) := 1/N in the sense of (3.3).
(a) Determine the expectation of X; where

Lwie {w; #0)]
#{wi,wa, ..., wp}
forallw € M"andi € {1,2,...,n}.

Xi(w) := , forwe M".

(b) Propose an unbiased estimator of g(M).

(c) Forl <i<j<n,let X;j(w):= 1{y;=w;]- Determine the expectation of X;; and propose an
unbiased estimator of g(M).

(d) Determine the standard deviation of your estimator in part (c).

3.3.2 Sufficiency

The concept of sufficiency is a special instance of Blackwell’s criterion. We consider a statistical
experiment £ = (X, B, (Py)gco). Now we want to know whether it is sufficient to restrict one’s
attention to partial information about the experiment’s outcome. Partial information could mean
that we want to replace an observation X ~ P, with a given function 7'(X'), or we want to restrict
our attention to events B, in a sub-o-field 5, of B.

Definition 3.15 (Sufficient statistic). A measurable mapping 7' : (X, B) — (X, B) is called a
sufficient statistic for &, if there exists a stochastic kernel K from (X, B) to (X, B) describing the
conditional distribution of X ~ Py, given T'(X), for any § € ©. In other words, for arbitrary
0 €O,BeBand B e B,

Py({T € BYnB) = /BK(t,B)PQT(dt).

Instead of K (¢, B) one could also use the more intuitive notations P(B|T = t) or IP(X €
B|T(X) =t),and [, h(z) K(t,dz) could be denoted as E(h|T = t) or IE(h(X) | T(X) = t).

Due to sufficiency of T', no subscript @ is necessary.
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Sufficiency of T implies that the experiment £ := (X, B, (P )sco) is at least as informative as
€. In other words, one may reduce raw data X ~ IPy to 7'(X') without any loss of information. In-
deed, having reduced X to 7'(X), one could generate an artificial observation X, ~ K(T'(X), ),
and X, ~ Py, too, no matter what value the unknown parameter 6 € © has. Sufficiency can often

be verified with the following criterion:

Theorem 3.16 (Halmos—Savage, Neyman). Suppose that (X, d) is a separable and complete met-
ric space, and let B = Borel(B, d). Further let M be a o-finite measure on (X, B) such that each
distribution Py has a density fy with respect to M. Then the following two conditions are equiva-

lent:
(i) The statistic T is sufficient for £.

(ii) There exists a measurable function h : X — [0,00) such that for any § € ©, the density fy

can be chosen such that
fo(z) = go(T'(x))h(x)

with gg : X — [0, 0c0) measurable.

The fact that condition (ii) implies sufficiency of 1" for £ is called Neyman’s factorization criterion.

Corollary 3.17. Let X and X be countable sets equipped with B = P(X) and X = P(X). Then,
T is sufficient if and only if there exists a function h : X — [0, c0) such that for any 6 € © and
T e X,

Py({z}) = go(T(x))h(x)

with gg : X — [0, 00).

For readers feeling uneasy about measure theory it may be instructive to prove the latter corollary
directly. It is a consequence of Theorem 3.16 if we use the metric d(z,z') := Ljz#4n on X and
counting measure M on X, thatis, M ({z}) = 1 forall x € X.

Proof of Theorem 3.16. A measure M on (X, B) is o-finite if and only if there exists a measur-
able function J : X — (0, 00) such that [ JdM = 1. But then we could replace M with the
measure M, given by M (B) := [ J dM, the density fy with fs/J and the function h in condi-
tion (ii) with h/.J. Hence we may and do assume without loss of generality that M is a probability

measure.

Suppose that condition (ii) is satisfied. By our assumption on (X, B), there exists a stochastic
kernel K, from (X, B) to (X, B) such that for arbitrary B € B and B € B,

M{T e B}NB) = /Ko(t,B) MT(dt).
B

More generally, for arbitrary measurable and non-negative functions f on X xX,

_ T
/X F(T(2),2) M(dz) = /X /X F(t, 2) Ko(t, dz) M (d).
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This implies that for arbitrary § € ©, B € Band B € B,
Py({T € BynB) = / 15(T(x)1B(x)go(T (x))h(x) M (dx)
= [ [ 1600015 Kot de) M7 (1)

_ / ao(t) | hiz) Ko(t, de) MT(dt).

o
o)

Taking B = X shows that

where
fEt) = go(t)H(t) with H(t) := /Xh(z:)Ko(t,d:c).

In particular, the set N := {t € X' : H(t) = oo} satisfies P} (N N {gy > 0}) = 0 for any 6 € ©.
Thus we may replace f7 (t) with LH (1) <o0] f4(t) to obtain a density f{ of P} with respect to
M7, Then,
H(t)—l/ h(z) K,(t,dz) if0 < H(t) < oo

B

M(B) else

K(t,B) =

defines a stochastic kernel K from (X, B) to (X, B) such that
RUTeBYNB) = [ 0K @B M @) = [ KB P
B B

for arbitrary 6 € O, B € B and B € B. Hence, condition (i) is satisfied too.

Suppose that condition (i) is satisfied. By our assumption on (X, B), the space L*(M) is separable
with respect to the corresponding L'-norm || - ||, i.e. ||g|| := [ |g| dM. This implies that the set
{fo : 6 € ©} C L'(M) is separable too. Thus, for a suitable subset {#, : £ € N} of O, the
set {fp, : ¢ € N} is dense in {fp : 6 € ©O}. This implies that all distributions Fp, § € ©, are
absolutely continuous with respect to the probability measure

o
Q = Z 2_£P0é.
/=1

Indeed, if Py(B) > 0 for some B € B, then for suitable ¢ € N,

|Py(B) — Po,(B)| < |lfo— fall < Po(B),

whence Q(B) > 27“Py,(B) > 0. By assumption, there exists a stochastic kernel K from (X, B)
to (X, B) such that for all § € ©, BeBand B € B,

Py({T € B}nB) = /K(t, B) P} (dt).
B
The construction of () implies that

QUT e BYnB) = /Efat, B) Q" (dr),
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and via measure-theoretic induction one can show that
[ s@@naun) = [ aor 5o @)

for any B € B and any measurable function g : X — [0,00). Specifically, for any § € O,
the distribution PQT is absolutely continuous with respect to Q, so choosing a density gg =
dP] /dQT leads to the equality

By(B) = /XK(th)PeT(dt) = /A;ge(t)K(taB) QT (dt) = /Bge(T(ﬂf))Q(dw)-

Since () is absolutely continuous with respect to M, there exists a density A = d@Q)/dM, and we

may write
Ro(B) = [ aoT@)hie) M(da).
Thus, gg(T')h = dPy/d M, which proves condition (ii). O

Example 3.18 (Bernoulli sequences). Let X1, Xo, ..., X, be independent, identically distributed
random variables with values in {0,1} and unknown parameter § = IP(X; = 1) = IE(X;) €
[0,1]. This leads to the statistical experiment & = ({0,1}", P({0, 1}"), (Py)oefo,1]) with Py :=
((1 — 6)dp + 061)®™. The density fp of Py with respect to counting measure on {0, 1}" is given
by

n
fow) = [Jom(1—0)' = = gT@ (1 — g7,
i=1
i.e. a function of T'(x) := »_,_; x; only. Hence T is a sufficient statistic for £. Indeed, 7" has
distribution Bin(n, #), and for any ¢ € {0, 1,...,n}, the conditional distribution Py(- | T = t) is
the uniform distribution on the set of all € {0, 1}" with T'(x) = t.

Example 3.19 (Gaussian samples). Let X1, X», ..., X, be independent, identically distributed
random variables with distribution NV'(11, 0%), the mean p € R and the standard deviation o > 0
being unknown. This leads to the statistical experiment £ = (R”,Borel(R”), (Py)gco) with
© = R x (0,00) and P, , := N(u,o?)®". The density f,, of P, with repect to Lebesgue

measure on R" times (27)~"/?

Juo(x) = exp(—ZW—nloga)

is given by

i=1
n — —
(=8 (e p)?
- exp(— ; 202 202 nlog U)
= Guo(T(x)),

where T'(x) = (T1(x), T>(x)) and
Ti(x) = z=n""! ina
Ty(@) = Y (i -2

Juo(ti,ta) = eXp(—i 552 nlogo).
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Hence the statistic 7" = (T, 72) : R™ — R x [0, 00) is sufficient for the experiment £.

It is worthwhile here to verify sufficiency directly, based on standard arguments in connection with
student’s ¢ distribution: Let by, bo, ..., b,, be an orthonormal basis of R", where by = n~1/21,,.

Then the distribution P, , coincides with the distribution of

n
X = pl,+o) Zb
i=1
with stochastically independent random variables Z1, ..., Z, ~ N(0,1). The statistic T'(X) is

equal to
n

(,u + nil/QaZl, o? Z Zi2>,

and we may write

=2
with N
-1/2
wio= (322) "z
j=2
The random vector W := (W;)"_, is uniformly distributed on the unit sphere in R"~! and

stochastically independent from > , Zf. Hence the conditional distribution of X, given T,

does not depend on the parameter (1, o).

Exercise 3.20 (Gamma distributions). Let X = (X;)?_; have n > 2 independent components
with
X; ~ Gamma(a,b)

and unknown parameters a, b > 0.

(a) Determine an R2-valued sufficient statistic 7'(X) for the corresponding statistical experiment

(Gamma(a, b)) 050"

(b) Determine the conditional distribution of X given 7°(X) in case of n = 2.
Exercise 3.21 (Markov chains with finite state space). Let X = (X;)}_, be a Markov chain with

values in X = {1,..., L} for some integer L > 2 and fixed starting point Xy = z, € X. That
means, for 1 < k <nandyg,...,yn,2 € &,

Py( X1 = 2| (Xo)izg = (e)izo) = Oyy.e

with an unknown matrix @ € [0, 1]X*% such that

L
ZGW =1 forally € X.

z=1
Let © be the set of all such matrices 6, and let Py be the resulting distribution of X on the finite
set X1, where a tuple x € X™"! is represented as (z;)_,. Determine a sufficient statistic for
the statistical experiment (FPp)pco-
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Exercise 3.22. Let M be a population of individuals with identification numbers in Z. We assume
that the set of all identification numbers equals {a, ..., b} with unknown integers a < b. We only

know that b — a + 1 > n for some given integer n > 2.

Now we draw a random sample of size n without replacement from M and note the tuple X (w)

of the observed identification numbers.

Show that T'(z) = (min(x), max(z)) is a sufficient statistic for this experiment. Describe the

conditional distribution of & given T'(x) = (s1, s2).

Hint: The formal definition of the experiment involves

pe (zezn L Xy # Ty whenever i # j},
Pus = U (007,

)

© = {(a,b)€Z":b—a+1>n}.

Exercise 3.23 (Poisson experiment). Let A > (0 be the unknown concentration of certain bacteria
in some lake. To estimate )\, some people take probes of volumes ay, ..., a, > 0 and determine
the numbers X7, ..., X, of bacteria found therein. This leads to independent random variables
X1,..., X, with X; ~ Poiss(a;\).

The corresponding statistical experiment is (®;~11Poiss(ai)\)) with sample space Ni*. Show

A>0
that 7'(X) = X is a sufficient statistic for this experiment. What is the distribution of T'(X)

when X ~ P,, and what is the conditional distribution of X, given that 7'(X) = N?

Definition 3.24 (Sufficient sub-o-fields). Let B, be a o-field over X’ such that B, C B. It is
called a sufficient sub-o-field for £, if there exists a stochastic kernel K from (X, B,) to (X, B)
describing the conditional distribution of X ~ Xy, given B,, for any § € O. In other words, for
arbitrary 6 € ©, B € Band B, € B,,

Py(B,NB) = ; K (z, B) Py(dz).

Note that sufficiency of B, is equivalent to sufficiency of the statistic
T:(X,B) - (X,B,), T(x):==zx.

Sufficiency of B, implies that the experiment &, := (X, B,, (Py)sco) is at least as informative as
£. In other words, when analyzing raw data X ~ Pp, we may restrict our attention to decision
procedures which are B,-measurable rather than 3-measurable.

Example 3.25 (Invariant distributions). Let G be a finite group of measurable bijective mappings
g : X — X. That means, for arbitrary g, h € G, both h o g and g~ belong to G, too. Now let Bg
be the set of G-invariant sets B € B, i.e.

g(B) ={g(z):x € B} = B forallgeg.

This is obviously a sub-o-field of B.
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Now suppose that all distributions Py, 6 € O, are G-invariant in the sense that
P = Py forallgeg,

where P} is the image measure Py o g~L. Then Bg is sufficient for &, and the conditional distri-

bution Py (- | B,) is given by the stochastic kernel
K(z, = i< Z 15(g
9€g

1.e.

K(z,-) #g26

geg

Hence the experiment &g := (X , Bg, (Pg)gEg) is at least as informative as &.

Proof: Obviously, K (z, -) is a probability measure on (X', B) for any x € X. For fixed B € B, the
function + — K (x, B) is certainly B-measurable. To verify Bg-measurability it suffices to show
that K (h(z), B) = K(z, A) for arbitrary x € X and h € G, see Exercise 3.26 below. But

K(h(x),B #QZIAQ h #QZIA

geg geg

because for any fixed h € G, the mapping G > g — g o h € G is bijective. It remains to be shown
that for arbitrary § € O, B, € Bg and B € B,

Po(B,0B) = | K(w.B) Py(d)

But the right hand side equals

gZ/ 15(g(x)) Py(dx),

and each summand equals

| 1slg) Patda) = Pu(Bong(B)

= Py(9~ ' (9(Bo) N B))

= Py(g (B, N B)) (by G-invariance of B,)
= P{(B,N B)
= Py(B,NB) (by G-invariance of FPy).

Exercise 3.26. In the setting of Example 3.25, let (), C) be another measurable space, and let
p: (X,B) — (V,C) be a measurable mapping.
(a) Suppose that p is G-invariant in the sense that p o g = p for arbitrary g € G. Show that p is

Bg-C-measurable.

(b) Suppose that p is Bg measurable, and suppose that C “separates points in V. That means, for
arbitrary different points v1, ve € V there exists a set C' € C such that v; € C but vo ¢ C. Show

that p is G-invariant.
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Example 3.27 (Permutation-invariance). For some integer n > 2 consider the product space

(X™, B®™). Further let S,, be the group of all permutations of {1,...,n}, that means, bijective
mappings 7 : {1,...,n} — {1,...,n}. Any 7 € S, induces a measurable bijection g, : X" —
A",

2= (@) = ge(@) = (Ta)s.

Indeed one can easily show that for permutations 7w, 0 € S,

9n © 9o = Yoor-

(Note also that 7 € S, is uniquely determined by the mapping ¢., unless #X = 1.) Thus
G :={gx : ™ € S,,} is a group of measurable bijections of (X", BZ").

A distribution IP on (X", B®™) is called permutation-invariant or exchangeable if it is G-invariant.
In other words, if X = (Xi)?zl has distribution IP, then for any = € S, the random tuple
(Xr(i))iy has distribution IP, too.

If€ = (X noBen, (IP(;)(;G@) involves only permutation-invariant distributions IPg, then the sub-o-
field Ag of all permutation-invariant sets in B%" is sufficient for £. The corresponding stochastic
kernel K from (X", Ag) to (X™, B®") is given by
K(x,)) = % > byt
TESK
Example 3.28 (Sign invariance). For some integer n > 1 consider the measurable space R™. Any

sign vector £ € {—1,1}" induces a measurable bijection g¢ : R™ — R",
z = ()L = ge(®) = (&Gwi)imy-
Note that {—1,1}" with component-wise multiplication is an Abelian group. The corresponding
family G := {gg & e {1, 1}"} is an Abelian group, too. Indeed, for arbitrary £, € {—1,1}",
geogc = gy with vy = (&G)i-

A distribution IP on R" is called sign-invariant, if it is G-invariant. In other words, if X = (X;)I" ;
has distribution IP, then for any sign vector { € {—1,1}", the random vector (£;X;)" ; has

distribution IP, too.

If € = (R™, Borel(R™), (IPg)gco ) consists of sign-invariant distributions, then the sub-o-field Ag
of all sign-invariant Borel sets in R" is sufficient for £. The corresponding stochastic kernel K
from (R", Ag) to (R™, Borel(R™)) is given by

1
K(x,) = o D, Oy
ge{-Lpn

3.4 Complete Statistical Experiments

Definition 3.29 (Complete statistical experiment). A statistical experiment £ = (X, B, (Py)sco)

is called boundedly complete, if for any bounded and measurable function f : X — R,

/fdPg =0 foralld € ©
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implies that
Py(f#0) = 0 forallf € O.

The experiment £ is called complete if for any function f € (ycq LY(Py),

/fdPg =0 foralld € ©

implies that
Py(f #0) = 0 forallf € ©.

Obviously, completeness of £ implies bounded completeness.

Example 3.30 (Simple d-parameter exponential families). Let M be a o-finite measure on R?

and h : RY — [0, 0o) a measurable function such that for all parameters @ in a set © C R,
0 < /exp(QTm)h(x) M(dx) < oo.

Then we consider the statistical experiment £ = (R%, Borel(R?), (Pp)gce) where

ar)

@) = CO)h(x)exp(07x)

with C(0) := ([ h(z) exp(8'z) M (dz)) ~' If © has nonempty interior, then £ is complete.
This follows immediately from Theorem A.5 in Appendix A.3.

Example 3.31 (Product measures). Let (X', 3) be a measurable space, and let © be a family of
probability distributions on (X', B). For some integer n > 2 consider £ = (X", BE", (P®") peo).
This experiment is not boundedly complete. To see this, consider some bounded measurable
function h : X — R with Varp, (h) > 0 for at least one distribution P, € ©. Then f(x) :=
h(z1) — h(z2) defines a bounded and measurable function f : X™ — R such that [ f dP®" =0
for any probability distribution P, but PE"(f # 0) > 0, because [ f2dPE" = 2 Varp, (h) > 0.

However, if we replace A = B®" with the sub-o-field A, of all permutation invariant sets A € A,
then the experiment £, = (X", A,, (P®")pco) is often complete, provided that © is sufficiently

rich.

Special case 1. Suppose that B = P(X) and © consists of all probability distributions on X’
with finite support. Then &, is complete. More precisely, if f : X™ — R is permutation-invariant
such that [ f dP®" for any probability measure P on X" with finite support, then f = 0.

Proof: Consider arbitrary points 1, ...,z, € X. For A € (0,00)", Py := )\jrl Yo Aidg, is a
probability distribution in ©. Thus [ f dP®"™ = 0 for all P € © implies that

n

(3.4 0= Xl/fdpfan = Z (H)\i(é)>f(xi(1)7---axi(é))

i(1),i(n)=1 €=1
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for all A € (0,00)". Note that the right-hand side of (3.4) is an n-variate polynomial of order n in

. Since

o i 1ot fi(1),...,i(n)}y ={1,...,n}
3.5 SRS a— V-
(3-5) 0)\18)\2---0)\ng i {0 else,

it follows from (3.4) and permutation-invariance of f that

0= Z f@r@ys - s Tamy) = nlf(w1,. .0 20).

7T€$n

Special case 2. Suppose that (X', B, M) is a o-finite measure space. Suppose that © consists of
distributions which are absolutely continuous with respect to M. If it contains the convex hull of
all probability measures B — M(A)"'M (AN B), where A € B with 0 < M(A) < oo, then &,
is complete.

Proof: Note first that if f : X™ — R belongs to (| pcg £ (P®™), then

/ If| dME" < oo
An

for any A € B such that M®"(A) < cc.

Now fix arbitrary sets Ay,..., A, € Bsuchthat 0 < M(A;) < oo. For any tuple A € (0, 00)"
consider the probability measure Py € O given by

P\(B) = (zn: AM(4)) Zn:)\iM(Ai N B).
=1

=1

If f: X" — R is measurable and permutation-invariant, it follows from | fdP®" = 0 for all

P € © that
0= > H)\i(,z)/ famen,

i(1),...i(n)=1£=1 Bi(1)x-XBi(n)

By means of this equation, (3.5) and permutation-invariance of f one can deduce that

(3.6) / fdAM®" = 0
A1 XX Ap

for arbitrary sets Ay, ..., A, € B with finite measure M (4;). But X = J,~, Xy with measurable
sets X1 C X C X3 C --- having finite measure under M. For arbitra_ry sets Ay,..., A, in
By :={B € B: B C X}, we can deduce from (3.6) that the finite measures Q;t on (X', BY™),
where Qgi(A) = [, fEdM®" for A € B}", coincide on cartesian products Ay X -+ x A,
of sets A; € By. But the family of these sets is closed under intersections and generates B?”.
Consequently, by Dynkin’s theorem, Q) = @, . Taking A = {f* >0} NX} C {f~ =0} NAY
and A = {f~ > 0} N A} C {fT = 0} N A}, we can conclude from Q; (A) = @, (A) that
M ({f #0} N A") = 0forall £. As £ — oo, we conclude that M®"(f # 0) = 0. O
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Special case 3. Let X = R, equipped with its Borel o-field. Suppose © consists of distributions
with a density with respect to Lebesgue measure, and for an arbitrary fixed ¢ > 0, suppose that
© contains all finite convex combinations of Gaussian distributions N (1, 02), u € R. Then &, is
complete.

Proof: With the same arguments as in the previous special cases, one can show that for any .4,,-
measurable function f : R” — R, it follows from [ f dP®" = 0 for arbitrary P € O that

n
/f(a:) H Gu;o(xi)de = 0 for arbitrary pu € R",
i=1
where ¢, »(2) = (2m0?) /2 exp(—(z — 11)%/(20?)). This is equivalent to

/f(:c) exp(—||a:H2/(202)) exp(p'@)de = 0 for arbitrary p € R™.
But then it follows from Theorem A.5 in the Appendix that the finite measures
Borel(R") > A — / () exp(—||z[?/(20%)) dx
A

are identical, whence f(x) = 0 for Lebesgue-almost all z € R™. O

Unbiased estimation. With the concepts of sufficiency and completeness one can say something
about unbiased point estimators in the sense of (3.3). This was first noted by Rao, PR. Halmos
[10] and later extended by numerous authors including Blackwell [2], Kolmogorov [13], Lehmann
and Scheffé [15, 16].

Theorem 3.32. LetE = (X, B, (FPy)pco) be a statistical experiment with a sufficient statistic T :
(X,B) — (X, B). Consider some function g : © — R? and a loss function L : R x © — [0, c0)
such that L(-,0) is convex and coercive® for any fixed § € ©.

(a) Suppose thatg : X — RY is an estimator with finite risk function 0 — Eg(L(g,0)). Then
g(x) = E@G|T =T(z))
defines another unbiased estimator such that for any 6 € ©,
Ep(g) = Eo(g) and EyL(g,0) < EyL(g,0).

If L(-, 0) is strictly convex, then the latter inequality is strict unless Py(g # g) = 0.

(b) Suppose g is unbiased for g(@), that is, Ey(g) = g(0) for all § € ©. Then the estimator
§ is unbiased too. If ET = (X, B, (PeT)eee) is complete, § is essentially the unige unbiased
estimator which is a function of T. That is, if § = h(T) is another unbiased estimator of g(f),
then Py(g # g) = O for arbitrary 6 € ©.

2L(v,0) — oo as ||lv]| = oo
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Proof of Theorem 3.32. By sufficiency of T, there exists a stochastic kernel K from (X, B) to
(X, B) describing the conditional distribution of X ~ Py, given T'(X), for any parameter § € ©.
This gives rise to conditional expectations

Eh|T=t) := /h(:c)K(t,dx).
As to part (a), note that for any 6 € ©, R(g,0) < oo implies that
s > Eallil = [ B(1all|T = 1) P (@),

see also the proof of Remark 3.3. Hence, the set N := {te X E(|l9ll ’ T =t) = oo} satisfies
PJ(N) = 0. Consequently, we may redefine K (t,-) := d,, for some z, € X whenever t € N.
Then,

h(t) == E@|T =t)

is well-defined in RY for any ¢ € X. With this function & we define § = h(T'). Note that

Ep( /Eg|T—t P} (dt) /h YPL(dt) = Eo(h(T)) = Eu(g).

Moreover, applying Jensen’s inequality to the conditional expectations E(- | T = t) leads to
EgL(3,0) = /X E(L(g,0)| T =t) PJ (dt)
> /X L(E(@G|T =t),0) P (dt)
= / L(h(t),0) P/ (dt)

X

If L(-,0) is strictly convex, the inequality
E(L(g,0)|T=t) > L(E@G|T =t),0)
is strict, unless P(g # ¢|T =t) = 0. Hence EyL(g,0) > E¢L(g,0), unless Py(g # g) = 0.

As to part (b), suppose that § = A(T') and § = h(T) are unbiased estimators of g(#). Then the
difference A := h — h satisfies

/kAdPgT =0 forallf € ©.
X

But then completeness of £7 implies that 0 = PJ (A # 0) = Py(g # §) for arbitrary § € ©. [

Exercise 3.33. Consider the statistical experiment in Exercise 3.22.
(a) Show that (PaT b)(a,p)co i complete.
(b) Show that E, (T —T1) = (b—a+2)-(n—1)/(n+1).

Proposal 1: For X ~ B, consider its order statistics a < X(1) < Xy < -+ < X(,) < 0.
Then show that (Y} )"Jrl with Y := X ;) — X(;_1), X(0) := a — 1, X(41) := b + 1 is uniformly
distributed on the set of all y € N+ withy, = b —a + 2.



91

Proposal 2: One could also determine the distribution of 75 — 77 under P, ; and then compute its
expectation, using the formula S0 [€],, = [N + 1],1/(n + 1).

(c¢) Determine an optimal unbiased estimator g of g(a,b) := #{a,...,b} =b—a+ 1.
Exercise 3.34. For 6 > 0, let Py := Unif]0, §]®".

(a) Show that T'(x) := max(x1, ..., x,) is a sufficient statistic for (Pp)g~o.

(b) Show that (P(,T )o>0 is complete.

(¢) Determine an optimal unbiased estimator 6 : [0, 00)™ — R of 6.

(d) Show that the estimator 9 from part (c) is not admissible with respect to mean squared error.
Hint: Consider the estimators 6 := AT, A > 0.

3.5 U-Statistics

The material in this section is based on the famous paper [11] by W. Hoeffding. Let X7, ..., X,, be
independent random variables with unknown distribution P on a measurable space (X, B). Let ©
be a given family of probability distributions on (X', B). Assuming that the unknown distribution

P belongs to O, the corresponding statistical experiment is
(X", B*", (P®")peo)-

Note that all distributions P®", P € ©, are exchangeable (permutation-invariant). Hence for any
given function g : © — RY, an unbiased point estimator g : X — R? of g(P) can be improved
by replacing g(x1, x9, ..., x,) with

1 ~
a Z g(£7r(1)7 Tr(2)y--- 7x7r(n))'
TES
And if O is sufficiently rich, the latter estimator is essentially unique among all permutation-

invariant estimators, see Example 3.31 and Theorem 3.32.

U-Statistics. Now we consider a particular type of parameter g(P) € R. Let hyay : ™ — R
be a given measurable function such that

g(P) = / Braw dP®™ € R

for all P € ©. Obviously, for n > m, a naive unbiased estimator for g(P) is given by g(x) :=
hyaw(x1, ..., %m), Where = (x;)I"_,. Averaging this naive estimator over all permutations of x

yields the following unbiased estimator of g(P):

) 1\
(37) gn(x) = W Z 1[7;17”.774-7”‘ different]hraw(xil’ N ,xim),

m . .
8] 4eesbm =1

where [n],, = H?ial(n — ). Such an estimator is called a U -statistic of order m with (general)

kernel Ry .
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In case of m > 2, we may restrict our attention to functions h : ™ — R which are permutation-
invariant, i.e. symmetric in its m arguments. Indeed, we could replace hyay (1, . . ., T,y) With its

symmetrization

1
h(xl,...,xm) = % Z hraw(xw(l),...,xﬂ(m)).
" €S

This is a permutation-invariant function satisfying [ h dP®™ = [ hyyy dP®™ = g(P). Then the
estimator ¢, in (3.7) can be written as

(3.8) Gnl(x) = <”>_1 S h(@ihee.. @),

1<i1 <2< <im<n
Such an estimator is called a U -statistic of order m with (symmetric) kernel h.
One could choose © to be the family of all distributions P such that [ |h|dP®™ < co. Then
it contains all discrete distributions with finite support. Hence the results of the previous sec-

tion show that g, is the unique permutation-invariant and measurable function on X" such that
E §,(X)=g(P) forall P € ©.

Example 3.35 (Mean and variance of a distribution and sample). Let X = R, and suppose that
J x| P(dz) < oo. Then the mean u(P) := [z P(dx) equals g(P) with b : R — R, h(z) = z,
and the sample mean is a U-statistic of order 1:

iéx = (711)1 3" h(xy).

1<i<n

T

In case of [ 22 P(dx) < oo one may write

UQ(P) = /(m—,u(P))2 P(dx) = /]RthP®2 with  h(zq,22) = (1:1—302)2/2.

The corresponding U -statistic is just the usual sample variance:

-1
<Z> S (@i —x)?/2 = n(nl_l) Z (i —2)%/2

1<y <ia<n ij=1
1 n n 2
_ 2
n(n—1) (anl a (sz) )
i=1 i=1
1 n
2 2
= <Z T, — nT )
n—1 =
1 n
= n_IZ(:UZ—a_B)Q

i=1
Example 3.36. Let X = [0, c0), and suppose that we want to quantify whether P has strong right
tails. On possibility to quantify this property would be consider

g(P) = IP(Xg > X; +X2).

(Maybe this is not such a brilliant proposal; the main point is to illustrate the construction of
U-statistics.) This corresponds to IE hyay (X1, X2, X3) With hraw (21,22, 73) = 1jgy5a, 4a0)-
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Symmetrizing this kernel leads to

_ o—1
h($17x27$3) =3 1[2max(xl,xg,x3)>x1+x2+mg]7

and the resulting unbiased estimator §,, for g(P) would be the U-statistic of order three with this
symmetric kernel 4. One could also start from the non-symmetric kernel hyay (21, 22, £3). This

would lead to the alternative formula

_ 2
gn(m) = [ ] Z 1[$(i)+$(j)<$(k)]
M3 1 <ici<hen

with the order statistics z(1) < z(g) < -+ <z, of ¢ € R™

Here is a first result about the variance of a U-statistic which will suffice for our purposes:
Lemma 3.37 (Hoeffding). Suppose that [ h* dP®™ < co. Let
= h(x1,...,zm) — g(P),
hi(z1,...,zK) = Ehy(xy, ..., 25 Xkr1, .o, Xim) forl <k <m,
op = E(hg(Xy,..., Xp)?) forl <k <m.

ho (21, Tm

)
)

Then a% <0< afn, and
Var(jn(X)) = > P(Y =k) o}
k=1
withY ~ Hyp(n,m,m),ie. P(Y =k) = (7)) (1) /().

This lemma is only a simplified version of Hoeffding’s [11] findings. Stronger statements about
the variances o} and the distribution of §,(X) can be deduced from the so-called Hoeffding

decomposition (Section A.4), see Exercise 3.46.

Proof of Lemma 3.37. For any index set J C {1,...,n} with1 < #J <mlet X;:= (X;)ic.
With 7, ,, denoting the set of all index sets J C {1,2,...,n} with m elements, we may

gn(X) = g(P) = U, = <:1>_1 3 hn(X).

JCJn,m

It follows from independence of the X;, Fubini’s theorem, symmetry of h and the definition of Ay,
1 <k <m, that

(3.9) E(h(X1)hn(X1)) = 0%y forl,J € Tnm,

where 08 := 0. Indeed, IE h,, (X1, . .., X;n) = 0 by definition of h,,, so in case of I NJ = (), it
follows from stochastic independence of X and X ; that

E(hn(X1)him (X)) = E(hn(X1)) E(hn (X)) = 0.
Moreover, by definition of 02,

E(hm(X1)hm(Xy)) = o2, ifI=J.
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If 1 <k := #(/NJ) < m, then stochastic independence of X;n, X1\ 7, X 7\ and the definition
of hj, imply that

IE (hin(X1)hm(X 1)) = B(hm(Xin, Xp ) hn(Xins, X0 1))
= EE(hm(Xins, Xn )b (Xins, X 1) | Xing)
= E[E(hn(Xin7, Xpg) | X107) (b (X7, X 0) | Xin0)]
= E[h(Xin)?]

-

Equation (3.9) yields the specific formula for Var(g, (X)), because

-2
Var(gn (X)) = E(U,U,) = <”> S E(hn(XD)hm(X1))

1,JCIn,m

n

Z#{ (I,J) € T2 : #(INJ) = k}op

= ( ) U?sé(mJ)
1,JCTn,m

m

_(n 2 m\ (n—m\ ,
- () 1( )<k)(m-k>%
m
— ZIP
k=1
As to the second last step, to choose a pair (I, J) of sets in J,, ,, such that #(I N J) = k, there
n—m
¥

are ( ) possibilities for I, and for given I there are (Z‘) ( possibilities for J.

It remains to prove the inequality ak < O'k 41 for 1 <k < m. Note first that

hi(z1,...,zr) = Ehgpr(xr, ..o, 2, Xgr1).

In case of k = m — 1 this is just the definition of hg(x1, ..., x), and otherwise it is a consequence

of Fubini’s theorem, because

hi(z1,...,z5) = Ehp(zy, ..., 2k, Xer1, Xet2y ooy Xim)
= E]E(hm(xla '7'Ik‘,Xk:+17Xk+2a" : aXm) ’Xk;—‘rl)

= Ehpp1(z1, .o 2p, Xpy1)-
But then the Cauchy—Schwarz inequality implies that
2
op = B(E(hgp1 (X1, o, X, Xea1) | X1, .0, Xk)7)
< E(E(hypa (X1, -, Xpp, Xes1)? | X1, -, X))

= E(hk_l,-l(Xla ce ;Xka Xk‘+1)2)

)
= Of41-
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Corollary 3.38. In case of [ h? dP®™ < oo,

m2?

Var(gn(X)) = — +0(n™?).

Proof of Corollary 3.38. This expansion follows immediately from Lemma 3.37 and the fact that
for Y ~ Hyp(n, m, m), the probability IP(Y = k) equals

n\ "t /m\ (n—m  mlm]g [0 —m]pm_g

() C)G) = 5 5
_ mEam k1t 0mY)

K'n™(1+O(n1))
(mfi(1+0(n™")
k! nk

_m?/n+0Mm?) ifk=1,
~om?) if k> 2.

O]

The following result shows that U-statistics may be approximated by an average of independent,
identically distributed random variables and satisfy a Central Limit Theorem:

Theorem 3.39 (Hoeftding). Under the conditions of Lemma 3.37,

0n(X) = g(P) + 2 3 (X)) + R,
=1

where
E(Rp) = O(n™?)
Moreover,
V(gn(X) = g(P)) —, N(0,m’0?)
asn — o00.

Our proof of Theorem 3.39 utilizes a general approximation result of Jaroslav Hajek:

Lemma 3.40 (Hajek projection). Let X1, Xo, ..., X, be arbitrary independent random variables
with values in (X1, B1), (X2, B2), ..., (Xn, By), and let T be a random variable of the form T =
f(X1,Xa,...,X,) such that IE(T) = 0 and IE(T?) < oco. Then T; := IE(T| X;) satisfies
IE(T;) = 0 for 1 < i < n. Moreover, for arbitrary random variables Y1,Ys,...,Y,, of type
Y; = fi(X;) withIE(Y;) = 0 and IE(Y;?) < oo,

n

B((1-Yo%)") = B0 - Y £ Y - 1))
i=1 i=1

=1

Y

E(T?) — zn:IE(Tf)
=1

with equality if and only if Y; = T; almost surely for 1 < i < n.
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Proof of Lemma 3.40. By Fubini’s theorem, 0 = IE(T')

(- 3))

= IE(T?) -2 zn: E(IE

= E(T?) —ZZIE

E(T?) -2 zn: E(TY;) +
i=1

= IE(E(T| X;)) = IE(T;). Moreover,
> E(YY))
ij=1

(TY; | X;)) + anlE(Yf)
=1

+Z]E (Y?)

(T'| X,)Y;

— B(T?) — 2ZIE(TZYZ-) +ZIE(1€-2)
=1 =1

= IB(T?) - zn: E(T7) + ZH:IE((Y; - Ti)?)
1=1 i=1

because IE(Y;Y;) = IE(Y;) IE(Y;) = 0in case of i # j.

Proof of Theorem 3.39. It follows from Lemma 3.40 that

(X)) = g(P) = Uy = Y E(U.|X;) +R
i=1
with .
E(R;) = B(U) = D> TB(B(U, | Xi)%).
i=1
But
n\ !
EU,|X;) = <m> IE (hin (X 1) | X5)
Jc{1,.. 7n} #J=m
-1
n
= <m> Liienh1(Xi)
Jc{1,.. 7n} #J=m
-1
= <;> #{J c{1,....n}: #J =m,i e J} h(Xy)
-1
n n—1
- X;
() () e
= D h(x,).
n
Hence
m n
i=1
with
m2o? m2o?
B(R2) = B2) - "0 = Var(gu(X) - =2 = 0(n7?)
according to Corollary 3.38. Consequently, R,, = Op(n_l), whence

V(g (X) = g(P)) =

ElE

i=1

Zn:hl(Xi) +0,(n71?).
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It follows from the Central Limit Theorem that the right hand side converges in distribution to a

Gaussian random variable with mean 0 and variance m? IE(h1(X1)?) = m20% as n — oo. O

Remark 3.41 (Hoeffding’s decomposition in case of m = 2). In case of m = 2 one may write
2 — n -1
WX =P+ 2 e+ (3) X e
i=1 1<i<j<n
with

h3(xq,x2) = ha(x1,x2) — hi(x1) — hi(22)
= h(a:l,a:g) — IEh(a:l,Xg) — IEh(Xl,.%'Q) + IEh(Xl,XQ).

Moreover, the n + (Z) random variables h1(X;) (1 <7 < n)and h§(X;, X;) (1 <i < j < n)are
easily shown to be centered and uncorrelated with

E(h§(Xi, X;)?) = o3 — 207 < o03.

Hence the remainder .
n
ro=(3) X mx)
1<i<j<n
satisfies the (in)equalities

-1 2 2 2

n 205 — 4o 20
E(R2) — 2 _ 9,2y — 292 1~ 2
(Fn) <2> (o = 207) nin—1) — n(n—1)

Example 3.35 (Sample variance, continued). With h(z1,72) = (z1 — 22)?/2, the auxiliary
function h; is given by
hi(z) = Eh(z, X1) — o*(P)
= 2%/2 = ap(P) + B(X})/2 - o*(P)
= [(a - u(P)? - a*(P)]/2,

and this leads to the representation

S2 = (’;) Y KX, X))

1<i<j<n
2 n
2
= P)+ — h1(X;) + Ry,
PP)+ 5D mX) +

_ %Z(Xi — ()2 + Ry,
=1

where
E(R?) = O(n™2) if /:1:4P(dx) < oo.

Moreover, as n — 00,

V(% = o(P)?) = N(0,E[(X1 — u(P))*] - o(P)*).



98

Exercise 3.42. Extend our considerations about sample variances to the sample covariance

(n—1)"") (X — X)(¥;i - Y)
=1

of independent random pairs (X1,Y7),. .., (X,, Y,) with unknown distribution on R x R.

Example 3.43 (Kendall’s 7). Let (X1,Y7), (X2,Y2), ..., (X,,Y,) be independent random pairs
with distribution P on R x R. A nonparametric measure of correlation of X; and Y7, proposed by

Maurice Kendall [12], is given by
7(P) = IE(sign(X2 — X1)sign(Yz — Y1)).
This is the probability, that the two observation pairs (X1, Y1) and (X2, Y2) are “concordant”, i.e.
sign(Xo — X;) = sign(Ya — Y1) # 0,
minus the probability that they are “discordant”, i.e.
—sign(Xe — X;) = sign(Ya — Y1) # 0.

If X; and Y] are stochastically independent, then the four random variables X; X5, Y7, Y> are
stochastically independent, and

7(P) = IEsign(Xs — X;) Esign(Ys — Y1) = 0,
because the distributions of Xy — X; and Y5 — Y; are symmetric around 0.
Note that 7(P) = IE h((X1, Y1), (X2, Y2)) with the kernel
h((xl,yl), (22, yg)) := sign(xe — 1) sign(y2 — y1)-

Consequently, an unbiased estimator for 7(P) is given by Kendall’s 7 statistic

-1
X = (5) 3 s - X)sign(y; - v),
1<i<j<n

which is a U-statistic of order 2 with kernel h.

Since |h| < 1, we may apply Theorem 3.39 and conclude that
2 n
1=

with hy(z,y) = IE(sign(z — X1)sign(y — Y1)) — 7(P) and a remainder term R,, such that
IE(R2) = O(n~?). Moreover, as n — o0,

V(i (X) = 7(P)) =z N(0,4E[h (X1, Y1)%]).

Let us consider the following special case: Suppose that X; and Y; are stochastically independent

with continuous distribution function F' and G, respectively. Then one can easily verify that

hi(z,y) = (2F(z) —=1)(2G(y) - 1).
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But 2F'(X;) — 1 and 2G(Y1) — 1 are stochastically independent and uniformly distributed on

[—1, 1]. From this one can easily deduce that
E[hi(X1,Y1)%] = 1/9,
S0
Vni(X) =z N(0,4/9).

Exercise 3.44. Let X, Xo,..., X,, be independent random variables with unknown distribution
PonR. Form € N let
gm(P) = IEMed(Xy,...,Xn)

with the sample median function Med(. . .). Show that for n > m, the corresponding U-statistic
n\ L
g(x) = <m> | Z Med(zi,, ..., xi,,)
1<i1<...<tm<n
1s a L-statistic, that means,
n
glx) = Y wirg

i=1
with suitable weights w1, we, ..., w, > 0 and the order statistics ) < zg) < 0 < Ty of
T € R™
Hint: Distinguish the cases of odd and even m. Eventually you should see that for any integer
k > 0, the estimators for m = 2k + 1 and m = 2k + 2 are identical!

Exercise 3.45. Suppose that X7, Xs,..., X, are independent and identically distributed with
distribution P on R. Suppose further that IE(|X;[*) < oc.

(a) Determine an optimal unbiased estimator of the centered third moment,

g(P) = B((X; — E(X1))%).

Hint: Determine a measurable function 4 : R3 — R (symmetric or not) such that g(P) =

IE h(X;, X2, X3), and construct a corresponding U -statistic G, (X).

(b) A naive estimator for g(P) is given by

Show that this estimator can be written as a function of the sums Sy := Z?Zl X f ,1<¢<3. In

particular, the computation of g, (X)) requires O(n) steps.

(¢) Show that

i n? .

In particular, g, (X)) can also be computed in O(n) steps, and both estimators remain unchanged
when X is replaced with X + ¢ = (X; + ¢)}_, for any ¢ € R.
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(d) Determine
lim n(Eg,(X) — g(P)).

n—o0

(e) Determine the asymptotic distribution of /n(3,(X) — g(P)) and v/n(g.(X) — g(P)),
assuming that IE(X?) < oo.

Proposals: In addition to the sums Sy, the double sum S5; := szzl

1;;£;) X2 X and the triple
sum S711 = Z:LJ k=1 L[i,jk different] XiX ;X might be useful. In part (e) it suffices to consider

the case IE(X;) = 0. This is justified by part (c).

Exercise 3.46 (Refinements via Hoeffding’s decomposition). With the notation of Lemma 3.37

and its proof, let

hz(arl, N ,.%'k)

Z hg(l'[)

IC{1,.. ky#I=¢

I
o~
I M?r
()
—~
|

for 1 < k < m. The general Hoeffding decomposition, presented in Section A.4, implies that the
random variables h{ (X ), where J C {1,...,n} with k = #J € {1,...,m}, are centered and

uncorrelated, where

k
hi(ze, . omp) = > > ho(x1).

(=1 IC{1,...k}:HI=¢
(a) Setting 77 := IE(hQ(X1,..., Xk)?), show that o7 = IE(hy(X1,..., X))?) is equal to

2 . k 2
O-k:ZKTg

(=1
Deduce from this representation that o7 /k is non-decreasing in k € {1,...,m}.

(b) Show that the variance of U, = §,(X) — g(P) can be written as

72113 Z=k-1)%k

where Z ~ Hyp(n — 1, m — 1, m — 1). Deduce from this and part (a) that

m m
M2 < R(U2 me
n 01 ( ) no-m
(¢) Show that U,, equals
" Im
v, = 3 M(X)
k=1 VR g nypd=k

and that

E(U?) < —o} + — (02, — mo?).



Chapter 4

Exponential Families

4.1 Definitions and Basic Properties

Definition 4.1 (Exponential families). A statistical experiment £ = (X , B, (Pg)geg) is called an
exponential family if there exist a o-finite measure M on (X, 3), a measurable mapping h : X —

[0, 00), a mapping o : © — R? and a measurable mapping 7" : X — R? such that for any § € ©,

@) = hia) exp(a(h) T(x) — w(0))
with

k(0) = 10g/hexp(a(9)TT) dM.

(In particular, we assume that [ hexp(a(f) T)dM < oo forall § € ©.)

Definition 4.2 (Natural exponential families). For a given measure space (X', B, M ) and measur-
able mappings h : X — [0,00), T : X — R, the corresponding natural exponential family is
given by £ = (X, B, (Py)oce,..) With the natural parameter space

Onat = {9 cR%: /hexp(HTT) dM < oo},

and the probability distributions Py are given by

ar,
M
k(0) = log/hexp(OTT) dM.

) = h(z) exp(GTT(a:) — k(9)),

Example 4.3 (Gaussian samples). Let X = R", equipped with its Borel o-field, let © = R x
(0,00), and for @ = (u,0) € O, let

Po = N(u,o*)®",

—n/2

With M denoting Lebesgue measure on R™ times (27) , the density of P, , with respect to

101



102

M is given by
oL exp(— 2 552 nlog a)
R 1< 2
- 2
= exp((ﬁ; i+ 22;@ —nlogo — ﬁ)
= exp(oz(,u, U)TT(m) - ’{(:ua U))
with

02’ 20
i T
T(x) = < T3, m?) ,
i=1  i=1
np?
K(p,o) = nloga%—?.

Here one easily verifies that
®nat = R x (—OO, 0)

Example 4.4 (Gamma distributions). Let X = (0,00), equipped with its Borel o-field. For
a,b > 0 let Gamma(a, b) be the gamma distribution on (0, c0) with shape parameter ¢ > 0 and
scale parameter b > 0. That means, Gamma(a, b) has Lebesgue density

e = s 2 o)
= exp(a(a, b) ' T(z) — k(a, b))

with
ala,b) == (a—1,-1/b)7,
T(z) = (logz,z)",
k(a,b) := alogb+logT(a).
Here one easily verifies that
Onat = (—1,00) X (—00,0).

Remark 4.5 (Convexity and smoothness). Let £ be a natural exponential family as in Defini-
tion 4.2. It follows from convexity of the exponential function that the set Oy, is a convex subset
of R%. Moreover, if f € (Nyce. L'(Py), then one can deduce from Exercise 4.7 below that the
function H : © — R,

o) = [ 1ar,

is twice continuously differentiable on the interior of ©, with gradient

VH(0) = Cove(f,T) = /dePg—H(H)/TdPg.
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Remark 4.6 (Sufficiency). Suppose that £ is an exponential family as in Definition 4.1, where
(X,d) is a separable and complete metric space and B = Borel(X',d). Then T is a sufficient
statistic for £. This follows immediately from Neyman’s factorization criterion.

Exercise 4.7 (Basic considerations). This exercise is a multivariate version of Exercise 1.25. Let

O be an open convex subset of Oy,¢, and let f : X — R be a measurable function such that
/ |flexp(@TT)hdM < oo foralld € ©.

Then the function L : © — R, L(0) := [ fexp(6' T)hdM, is infinitely often differentiable with
partial derivatives

om - m .
WL(H) = /fil;[ngi exp(0 T T)h dM.

form € Nand ¢y,...,¢, € {1,...,d}.

Proposal: Let §° € © and € > 0 such that ['(6°,€) := x%_,[09 — €,09 + €] C ©. Show first that
ford € (0,¢] and 0 € T'(6°,9),

exp(0 T+ (e=0)|T[;) < > exp((6°+e)'T),
ge{-1,1}

d
where ||T|; := Zz‘:1 T3]

Theorem 4.8 (Completeness in exponential families). Let £ be an exponential tamily as in Det-
inition 4.1. Suppose that the set {a(f) : § € ©} C R? contains an interior point. Then the
statistical model (R, Borel(R?), (P{ )geco) is complete.

Proof of Theorem 4.8. We may assume without loss of generality that h = 1. Otherwise we
could replace M with M, where M (B) := [z hdM. Note that the image measures' M7 and P(,T
on R? satisfy
AP}
dmMT

(t) = exp(a(G)Tt — k(0)).

Hence for a measurable function f : R? — R, the property
fdPf = 0 foralld € ©
R4

is equivalent to

ft)exp(a(®)"t) MT(dt) = 0 foralld € ©.
Rd

Since a(©) contains an interior point, it follows from Theorem A.5 in Section A.3 that f(t) = 0
for M7 -almost all t € R%. In particular, P(,T (f#£0)=0forall§ € O. O

'MT(B) := M(T € B) and P] (B) := Ps(T € B)
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4.2 Nuisance Parameters

In this section we consider statistical experiments & = (X , B, (Pg)gee) of the following type: ©

is a convex open subset of R% x R with projections

N := {veR?: (v,7) € O for some y € R},
I := {y€R:(r,7) € O forsome v € R*}.

Each parameter § = (v,) € © consists of a “nuisance parameter” v € N and a parameter v € T’
of primary interest. The question is how to deal with the nuisance parameter v if we are only

interested in ~y.

We assume that £ is an exponential family with natural parametrization: There exist a o-finite
measure M on (X, X') and measurable functions S : (X,B) — R% Y : (X,B) — R such that

for arbitrary (v,v) € O,
dp, 4
dM

= eXp(UTS +9Y — K(1,7))

with
k(v,y) == log/exp(uTS’—i—’yY) dM < oo.

Here the pair (S,Y") is a sufficient statistic, provided that (X', d) is a separable and complete
metric space, equipped with its Borel o-field. Thus we may restrict our attention to decision
procedures depending only on (S,Y"). The following result shows that under the measure P, -,
the conditional distribution of Y, given that S = s, depends on s and the parameter -y but not on

the nuisance parameter v! Hence we may get rid of the nuisance parameter by conditioning on S.

Proposition 4.9. Let us fix any parameter (v,,7,) € © and choose a stochastic kernel K from
R to R describing the conditional distribution of Y, given S, under the measure P,, . That

means,
P, Y eB|S=:) = K(-,B) foranyBorelset B C R.

Then there exist a measurable weight function w : R — (0, 00) and a Borel set C C RY with the
following properties: P, . (S € C) =0, and for any v € T,

R(s,7vy) == log/Rexp(fyy)w(y)K(s,dy) < oo foralls € R\ C.

Moreover,

[ exploy=(s.) wln) K(s.dy) is eRI\C,

I[OEB] if s € C,

K, (s,B) :=

defines a stochastic kernel K., from R? to R describing the conditional distribution of Y, given S,
under any measure P, , v € N. That means,

P, (YeB|S=:) = Ky(-,B) forallve N and any Borel set B C R.
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Proof of Proposition 4.9. The assumption on K is equivalent to
B (9(SY) = Evpo (9(5) [ hiw) K (S.0))

for arbitrary measurable functions g : RY — [0, 00] and h : R — [0, oc]. For any other parameter
(v,7) € O, this implies that

By (9(S)h(Y))
_ exp(v' S +7Y — k(v,7))
@h = B (S e )
@2 = Bupo (9(8) expl( ~ )78 = k(1) [ Bl explrm) w(o) K(S, )

with
w(y) = exp(K(Vo, Vo) — Yoy).

Taking h = 1 shows that
Eyy(9(S)) = By, (9(8) fur(9))

with
fom(s) = exp((v — 1) Ts — (7)) / exp(y) wly) K (s, dy).

Taking g = 1 shows that for any fixed 7 € T, the set C(v) of all s € R? such that the integral
J exp(vy) w(y) K (s, dy) is infinite satisfies P, (S € C(v)) = 0 forall v € N. Since P, - has a
strictly positive density with respect to P, ~,, we may even conclude that

Prono(5€C(v) = 0.
But then the set C' := (J,cpng C(7) satisfies
P, (SeC) =0,
and by convexity of the exponential function,

/exp('yy) w(y) K(s,dy) < oo foralls € R?\ Candy eT.

Hence the stochastic kernel K, described in the proposition is well-defined, and it follows from

(4.2) that for arbitrary measurable functions g : R — [0, 00] and h : R — [0, o0,

B (9(S)H(Y)) = Eupo, (9(S) [ 1) K (5.) e (5))
= Euo(905) [ nw K (,p).

This shows that the kernel K, describes the conditional distribution of Y, given S, under the

measure P, . L]
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Neyman’s construction of tests. Suppose we want to find a good level-« test of the null hy-

pothesis
9 = {(,7) 17 <)
for a given number v, € I" such that

{veR: (v,7,) €0} = N.

To this end we fix any nuisance parameter v, and choose for any s € R? numbers k. (s) € R and
Ya(s) € [0,1] such that the test ¢, : R? x R — [0, 1] with

0 if y < ka(s)
Pa(s,y) == $7als) ify=ka(s)
1 ify > ko(s)

satisfies
Evyro (0a(S,Y)]S) = o almost surely.

Then ¢,, is a level-« test of ©,, and has a certain optimality property:

Theorem 4.10 (UMP unbiased tests). For given test level « € (0,1), let ¢, be the special test
just described. This test belongs to the class ®,, of all tests  : R x R — [0, 1] such that

<a ify <,

Ey0(S,Y
vl ) {2 a  ify > .
For arbitrary ¢ € ®,, and (v,y) € © \ O,,

E 1 0a(S,Y) > E,,o(S,Y).

Proof of Theorem 4.10. With the stochastic kernels K, v € I, and the Borel set C' C R? as in

Proposition 4.9, we may alter the set C' if necessary such that

/ Ya(5,y) K (s5,dy) = a foralls € R?\ C.
R
For any test ¢ : R x R — [0, 1], its power
E, ,o(SY) = / »(S,Y) exp(l/TS + 7Y — k(v, 7)) dmM
X

is a continuous function of y € T'(v) for any fixed v € N; see exercises. Here I'(v) denotes the
open interval
I'v) == {yeR:(v,y) €O} 3 .

If p € &, this implies that
E, . ¢(S,Y) = o forarbitrary v € N.

We may also write
B, p(SY) = Eyy </R ©(S,y) K4 (S, dy))-
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But the restricted statistical experiment &, := (X B, (P, )ve N) is an exponential family with

natural parametrization, because

dp,

V?’YO

dM

1.e. with the modified measure

= exp(VTS — k(v ’Yo)) exp(7oY),

Mo (dz) = exp(y,Y (2)) M(dz)

we may write
dPV"Yo
dM,

Since N is open, the corresponding family (R, Borel(R?), (P ),en) is complete, that means,

= exp(yTS — K(1,%)).

it follows from
a=E,., ( / 0 (S, y) K-, (S, dy)) forall v € N
R
that
/(p(S,y) K, (S,dy) = o almost surely
R

under any measure P, ., v € N. But our special construction of ¢, and Theorem 2.15 imply that
for v > 7, and s € R?\ C,

/Rw(s,y) K, (s,dy) < /Rwa(s,y) K, (s,dy) whenever /Rw(s,y) K, (s,dy) < a.

Thus for arbitrary (v,y) € © with v > ~,,

E,,p(S,Y) = Eu,y(/Rtp(S,y) Kry(&dy))

IN

Eyny (/ Pa(S,y) Ky (S, dy)) = Eyppa(S,Y).
R O
Example 4.11 (Fisher’s exact test and odds ratios). Suppose that (Y1, Z1), ..., (Y, Z,) are inde-
pendent, identically distributed random variables with values in {0, 1} x {0, 1} such that all four
probabilities
0. = P(Y =y, Z=2z), y,ze{0,1},

are strictly positive; here (Y, Z) denotes any of the n pairs (Y;, Z;). With the parameter 0 :=
(600, 001, 010,011), the “correlation” between Y and Z may be quantified in terms of the odds
ratio
011000 odds(Y =1|Z=1) odds(Z=1|Y =1)
P=r0) = g o T odds(Y =1|Z=0) _ odds(Z=1]Y =0)°

Suppose we are only interested in p. To design good tests or confidence regions for -y let us rewrite

the model as a suitable natural exponential family:

We write the complete data as (Y, Z) € & := {0,1}" x {0,1}", where Y = (Y;)!"; and Z =
(Z;)—,. With counting measure M on X, we obtain a statistical experiment with distributions F
on X such that

dP9

1 7
8 M

— log (9(1)1[’)009(1)1:’[01 9{610 gﬁn)

= Hoplog 6o + Hoi log 0p1 + Hiolog 610 + H11log 011
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with the absolute frequencies

Hy.(y,z) = #i<n:y =y z =z}
By means of the marginal frequencies
Hyy = Ho + Hu,
Hiy = Hio+ Hun,

we may write Hygo =n— Hy1 — Hiy + Hi1, Hh = Hy1 — Hi1, Hip = Hi+ — Hii, and this
leads to AP 9 9
log el Hyqlog 9—01 + Hyy log 9—10 + Hiilog~(6) + nlog Oyp.
00 00

dM
With
Oo1 B0\ " 9
v=uv(0) (Og%o’ oggoo) € R?,
B o 011000
v =7(0) = log = logp € R,
001610

we may write

[900 o1

1 ert
1% v vit+rve+v\—1
b10 911] (L €% e 4+ e775) [ v eyﬁyzﬂ] '

(&

In particular, for any choice of v € R? and v € R there exists a probability parameter & such that

v =v(0) and v = (0). Moreover,

dFPy

- = T —
log 1Y v' S+vY — k(v,7)

with

S = (Hyi, Hiy)',
Y = H117
n(uﬁ) = —nlogé’oo = nlog(1+eu1 _|_el/2+61/1+1/2+7).

Consequently, if we want to construct tests or confidence regions for p, we should concentrate on
the conditional distribution of Hi1, given (H1, Hy4). For arbitrary integers s, z > 0, it follows

from H;, = s and H;; = z that Hy; has some value in
{max(0,s+z —n),...,min(s,2)}.
For any number £ in the latter set,

Py(Hy1 =k, Hiy =s,Hi4 = 2)

= Pg(Hll =k,Hpn :S—k‘,Hlozz—kZ,Hoo:n—5—2+k)
n!
— ek 957k927k9n7z75+k
k(s —k)(z —k)!(n — 2z — s+ k)! 11701 710 700

p
Kl(s—k)l(z—k)!(n—2z—s+k)

!
k
_ s nz gn—z—s
= nl65,070000
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Consequently,

Pyp(H1y =k, Hy =5, H1 = 2)

Py(Hy1=k|Hyy =5, Hiy =2) =
b(Hu | Hiy = s, Hyy = 2) > Po(Hu =0, Hyy = s, Hip = 2)

k
= C(n,s,2,p) Kl(s—k)(z—k)(n—z—s+ k)
with
min(s,z) p
C(n,s,z,p) = Z As—0Oz=0On—2z—s+0)

{=max(0,s+z—n)

Alternatively one may write
PG(HH =k ‘ Hyy=sH = Z) = é(nv S, Zap)_l Hypn,s,z({k}) pk

with the hypergeometric distribution Hyp,, , . and

min(s,z)

C’(n,s,z,p) = Z Hypn,s,z({g}) o
t=max(0,s+2—n)

In particular, if p = 1, the conditional distribution of H1, given H,1 = s and H1; = z, equals
HyDy, 5,2

Example 4.12 (McNemar’s test). Traditionally, McNemar’s test is described in the context of
two-by-two tables as in the previous example. But it may be transferred to a more general setting:
Let X1, Xo,..., X, beindependent and identically distributed random variables with values in the
finite set {1, 2, ..., K} with K’ > 3. The parameter vector § = (Hj)szl with§; :=IP(X = j) >0

is unknown. Suppose we are mainly interested in the ratio

01
=p(0) = —.
p=r0) =
Our statistical experiment is given by the sample space {1,2,..., K}", equipped with counting

measure M, and the distributions Py given by
K K
dPy H;
log = log H 0,7 = ZH]' log(6;)
j=1 j=1
with the absolute frequencies

Hj(x) = #{i <n:z; =j}.

Since Hig = n — ZKK Hj, we may rewrite this as

4P, K—1
log 7 ; H;log(0;/0k) + nlog(fk)

0 0 6;
= Hllog—l—i-(Hl—FHg)log—Q—i- Z H;log —- + nlog(fk).
& Ox 2<j<K Ox
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With

)

0, \K—2
v=v(0) = <log§—j{l>£:1 e RE-2

0
y=7(0) := log = = logp

02
we may write
(vt en ... evk-2 1)T
eVt et b fevk—2 17

In particular, for any choice of v € R¥~2 and € R there exists a probability vector # such that
v =v(0) and v = y(f). Moreover,

4P

logd—M = 'S +9Y —k(v,7)
with
S1 = Hi + Hy,
Se = Hpyq for2<(< K -2
Y = Hy,
k(v,y) == —nlog(fx) = nlog(e?™ 4+ " + ... 4 "6-2 4+ 1).

Consequently, if we want to construct tests or confidence regions for p, we should concentrate
on the conditional distribution of Hy, given (Hy + Ha, Hs, ..., Hg). For arbitrary integers
m,S83,...,8g > 0Withm+2§i38j =nandk € {0,...,m},
Pg(Hl = I{Z,Hl -I-HQ = m,Hj = Sj5 fOI‘j > 3)
= Pg(Hl = k?,HQ :m—k,Hj =385 fOI’j > 3)

n! .
— ekemfk 95]
Kl(m — k) Lsgsi! 2 117

Jj=>3
m k m—k n! m Sj
= (1 —7) ————(61 + 62) 0’
<k> m!l_[jzgsj! ]1;[5 J
with 0
T=m(f) = L P ¢ (0,1).

01 + 6o 1+p
Consequently, the conditional distribution of Hy, given H; + Ho, Hs, ..., Hg, equals
. . P
Bin(H, + Hy,7) = B (H H7>
m( 1+ 27(’) 1n 1+ 21—|—,0
Any test or confidence region for m may be translated into a test or a confidence region for p via

the inverse transformation p = 7 /(1 — ).

Example 4.13 (Comparing two Poisson parameters). Suppose we observe independent random
variables Y ~ Poiss(\) and Z ~ Poiss(u) with unknown parameters A, i > 0. Suppose further
that we are mainly interested in the ratio p := A\/u. With &' := Ny x Ny and counting measure M
on X, this situation corresponds to a statistical model with distributions P) ,, given by

dP/\’“(y,z) _ e*)‘ﬁe*“u—z _exp(ylog A+ zlogpn — A — pu)

dM y! 2l ylz!
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Replacing M with the measure M, given by M,({(y,2)}) := (y!2!)~! we may write

dP
logﬁ(ym«*) = ylog A+ zlogpu — (A + p)

= ylog(A/p) + (y + 2) log pp — (A + p)
=v(y+2)+vy—sv,7)

with
v = log u,

v = log(A/p) = logp,
K(v,7) == A+ p = exp(2v +7).

Consequently, for inference about p we should analyze the conditional distribution of Y, given
Y + Z. But for arbitrary integers m > 0 and k € {0,...,m},

Pa,(Y=kY+Z=m) = P\, (Y =k)P\,(Z=m—k)

_ O AT

Ki(m — k)]
_ (M k(g ymek O A )™
- (kf)?T (1=m) ‘ ' m!

= Biny, ~({k})Poissx;,({m})

with
A P
o= = € (0,1).
A+ 1+p (0,1)

This shows that the conditional distribution of Y, given Y 4 Z, is equal to
Bin(Y + Z,71) = Bin(Y nys L).
1+p

Hence we may construct tests and confidence regions for 7, and these translate into tests and

confidence regions for p via the inverse transformation p = 7/(1 — 7).

Avoiding conditional distributions

In the previous examples we computed the conditional distribution of Y, given S, explicitly. In
various settings this step can be avoided by means of the following result:

Lemma 4.14 (Basi). Let £ = (X, B, (Py)oco) be a statistical experiment, and let S : (X, B) —
(X', B') be a sufficient statistic for £ such that the experiment £% = (X', X', (P} )gco) is bound-
edly complete. IfV : (X,B) — (X", B") is a measurable mapping such that its distributions P,

0 € ©, are identical, then S and V' are stochastically independent under each measure Py, € ©.

Proof of Lemma 4.14. By sufficency of S there exists a stochastic kernel K from (X’,B’) to
(X, B) describing the conditional distribution of X ~ Py, given S, simultaneously for all § € O.
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That means, for arbitrary B’ € B/, B” € B” and 6 € O,

Py(S e B,V eB") = Ey(Ey(1p(S)1p(V)]S))
= Ey(1p/(S)Ps(V € B"[S))
Ey(1p/(S)K(S,{V € B"})).

Setting B’ = X", we obtain the equation
PQ(V S B”) = EgK(S, {V S A”}).

By our assumption on V/, the left hand side does not depend on 6 € O, and we denote this number
with P(V € B”). Hence f(s) := K(s,{V € B"}) — P(V € B") defines a bounded measurable
function on (X, B') such that [ f dPy = 0 for all § € ©. By completeness of £°,

Py(f(S)#0) = Pp(K(S,{VeB"})#P(VeB") =0 forallfcO.
Hence for arbitrary B’ € B/, B” € B” and 6 € O,

PQ(S € B,,V S B”) = Eg(lB/(S)K(S, {V € B”}))
= Eg(lB/(S)P<V < B”))
— Py(S e B)P(V € B"),

which proves stochastic independence of .S and V' under Fy. O

Application to exponential families. Let & = (X, B, (FPy)gco) be a natural exponential family
as described at the beginning of this section with open and convex parameter space © = N x I' C
R? x R and sufficient statistic (S,Y) € R? x R. Writing § € © as § = (v,7), we know from
Neyman’s theory how to construct optimal unbiased level-« tests of the null hypotheses “v < ~,”

or “y > 7,” or “y = ,” for any given value v, € T.
Note that for the restricted experiment &, = (X, B, (P, ,)ven) the statistic S is sufficient, and

the family £ = (R?, Borel(R?), (P2 ),en) is complete. Suppose we can identify a real-valued

V%

statistic
V() = f(5Y)
with the following two properties:
e The distribution of V' (X,~,), X ~ P, ,, does not depend on v € N.
o V(-,7) = f(S,Y) is strictly increasing in Y almost everywhere.

Then optimal unbiased level-« tests of the null hypotheses above may be constructed in terms of

V (-, %) and its unconditional distribution under P, ,,, where v € N is arbitrary.

For instance if V' (X,~,), X ~ P, has continuous distribution function F’, , then the right-sided
p-value
1= £, (V(X,7%))
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yields an optimal unbiased level-a test of “y < ~,”, whereas the left-sided p-value
By, (V(X,7%))

is optimal for the null hypothesis “y > ~,”.

Example 4.15 (Student’s ¢-test for a Gaussian mean). As in Example 4.3 we consider the statisti-
cal experiment £ = (R", Borel(R™), (N (1, 02)®™ ) (1.0)eRx (0,00) ) - SUPpOse we want to construct
optimal unbiased level-a tests of “u < p,” or “u > w,” or “u = p,”, where i, is a given fixed
number. In all three cases we have to deal with the nuisance parameter 0. With M denoting
—n/2

Lebesgue measure on R™ times (27) , We may write

dPy o S (xi_ﬂ>2
log SR () = SO TR gy
S Ti (x) 2 572 nlogo
n —
(i = p1o)? | = p1o) (% — pro) (1 = po)?
- _; 207 T o? —nlogo = 202
= vS(x) + 7Y (z) — K(v,7),
where
-1
v = T‘_Q € (—O0,0),
n(p— p
’Y = \/>(O-2 0) c R,
(1 = 110)?

S(@) =Y (i — po)?,

=1

Y(@) = V(@ — o).

Hence an unbiased test of “p < p,” (or of “u = p,”") may be identified with an unbiased test of
‘6,}/ S O” (Or Of C‘,y — 09’).

Instead of determining the conditional distribution of Y, given S, under P, , for some o > 0
directly, we apply Basui’s lemma and recall student’s method from introductory statistics courses:

With the sample standard deviation

1 o .
o(X) = X; — X)?
7X) = T =)
it is well-known that B
V(X = p,)
V(X o) = ———= ~ tp—

whenever . = p,, irrespective of o > 0. But

n n

Z(Xi_X)Q = Z(Xi_NO)Q_n(X_,U/O)Z = S(X)_Y(X)27

i=1 i=1
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SO

Vn—1Y
Vi) = 5>

VS—Y?
which is strictly monotone increasing in Y on the set {0 < Y2 < S}. (Note that 0 < Y (X)? <
S(X) almost surely.) Hence with F;,_; denoting the distribution function of ¢,_1, the left-sided
p-value

Fut(V(X, 10))
yields optimal unbiased tests of “u > ", the right-sided p-value
1= Fo1(V(X, po))

yields optimal unbiased tests of “4 < p,”, and the traditional (1 — «)-confidence interval
_ o(X)
X + th—l;l—a/Q

for 1 is based on optimal unbiased level-« tests of one-point hypotheses “i = 1,7, to € R.

Example 4.16 (Comparing two Gamma scale parameters). Suppose we observe independent ran-

dom variables
X1 ~ Gamma(a, 1) and Xo ~ Gammal(asg, 32)

with given shape parameters aj,as > 0 and unknown scale parameters 31, 52 > 0. Suppose we
are mainly interested in the ratio

p=p(B) = Bi/Be,
where 3 = (31, 32) € (0,00) x (0,00). With X := (0, 00)? and Lebesgue measure M on X, this

corresponds to the statistical model with distributions Pg given by

dPg, .« (x1/B1)" " exp(—z1/B1) (w2/B2)™ " exp(—w2/B2)

x) = .
@ T(a1)5: I(a2)52
With the modified measure M, given by
a1—1_az—1
dM, (@) = )t xy?
dM ['(a1)T(a2)
we may write
dP, -1 -1
log d]\Z(m) = Eml + EIQ — aq log B — as log fs.

For a hypothetical value p, of p we may rewrite the log-likelihood as

dP, — Do —1
'6(50) S z1/po + — (x1/po + x2) — a1log f1 — azlog o

lo
ngo Bap 1))
= vS(x) + 7Y (x) — K(v,7)
with

vi= — € —00,0),
B, € (70
P~ Po

= e R
7 Bap
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and the normalization constant x(v,y) = aj log 81 + ag log B2. Note that (v, ) lies in the open

convex set
{(7) € (=00,0) xRy < —v},

which contains (—o0,0) x {0}. Hence optimal unbiased tests of the null hypothesis “p < p,” or
“p > po” or “p = p,” may be viewed as optimal unbiased tests of the null hypothesis “y < 0”
or “y > 0” or “y = 0” and could be constructed with the conditional distribution of Y, given S,

under any distribution Pg, ,, 3,

In case of p = p,, the distribution of (X1 /p,, X2) coincides with the distribution of £2(Z1, Z2)
with independent random variables

Zy ~ Gamma(ai,1) and Zp ~ Gamma(ag,1).

Then the test statistic v X,/
Po
V(X, = (X)) = U0

has the same distribution as
Z1
Z1+ 2o

irrespective of fo = —1/v. Here we refer to the well-known fact that Z; /(Z1+Z3) and Z1+Z5 are

~ Beta(ay,asz),

stochastically independent with distributions Beta(a, a2) and Gamma(a; + a2, 1), respectively.

The independence would also follow from Basd’s lemma.

Since V (-, po) = Y/S is strictly increasing in Y, optimal tests are obtained by comparing the
value V (X, p,) with Beta(a1, a2). Specifically, if we denote the u-quantile of Beta(a1, az) with
a, a5 (1), then an optimal unbiased level-« test of “p > p,” rejects this null hypothesis if

V(X,po) < qa; a2 ().

This leads to the (1 — «)-confidence region

Ca(X) = {po>0:V(X,po) > qas ()}

Xl/Xg
= >0 ——————
{p" X1/X2 + po
X3

= (0. % (@nm(@)™ 1)),

for p. Analogously, an optimal unbiased level-« test of “p < p,” rejects this null hypothesis if

> Gay az (a)}

V(XHOO) > qal,az(l - a)a

and this leads to the (1 — «v)-confidence region

X1

Ca(X) = (E(qalm(l —a) 1), oo).

for p.
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Chapter 5

Some Asymptotics

5.1 Testing, Total Variation and Hellinger Distances

Let P, be two probability distributions on a measurable space (X', B). In this section we in-
troduce statistically meaningful measures of distance between P and () and establish connections

between them.

Testing affinity and distance. Let X be a random variable with unknown distribution in { P, Q }.
Now we consider a statistical test ¢ : X — [0, 1] and interpret (X ) as the probability of claiming
that X ~ @, whereas 1 — ¢(X) is the probability of claiming that X ~ P. The quality of ¢ could
be measured by the risk

IP(error of 1st kind) + IP(error of 2nd kind) = /gde + /(1 —¢)dQ.

Hence a natural measure of similarity between P and () is given by the testing affinity

m(P.@) = nt ([war+ [a-p)aq).

tests ¢
where small values indicate that P and () easy to distinguish, i.e. dissimilar. As shown in the next

lemma, the latter infimum is always a minimum. Moreover, the testing distance

DT(PaQ) =1- UT(P,Q)
defines a metric on the space of all probability distributions on (X, B).

Lemma 5.1 (Testing affinity and distance). Let M be a measure on (X, B) such that densities
f=dP/dM and g = dQ/dM exist. Then

ne(P.Q) = / min(f,g)dM € [0,1].

The minimum is attained by any test o such that o = 0on{f > g} and p = 1 on {f < g}. There
exists always such a measure M. The testing distance can be written as

1
Dr(P.@) = 5 [ I - gladr.
It defines a metric on the space of probability measures on (X, B) with values in [0, 1].

117
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Proof of Lemma 5.1. Note first that for any test ¢,
[eap+ [1-0)aQ = [ (p@)fia) + 1~ p)g(a)) M(da)
/min(f(x), g(x)) M (dx)

>
with equality if

o(@) = {0 if f(z) > g(w),

1 if f(z) < g(x).
This proves already the first part of the lemma. As to the existence of a dominating measure M,
let M := P+ (. Then P(A) = Q(A) = 0 for any A € B such that M (A) = 0. By the theorem
of Radon-Nikodym, there exist densities f = dP/dM and g = dQ/dM.

Since f, g > min(f, g) > 0, itis clear that 0 < [‘min(f, g) dM < 1. Moreover,

Dr(P.@) = 1-n3(P.Q) = [ (15~ min(s.g) ant

= ;/(f—i-g—Qmin(f,g)) dM

= ;/(max(f,g)—min(f,g)) dM
= ;/|f—g|dM.

Obviously this equals 0 if, and only if, f = g M-almost everywhere, which is equivalent to
P = Q. Moreover, D(Q, P) = Dy (P, Q).

It remains to prove the triangle inequality for D. Let P, (), R be probability distributions on
(X,B). Let M be a measure on (X, B) such that densities f = dQ/dM, g = dQ/dM and
h = dR/dM exist. A possible choice would be M := P + @ + R, again by the theorem of
Radon-Nikodym. Then by the the triangle inequality,

Do(PR) = 3 [17=nlam < 3 [1r—glanr+3 [lg-njans
= DT(PaQ)—I_DT(Q?R)

Total variation distance. Another measure of distance is given by the total variation distance

Dry(P,Q) = ;%%\P(B) - Q(B)|.

One could easily verify directly that this defines a metric on the space of probability measures on
(X, B). But the next lemma shows that D, = Dr.

Lemma 5.2. For arbitrary probability distributions P and @) on (X, B),

Dyy(P.Q) = max(P(B) ~Q(B)) = max(Q(B) ~ P(B)) = Dy(P.Q).

If P and ) have densities f and g as in Lemma 5.1, then the latter two maxima are attained for
arbitrary sets B, B’ such that {f > g} C BC {f > g}and{f < g} C B' C{f <g}.
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Proof of Lemma 5.2. Since P(B) — Q(B) = Q(X \ B) — P(X \ B),

Dry(P,Q) = ;g%(P(B)—Q(B)) = ;Z%(Q(B')—P(B’))-

In case of P and @) having densities f and g, respectively, with respect to some measure M on
(X, B),

P(B) — Q(B) = /1B<f—g>dM < /(f—g)+dM

with equality if {f > g} C B C {f > g}. Analogously,
QB)-PE) < [o-nra = [(r-gan
with equality if { f < g} € B’ C {f < g}. Consequently,

Dre(PQ) = 5 [(F =9 + (=0 ) = 5 [If—glav = DeP@).

Hellinger affinity and distance. In many situations it turns out that (P, @) and D (P, Q) are
difficult to compute explicitly. As we shall see later, interesting proxys are given by the Hellinger
affinity

m(P.Q) = /\/EdM

and the Hellinger distance

Du(P,Q) = \/;/(ﬁ_ﬁ)zdm

where M is some measure on (X, B) such that densities f = dP/dM and g = dQ/dM exist.
Note also that

Dy(P.@P = 5 [(F+9-2VFa)dM = 1-nu(P.Q).

As in case of 1) (P, Q) and D.(P, @), the choice of M is irrelevant. Precisely, let M, := P + Q.
By the theorem of Radom-Nikodym, there exist densities f, = dP/dM, and g, = dQ/dM,,
and these are M,-almost everywhere unique. If M is an arbitrary measure such that densities
f=dQ/dM and g = dQ/dM exist, then h := f + g is a density of M, with respect to M, and
one can easily show that f/h and g/h (with 0/0 := 0) are densities of P and @, respectively, with
respect to M,. Consequently, M,(f, # f/h) =0 = My(g, # g/h), whence

/ Togo dM, = / VT g/ dM, = / VIR hdM = / VFgdM.

The following lemma shows that testing and Hellinger distance induce the same topology on the
space of probability distributions on (X, B).
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Lemma 5.3 (Relationships between testing and Hellinger distance).

1—y/1—=n4 < np < ng
D} < Dy < Dyy/2 - D%.

Proof of Lemma 5.3. With explicit densities f := dP/dM and g := dQ/dM it follows from
min(a, b) < v/ab for real numbers a, b > 0 that

and

no(P.Q) = / min(f, g) AM < / VIgdM = ny(P.Q).

In particular,
Dp(P,Q) = 1=np(P,Q) =2 1—-nu(P,Q) = DH(RQ)Q-

As to the other bounds, it follows from a — b = (\f — \/5) (\/E + \/l;) for real numbers a,b > 0
and the Cauchy—Schwarz inequality that

1-02(P.Q) = Da(P.Q) = 5 [IVF - VaIIVF + vl am
e eV [ ey a

= /0= u(P.Q)( +14(P.Q))

:{ Ty (P,Q),
Dy(P.Q)y/2= Dy (P, Q).

IN

This proves that

DT S DH\/2—D12_I and ]-_nT S 1—7712_17
where the latter inequality is equivalentto . > 1 — /1 — 7712{. O

Remark 5.4. As mentioned already, the formulae for 1., D, n74; and Dy are independent of the
choice of the dominating measure M. Thus some authors write symbolically

no(P.Q) = / min(dP,dQ),
Dy(P,Q) = 5 [ 1P~ dq,
nu(P.Q) = /\/de ,

bur) = \[} [P - i)

Exercise 5.5 (More about the relation between testing and Hellinger distance). (a) Show that the

D} < Dy < Dyy/2 - D

inequalities
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are equivalent to

\/1—1/1—=D2 < Dy < /Dy.

(b) Visualize these two pairs of bounds graphically.

(c) Construct for any v € (0, 1] two distributions P, and ()~ on a suitable sample space (X, B)
such that D.(Py, Q) = DZ(Py, Q) = 7.

Remark 5.6. Let (X, B’) be a second measurable space, and let 7 : X — X" be a bijection such

that both 7 and 7! are measurable. Then

K(PvQ) = ’i(PTvQT) for’{:nTvDTvnH’DH'

The proof of these equalities is left to the reader as an exercise. (Recall that for any measure M
on (X, B), its “push-forward” measure M7 on (X', B') is given by M™(B') := M (7~ (B’)) for
B eB)

Example 5.7 (Testing and Hellinger distance for univariate Gaussian shift). For real numbers

11, o and o > 0,

no(N(p1,0%),N(uz, 0%)) = 2(1)(_|u12—0u2\>’

o 2
nu(N(p1,0%), N(pz, 0%)) = eXp(‘ (M18052)>

where ® is the standard Gaussian distribution function. Hence

Dr(N(u1,0%), Nz, 0%)) = 2¢(W> -1,

Du(N(n, 0%) Nz, ) = 11— exp (- V112

To verify these formulae, we first apply Remark 5.6 to the bijection 7 : R — R with 7(x) :=
oY (z—min(u1, u2)). Then it suffices to verify the asserted formulae for the testing and Hellinger
affinity in case of P = N(0,1) and @) = N(y, 1), where

_ |M1 - M2|
—

W

But with C' = (27)~!/2 and the standard Gaussian density ¢(z) := C exp(—2/2), the testing
affinity 7.+ (N(0, 1), N(g, 1)) equals

/min(qb(x)’gb(x_m)dx _ C/(g}{p(_maX(:z:?’(:E—,u)?))dx

2
w/2 —_ )2
= 20/ exp(— (x2M)> dz
/2
=2 ¢(x — p) dx

— 20(—p/2).
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— exp(—p2/8).

Exercise 5.8 (Hellinger distance for multivariate Gaussian shift). For any dimension d > 1,
consider arbitrary vectors 11, t1o € R? and a symmetric, positive definite matrix 3 € R4*?. Show
that

n1(Na(p1, 2), Na(pz, X)) = 2‘b<—\/(ﬂ2 — 1) TS (p2 = Ml)/2>,
n(Na(p1, 2), Na(pz, 2)) = exp(—(u2 — p1) TS (g2 — ) /8).
Hint: Consider the transformation 7 : R¢ — RY, 7(z) := £~/2(z — p1), and use Remark 5.6.

Remark 5.9 (Product measures). For j = 1,2, let P; and (); be probability measures on a
measurable space (X;, ;). Then

Nu(PL® P, Q1 ® Q2) = ny(Pr, Q1)nu (P2, Q2).

For if dP;/dM; = f; and dQ;/dM; = g;, then by Fubini’s theorem,

nu(PL @ P2, Q1 ® Qa) = o V I1(@1) fa(m2) g1 (21)g2(2) My @ Ma(d(1,22))

:/ \/flgldMl/ V fag2 dM3
Xl XZ

= nu(P1, Q1)nu (P2, Q2).

Inductively this implies that
nu(PY",Q%") = nu(P,Q)"

for arbitrary integers n > 1.

5.2 Asymptotics for Repeated Binary Experiments

Suppose we observe independent random variables X7, ..., X, with unknown distribution R €
{P,Q}, where P and () are two different given probability distributions on (X, B). Then

Dp(P®",Q%") = Dy(P®",Q%")* = 1—nu(P,Q)"

converges to 1 exponentially fast. That means, there exists a sequence of tests ¢, : X™ — {0,1}
such that
Eppn(Xn) +Eq(l — pn(Xn)) = 0,
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where X, := (X;)!"_,. Throughout this section, asymptotic statements are meant as n — 00,

unless stated otherwise.

More interesting is the situation when P and @) depend on the sample size n. That means, for
each sample size n > 1 we observe X, = (X,,;)I"_; with independent components X1, ..., Xy,
having unknown distribution R,, € {P,,Q,}, where P, and @Q,, are different distributions on
(X, B). The question is, under which conditions on (£,),, and (Q), the potential distributions
P&™ and Q2" of X, satisfy one of the following three conditions:

e The are (asymptotically) indistinguishable, i.e.
Dp(P7", Q") — 0.
e They are (asymptotically) perfectly distinguishable, i.e.
Dy(P7",Qy") — 1.
e They are (asymptotically) “interesting” in the sense that

liminf Dp(P2", Q%) > 0 and limsup Dp(P2", Q%) < 1.

n—oo n—oo

It follows from Lemma 5.3 and Exercise 5.5 (a) that the previous three scenarios are equivalent to

the analogous ones with Dy; or D%I in place of D. But note that

Dy(Py™,Qu")° = 1= nu(P", Q5"

9 n ? n

— 1—7’]H(PnaQn)n
= 1— (1 - Dy(Pn,@Qn)*)",

and the subsequent Lemma 5.11 shows that
DH(Pr?na an)Q =1- exp(_nDH(Pn, Qn)2) + O(nil).

This implies the following results:

Lemma 5.10. (a) Fora € {0,1},

oo ifa=1,
0 ifa=0.

n
n—o0

lim Dp(P®",Q%") = a ifandonlyif lim nDyg(P,,Q,)* = {
n—oo

(b) Asn — oo, the distance Dy.(PP™, Q%™) stays bounded away from 0 and 1 if and only if
nDy (P, Qn)? stays bounded away from 0 and oc.

Lemma 5.11 (Ailam 1968). For arbitrary real numbers x € [0,1] andn > 1,

0<e™_—(1-2z)" <elnl

Proof of Lemma 5.11. Since e¥ > 1 4 y for arbitrary y € R, we know that

Hy(z) = e ™—-(1—-2)"
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satisfies the inequality
Hy(z) = ()" = (1 —2)" >0

for arbitrary = € [0, 1]. Note also that H,,(0) = 0 and H,(1) = e™" > 0. Moreover,

>0 ifn=1,
H () =nl—-2)"'-ne™ {=10 ifn>1landz =0,
<0 ifn>Tlandz =1

Hence, max,¢[o 1) Hi(x) = H1(0) = e~ *. Forn > 1, any maximizer z,, of H,, over [0, 1] has to
satisfy 0 < x,, < 1 and H] (z,,) = 0, i.e.

(1 —z,)" ! = eon,

Consequently, max,¢|o 1] Hn(7) can be written as

Hy(zy) = 7™ — (1 —x,)e”™r = gpe” ™ < n ! max se® = n le!
n n n n — 9
s>0
because elementary calculations show that se™® is maximized for s = 1. O

Example 5.12 (Gaussian distributions). Let P, = N(uy, 0,) and Q,, = N(vy,, 0,,) with arbitrary
means L., V, € R and the same standard deviation ¢;,, > 0. Then,

Dy(P2™,Q5™) — a € [0,1]

if and only if
V1 fin = pin|

B — — y/—8log(1 — a?) € [0, 0.

This follows immediately from the explicit formula

n(ftn — Vn)2

" 802 ) '

Dy(P™, Q™ = 1= nyy(PP",Q5") = 1—exp(—

Expansions of root-densities and log-likelihood ratios. Suppose that for some measure M on
(X, B) and arbitrary n > 1, the densities

exist. Suppose that these densities satisfy the following condition:

(C.1) For some probability measure P on (X', B) with density f = dP/dM,
fn — f inLY(M).
Furthermore, for some function h € L*(M) with ||k, > 0,

ho = Vn(\/Gn — V' fn) = h in L*(M).
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Here and throughout the sequel, L" (M) is the space of all (equivalence classes of) measurable

functions functions h : X — R such that ||h||, < oo, where

Il = ([ o aar) "’

for r > 1. (Two functions h, h are viewed as equivalent if M (h # ﬁ) =0.)

Some first consequences of this condition:

Lemma 5.13. Under condition (C.1),
nDH(Pn7Qn)2 — Hh”%/Q,

and
DT(P7 Pn)aDT(P7 Qn)aDT(PTuQn) — 0.

Proof of Lemma 5.13. The convergence of h,, to h in L?(M) implies that
h: — h? in LY(M),

n

because ||h2 — h2||; < 2||hll5||hn — By + ||hn — k|3, see Exercise 5.14 below. In particular,
nDy(Pn, Qn)* = IIhall3/2 — [Ih]3/2.

Note that f,, — f in L*(M) is equivalent to D-(P, P,) — 0, and by Lemma 5.3, D(P,,, Q) <
V2 Dy (P, Q) — 0. Hence by the triangle inequality, Dy (P, Qy,) — 0 as well. O

Exercise 5.14. Show that for arbitrary functions g, h € L?(M),
lg* = h2lly < 2|[hllallg = Rlly + llg = All3:

(One can even show that ||[g|” — |n["||, < r[|h]|l;~ lg — All, + [lg — Rl|} for any r € (1,2] and
arbitrary g, h € L"(M).)

For the next result we have to augment condition (C.1) by an additional one:

(C.2) The functions f and A in (C.1) satisfy
Mh#0=f) = 0.

Lemma 5.15. Suppose that Conditions (C.1-2) are satisfied. Let (A,,)y be an arbitrary sequence
of events A,, € B such that

min{P,(4,), Qn(4,)} = O(n™").

Then
n|Qn(An) — Pa(Ay)| — 0.
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Proof of Lemma 5.15. In terms of the densities f, and g, we may write
n(@u(a0) = Puldn) = n [ (g0 fan
= n | (Vo VI (V)
/A hn (2v/nfn + hin) M,
/ hn (24/11gr, — ) AM.

n

Consequently, by the Cauchy—Schwarz inequality,

n|Qn(An) — Pu(4y)] < 2\/nmin{Pn(An),Qn(An)}/A h%dMJr/A h% dM.

Hence it suffices to show that
/ hZdM — 0.
An

Since h2 — h? in L(M), this is equivalent to

/ R2dM — 0.
Ap

But it follows from Lemma 5.13 and the assumption that min{ P, (A,), Qn(A4,)} = O(n~!) that
P(A,) — 0. Consequently, for any fixed C' > 0,

/ hrdM < / h*dM + CP(A,) — / h?dM,
An {h?>Cf} {h?>Cf}

and
lim h?dM = / h*dM = 0
Cmoo J{n2>0f) {h2>0=1}
by dominated convergence and our assumption (C.2) on f and h. O

Implications for log-likelihood ratios. Now we consider again the random observation tuple
X, = (Xp;)?_, with independent components X,,; having distribution R,, € {P,, @, }. Optimal
tests of “R,, = P,” versus “R,, = @),,” are based on the log-likelihood ratio

Qg™ dpgn . gn
A, = 1og( (X de(Xn)) - Z}logfn(Xm) € [—o00, o]

with the conventions that log(0) := —o0, log(co) := 00, a/0 := oo for a > 0 and log(0/0) := 0.
Indeed, since P,(f, > 0) =1 =
surely, and

Qn(gn > 0), the random variable A,, is well-defined almost

IPpn(An < OO) = 1, ]PQn(An > —OO) = 1.

It may happen with strictly positive probability that A,, € {—oc, o0}, but this probability con-

verges to 0. Here is a precise statement:
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Theorem 5.16. Under conditions (C.1-2),
N(=2|hl|3,4]|R|13) if R, = P, for all n,

A, —
N(+2|[h|13,4[|h|13) if Ry = Qn forall n.

In this result “— " stands for convergence in distribution, meaning that for any fixed continuous
function J : [—00,00] = R,

IE J(2|hl|yZ — 2||h|j3) if R, = P, foralln
EJ(A,) —
IE J(2||h||yZ + 2||R||3) if R, = Q, foralln

with a random variable Z ~ N(0, 1). Since the limiting distributions are continuous, and since

k£ 2|3
P2l ¥ 2000 < k) = (=),

Theorem 5.16 may be rephrased as follows: For arbitrary k € R,

2
L

if R, = P, for all n,
2[| R[] ) T

P(A, <k) — )
@(L’Wb) if R, = Q,, for all n.
2[| R[]
This implies the following result about optimal tests of “R,, = P,” versus “R, = Q,”:

Corollary 5.17. Let o : X™ — [0, 1] be an optimal level-« test of “R,, = P,,” versus “R,, =
Q... Then, under conditions (C.1-2),

Eq, Son,a(Xn) — @(@‘1(04) + 2HhH2)'

The same result holds true for optimal level-« tests of “R,, = Q,,” versus “R,, = A,”.

Remark 5.18. Corollary 5.17 shows that under conditions (C.1-2), testing PE™ versus Q%" or

vice versa is asymptotically as difficult as testing
N(0,1) wversus N(u,1),

where
po= 2|hl,.

This is coherent with the fact that
Dy(PF™,QF")? = 1 —exp(—nDy(Py, Qu)?) +O(n™)
converges to
1—exp(—[[]3/2) = 1—exp(—?/8) = Dy (N(0,1),N(u, 1))".

Remark 5.19 (Contiguity). Corollary 5.17 implies that the two sequences (P®"),, and (Q®"),,

are contiguous in the sense that for arbitrary measurable sets A,, C X",

lim P®"(A,) = 0 ifand only if lim QE™(A,) = 0.

n—o0
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Indeed, consider the test ¢, (X ;) := 14, (X ). If P€"(A,,) < € € (0,1) for sufficiently large n,
then Corollary 5.17 implies that

lim sup Q" (4,) < (@ (€) + 2[hl]2)-

n—oo

Likewise, if Q¥™(A,,) < ¢ for sufficiently large n, then

limsup P (An) < @(7(e) + 2All2).

n—oo

Contiguity follows from the fact that ®(®~1(€) + 2||h||2) — 0 as € — 0.

Proof of Corollary 5.17. According to the Neyman—Pearson lemma, we may assume that for

some constant k,, o, € [—00,00),

0 ifA, <kpa,
n,a Xn = ’
#na(Xn) {1 if Ay, > Ky a.
But for fixed k € R, )
k+2||h[l3
Pry (> 1) 1o 2100
2|[Ally

The right hand side is strictly decreasing in k and equals « if, and only if, % is equal to
ko = =2[|h[3 +2[|hll;@7 (1 — @) = =2[|h[3 —2||A];27 (a).

Hence k;, o — ko, and IEg,, ¢n,.(X,) converges to
ko — 2|3 _ _
1- o (R mt2) — 1 a(2hl, - 0 @) = (@7 0) + 20,
2

When testing “R,, = ),,” versus “R,, = P,,”’, we consider tests ¢, o, such that ¢, (X,) = 1if
Ay, < kpoand oy o(Xy) = 0if Ay, > ky o, Where ky, o € (—00, 00]. O

Proof of Theorem 5.16. It suffices to consider the case (R,), = (P,)n, because interchanging
the roles of (P,), and (@), would result in replacing A, with —A,,, and conditions (C.1-2)
would still be satisfied with —h in place of h.

Since /gn = \/fn + hn/+/n, we may write

A =23 1o (Xni) = 2 log(1 4 ~m=ni/
25, > st + 2 )

with hy,, == hp /v fn € [—\/n,o0]. It follows from the well-known Taylor series of log(1 + )
fory € (—1,1) that

2 3
log(l4+y) = y— = +rem(y) with |rem(y) < —————
(1+9) -+ rem(y) rem(y)| < g

for arbitrary y € [—1, 00). Consequently, with

D, := max LR(XMN
1<i<n NZD
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we obtain the expansion

2 - 1
(5.1) An = \/ﬁ;hn( ni —EZ ) + Remy,

2D, 1 )
where |Rem,| < mﬁzhn()(m) )

Now we apply the Central Limit Theorem as formulated in Corollary A.14: Suppose we can show
that

(5.2) ﬁ/ﬁndpn -,

(5.3) / h%dpP, — o2,

(5.4) / Ml snq) APn — 0 for any fixed e > 0.
Then

n__ 1 ~
TZh i) = N(p,o0?), EZhn(Xm)Q —, 02, Dp —, 0.
These facts and (5.1) imply that
A, =2 N(2u — 02, 40?).

Consequently, it suffices to verify (5.2) with g = —||h||3/2, (5.3) with 0% = ||h||3 and (5.4).
Asto (5.2),

\/ﬁ/ilndpn = /\/97 mfndM

= n/(\/ fn.gn_fn)dM
= n(Nu(Pn; Qn) — 1)
= —nDy(P,, Qn)?

= —|nl3/2,
see Lemma 5.13. Concerning (5.3),
- h2
/hidPn = [ 2 fodM
In
= / hZ dM
{fn>0}
— / h%2dM + o(1)
{fn>0}

= /thM— h*dM + o(1)
{f2=0}

= |[nl3.
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This follows from the fact that for C > 0,

/ h*dM < / h*dM + CP(f, =0) — / h%dM,
{f2=0} {h?>Cf} {n?>Cf}

because P(f, = 0) = P,(fn = 0)+0(1) = 0o(1), and f{h2>cf} h?2dM — f{h2>0:f} h?2dM =0
as C' — oo by assumption (C.2).

It remains to verify (5.4), that means, for any fixed € > 0,

/ h:dM — 0.
{hZ2>e2nfn}

Again, since h2 — h? in L' (M), it suffices to show that

/ h?>dM — 0,
{h2>e2nfn}

and the left hand side is equal to
o0 o0
/ M(h? > rand h2 > é®nf,)dr < / M(h? > r)dr = /h2 dM.
0 0
Consequently, by dominated convergence, it suffices to show that for any fixed r > 0,
M(h* > rand h2 > €nf,) — 0.

Indeed, it follows from Markov’s inequality that for any fixed 6 > 0,

M(h* > rand h2 > €nf,)

< M(h*>rand h*+ 8 > é*n(f —6)) + M(|hy — h?| > 6) + M(|f,, — f| > 5)

< M(R*>rand h*+6 > én(f —6)) + 6 k2 — b2y + 6| fo — flly

— M(h* > rand f <4).

Letting § | 0, the right hand side converges to M(h? > 7 and f = 0), and this equals 0 by
assumption (C.2). ]

5.3 Fisher Information

Consider a statistical experiment & = (X, B, (P)gco) with © being an open subset of R?. Sup-
pose that each Py is given by a density fy > 0 with respect to some measure M on (X, B) such
that for any z € X,

©360 — fo(x)

is continuously differentiable with gradient

o) = (557 s

Assuming that for any 6 € ©, each component of f, 1/2 fo belongs to L?(M), the matrix

-
J(9) = f‘}];"dM
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is well-defined and called the Fisher information (matrix) of £ at 6.

Here is yet another interpretation of this matrix: Let Ay := log fy. Then for any x € X, the

mapping
050 — /\9(1‘)

is continuously differentiable with gradient

fo(x) = (jﬁj( )

and
J(0) = / AT AP,
Let (6,,), be a sequence in © such that for fixed § € © and § € RY,
Vn(0, —0) — 6.

Then the densities fp, and fy satisfy

V(v fo, = /fa) = hos = 5?/%

almost everywhere. If in addition

(5.5) lim sup n/(\/fgn — Vo) aMm < /h?)’(;dM,
n—oo

then by Scheffé’s theorem, conditions (C.1-2) in the previous section are satisfied with Py in place

of P,, P, in place of (),, and limit function A = hg 5. That means, testing ngn versus Pgi" is

asymptotically as difficult as testing N(0, 1) versus N(u, 1) with
po=2[hlly = /0TI (0)d.

Condition (5.5) is satisfied, if

5TJ(6)s

(56)  Dy(Py, Poys)® = 1 —ny(Ps, Poys) < +o([lo]*) asé — 0.

Definition 5.20 (Regular statistical experiment). A statistical experiment £ = (X, 3, (Py)sco)

satisfying condition (5.6) for all § € © is called a regular statistical experiment.

Note that for @ € © and § € R? such that {# + ¢ : t € [0,1]} C O, the Cauchy—Schwarz or
Jensen’s inequality implies that

Dy(Py, Pyys)? = /(m—\/ﬁ) dM = 2/(/0125;%&)2&\4

is not larger than

1
// (6" f9+t5 dtdM = ;/ 6T J(0+t6)d dt.
0

Jotts

Consequently, a sufficient condition for regularity is given by

(5.7) J(+) is continuous on O.
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Example 5.21 (Fisher information in location families). Let X and © be the real line, equipped

2
dxr < oo.

with Lebesgue measure. Further let fy(x) = f(x — 6) for some continuously differentiable prob-
ability density f > 0 such that
f'(@)
I(f) = /
D= T

Then & is regular with J(9) = I(f) for all § € R. Indeed, f(z — 0) = —f'(x — ), whence

N — 2
7(6) = /Rde — 1(f).

Since this is constant in § € R, criterion (5.7) is satisfied, whence the location family £ is regular.

Special case 1. Let f be the standard Gaussian density, f(z) = (27)~'/? exp(—x%/2). Here
f'(x) = —xf(x), whence

1(f) = /Rfo(x)dx "

Special case 2. Let f be the standard logistic density, f(x) = e*/(1 + €%)2. The corresponding
distribution function F' is given by F'(z) = €*/(1 4+ €*), and f = F(1 — F'). Consequently,
f'=(1-2F)f, whence

I(f) = /_00(1—2F(x))2f(x)dx = /O (1—2u)*du = 1/3.

Example 5.22 (Fisher information in natural exponential families). Suppose that
fo = exp(GTT — k(0))

for some measurable mapping 7' : (X, B) — R?. Then the experiment £ is regular. Obviously,
fo > 0. As shown in Exercise 4.7,  is infinitely often differentiable with

K(O+5) = r(0) + 67 Ey(T) + % 5T Varg(T)6 + o(|6]2)
as 0 — 0. In particular fy(z) is a smooth function of 6 with
fo = (T = Eo(T))fo, rg = T — Ep(T),
S0
J(0) = Varyg(T).

This matrix is positive definite for any # € ©, unless M ' is concentrated on some hyperplane in

R?. It is also differentiable in § € ©, so & is regular by criterion (5.7).

Remark 5.23 (Smooth transformations of parameters). Let £ = (X, B, (FPy)gep) be a regular
statistical experiment with Fisher information J(-), and let 7 : ¥ — O be a diffeomorphism from
another open set ¥ C R? onto ©. That means, 7 is bijective and continuously differentiable with

nonsingular Jacobian matrix

3%‘(@)‘1

prw) = (S5

1,j=1
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for any ¢» € W. Then the experiment € := (X, B, (Py)ycw) with Py, := P,y is regular, too, and

its Fisher information .J () is given by

J() = Dr(¥) " J(r(¥))Dr(¥).

This follows from the fact that 15¢ has density f () with respect to M, and with § = 7(¢)) the

chain rule implies that

Ofp(x) _ Zdi Ofo(x) O7:(1)
0 00; 0,

= (D7(¥)" fo) ;-

i=1

Moreover, as 6 — 0,
A = 7(Y+0) —7(¥) = Dr(¥)s +o(|3]) = O(|d]]),

whence

SEILESPTING

_ 3T Dr() JB)Dr()d
- - + (6],

Dy(Pyis, Py)? = Dy(Ppyn, Po)? <

Thus, € inherits property (5.6) from &.

Example 5.24 (Binomial distributions). We observe X ~ Bin(n, p) with an unknown parameter

p € (0,1). The natural parameter for the experiment (Bin(n,p)) is given by 7(p) :=

pe(0,1)
log(p/(1 — p)) with sufficient statistic T'(x) = z, and 7 : (0,1) — R is a diffeomorphism
with 7/(p) = (p(1 — p))~!. Since Var,(X) = np(1 — p), Fisher information at p is given by

J(p) = 7'(p)? Vary(X), i.e.
- n
Jp) = ——.
) p(1—p)
Note that .J (p) = Var,(p)~* with p(x) := 2/n, which is not a coincidence as explained later.

Example 5.25 (Poisson distributions). We observe X ~ Poiss(A) with an unknown parameter

A > 0. The natural parameter for the experiment (Poiss()\)) is given by 7(\) := log A with

A>0
sufficient statistic 7'(z) = z, and 7 : (0,00) — R is a diffeomrophism with 7/(\) = A~!. Since

Vary(X) = A, Fisher information at \ is given by J(\) = 7/(\)? Vary(X), i.e.

Again J(A) = Var,(A) ! with A\(z) := .

Implications for point estimation

With our results about testing in Section 5.2 one can prove various precision bounds for point
estimators. We present one particular result which can also be viewed as a very simplified version

of the Hdjek—Le Cam convolution theorem:
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Theorem 5.26 (Asymptotic version of the Cramér-Rao bound). Let & = (X, B, (Py)oco) be
a regular statistical experiment with Fisher information J(-). For each sample size n > 1 let
@\n : X" — R? pe an estimator such that for a fixed 6 € O,

Vi(0n(Xn) = 0,) =z Na(0,5(6))

whenever 0, = 6 + n~'/2§ for an arbitrary fixed § € R® and sufficiently large sample sizes n.
Then J(0) is positive definite, and
%(0) = J(O)

in the sense that n" X(0)n > n".J(0)~'n for arbitrary n € RY.

Proof of Theorem 5.26. For arbitrary fixed vectors §,7 € R%\ {0} define
O = 0+n"%
(or 0, :=0if 0 +n"1/25 ¢ ©) and
Tn(ﬁ) = \/ﬁ(‘gn(Xn) - 9)T77-
It follows from the assumption about @\n that
N(,n"E)n)  if X, ~ P,
Tn(n) —r .
N(6Tn,n"2(0)n) if X, ~ ",

because (for sufficiently large n)
Ta(n) = Vi((X0) = 62) "0+ 0",
Suppose first that ' X(0)n = 0. If we take § = 7, then

en(Xn) = Lip ()>miz/2]

defines a statistical test of P9®" versus ngf‘ such that

0 if X, ~ P2",

E X —
#n(Xn) {1 if X, ~ Py

In particular, D (P;*", P;™) — 1, which would be equivalent to Dy (P, P")* — 1. But this
would contradict the fact that Dy, (P;™", Pgn)2 — 1 —exp(—n'J(0)n/8) < 1. Consequently,
the matrix (#) has to be positive definite.

For general 9, 7,
Pn(Xn) = 1z, ()20

defines a statistical test of Pg@" versus Pgi” such that

0.5 if X,, ~ P
Eo,(X,) — ( 5Ty
U

) X~ P
T(0)n "
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If we would replace ¢,, with an optimal level-0.5 test of P9®" Versus Pgi", then the asymptotic

power under the alternative hypothesis would be

o(\/37(6)).

W Ve

In particular, taking 7 = &, we see that 6 ' .J(0)d > 0, so J(f) is positive definite too. For general
5,m € R4\ {0} we get the inequality

5T < \[nT2(0)m/67I(6)

Setting 6 = J(0) ' yields the inequality

Consequently,

' J(O) " < 0" S0)n
for arbitrary n € R\ {0}. O

Example 5.27 (Maximum-likelihood estimation in natural exponential families). Let £ be a nat-
ural exponential family with sufficient statistic 7 : (X, B) — R? such that M T is not concentrated
on a hyperplane in RY. Let (6,,),, be a sequence in © with limit § € ©, and let X,, ~ Pgi”. Then
the log-likelihood function

n

Ly=1Ln(Xn):0 = R, L,(0) :== Y log fo(Xni)
has the following property: With probability tending to 1, there exists a unique maximizer @L =
0,(X ) of Ly, and

Vi(ln = 0,) = Na(0,J(0)™") = Na(0, Varg(T) ™).
To verify these claims, note first that
Ln(0) = n(T,) 6 — K(0))

with T, ;== n=t 3" | T'(X,;), and thus

VL, (0) = n(T, — Eg(T)),
D?Ly(0) = —n Varg(T).

This shows that L,, is strictly concave, whence L,, has a unique maximizer or no maximizer at all.

One can deduce from the multivariate version of Lindeberg’s Central Limit Theorem that
Zy = /n(T, — Ey, (T)) —, Ng(0, Vary(T)).
Now we introduce the localized log-likelihood function H,, : R — [—o00, 00) with

Hp(8) = Lyp(0, +n~Y26) — L, (6,),



136

where H,,(§) = —oo if, and only if, x(6,, + n~'/26) = co. Then elementary calculations reveal
that
T Lot
H,(0) = Z,0 — 5 0" Varg(T)d + Rem,,(0)
where

sup |Rem,(d)] —, 0
s:flo||<C

for any fixed C' > 0. From this one may deduce that with probability tending to one, H,, has a
unique maximizer given by
Varg(T) ' Z, + 0p(1).

But this is equivalent to saying that with asymptotic probability 1, the unique maximizer é\n of L,
exists and satisfies
V0, —6,) = Varg(T) ™' Z, + 0,(1).

In particular,

~

\/ﬁ(en — Gn) —r Nd(O,Varg(T)_l)
because Z,, — Ng(0, Varg(T)).

Example 5.28 (Maximum-likelihood estimation in smoothly parametrized exponential families).
Let £ = (X, B, (P,)ycw) be an exponential family with sufficient statistic 7 : X — RY, i.e. P,
has density

fo = exp(r() T — K(r(1h)))

for some bijective mapping 7 : ¥ — O, where ¥ and © are open subsets of R?, and

k(0) = log / exp(0"T)dM.
Suppose further that 7 is a diffeomorphism.

Now let (), be a sequence in ¥ with limit ¢ € ¥, and let X,, ~ ]512". Then the log-likelihood
function L, = L,(-, X,) = Y ;" log fw(Xm) has the following property: With asymptotic
probability 1, there exists a unique maximizer Jn = QZH(X n) of Ly(-), and

V(s —tn) = Na(0,J(4)7)
with the Fisher information J(-) of £, i.e. J(¢)) = D7 (¢)) T Vary(T)D7(1).

With 6,, := 7(1,,) and 6 := 7(1)), it follows from Example 5.27 that with asymptotic probability
1 there exists a unique maximimum likelihood estimator §n = an(X n) for the experiment £ =
(X, B, (Py)geo) with P,y := Py such that

V0, — 0,) — ¢ Ng(0, Vary,(T) ).

But then @n =71 (§n) is a maximum likelihood estimator for £, and elementary calculus reveals
that

\/ﬁ(&i — ) = DT(W_I n(é\n —0p) + OP(I)
=, Ng(0, Dr(¥) " Vary (T)(Dr(¥) 1) ")
= Ng(0, J(¥)7h).



Chapter 6

Stein’s Identity and Shrinkage
Estimators

Consider independent random variables X1, ..., X, with distribution N (y, azlq), where p € R?
is unknown and o > 0 is given. With similar arguments as in Chapter 1, one can show that
the optimal equivariant estimator of y is given by the sample mean X, where optimality of an
estimator 1 refers to the risk
R, 1) = Bu[llii— pll*]

with the standard Euclidean norm || - || on RY. Note also that the sample mean is the maximum-
likelihood estimator fzy;; of p. Surprisingly, this estimator is not admissible in dimension ¢ > 3.
Precisely, there exist non-equivariant estimators zi such that

R(fi,p) < o®q/n = R(fiy, p)-

In the present chapter, this result will be deduced and embedded in a more general framework. By
means of sufficiency and rescaling arguments, one can reduce the statement to the case of n = 1

and 0 = 1. Thus we consider just one observation X ~ N(p, I;) with unknown mean ;. € RY.

6.1 Stein’s identity

The following theorem provides two versions of a very useful identity.

Theorem 6.1 (C. Stein, L. Isserlis). (a) Let X ~ N(u,o?) for some y1 € R and o > 0. Then for
any absolutely continuous function f : R — R with IE | f(X)| < oo,

E[(X — u)f(X)] = > E f/(X).

(b) Let X = pu+ Zv + Y with fixed vectors ,y € R? and independent random variables
Z ~ N(0,1) and Y ~ Ng(0,I'). Further let f,Df(-,7) : R? — R be measurable functions
such that with probability one, f(X + tvy) is absolutely continuous in t € R with derivative
Df(X +ty,v). fIE|Df(X,v)| < oo, thenIE |Z f(X)| < oo ifand only if E | f(n+Y)| < oo,
and in that case,

E[Zf(X)] = EDf(X,7).
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Corollary 6.2. Let X € R? andY € RY be random vectors with a Gaussian joint distribution. If
f : R? — R is continuously differentiable such that IE ||(X —IEX)f(Y)|| + E[[Vf(Y)| < oo,
then

E[(X — EX)f(Y)] = Cov(X,Y)E[VF(Y)).

Proof of Theorem 6.1. As to part (a), note that X is distributed like x + 0Z with Z ~ N(0, 1).
Let ¢ be the standard Gaussian density. It follows from ¢/(2) = —z¢(2), lim|,|_, #(2) = 0 and

Fubini’s theorem that
PE|FOO = o [ 17+ on)lol:) ds
R
= o / F(u+02)] / (Ltococt) + Lpesco) () dt dz

/ (¢ / Locsct] + Lpcsco) |/ (i + 02)| dzdt

v

o /R 600t o) — F()]

= E[|IX — pl[f(X) — f(w)]
> B[|IX — p||£(X)|] = (2/m) 20| f(1)].

Thus, finiteness of IE | f’(X)| implies finiteness of IE[|X — || f(X)|], and we may repeat the
previous calculations without absolute values. This leads to

B f(X) = 02/Rf/(/i+az)¢(z)dz
= UQ/IRf’(N+UZ) /R(1[0<z<t} +1[t§z§0])|t|¢(t) dtdz
= 02/R|t|¢(t)/R(1[0<z<t] +1[t§z§o})f’(,u+gz) dzdt
- O'\/R‘t‘d)(t) Sign(t)[f(ﬂ+at) _f(M)] dt

—0 /R FOOLF (1 + ot) — £ dt
= B[(X - p)f(X) - f(W]]
= E[(X —u)f(X)],

because IE(X — p) = 0.

As to part (b), it follows from the previous calculations, applied to Z in place of X, that with
probability one,

E[Df(X,)]|Y] = E[IDf(u+Y + Zv,7)|| Y]
ZIE[\Z (u+Y + Z7) — f(u+Y))HY}
= B[|Z2(/(X) = f(u+ )] | Y]

>{ [1Zf(x HY] (2/m) 21+ Y,
C @) P e+ Y) - E[IZFO] Y],
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where we used independence of Z and Y. Consequently,
E|Zf(X)| < EIDAX, )|+ @/m) P E|f(n+Y)]

and
2/m)PE|f(u+Y)| < BIDf(X,7)|+E|Zf(X)].

This proves the equivalence of the conditions IE |Z f(X)| < coand IE |f(1+ Y')| < oo, provided
that IE |[Df(X,7)| < oo. Assuming these inequalities, the same calculation without absolute
values shows that

EDf(X,7)|Y] = E[Zf(X)]|Y]

almost surely, and taking the expectation of both sides yields the asserted equality. O

Proof of Corollary 6.2. It suffices to consider the case p = 1 and o := Var(X)'/? > 0, because
E[(X —IEX)f(Y)] and Cov(X,Y)IE[Vf(Y)] are vectors in RP with i-th component equal to
E[(X; —EX;)f(Y)] and Cov(X;,Y)IE[V f(Y)], respectively, and the latter two would be zero
if Var(X;) = 0.

Let X := [X,YT]T € R4 Then X ~ Ny ,(ji,%) with i = [EX, (EY)"]" and
i . 0'2 O"YT
~ |loy Var(Y)]’
where 7y := ¢~ Cov(Y, X). Following the recipe in Section A.6, we write X = ji + Z5 + Y,
where Z := 0~ (X —IEX) ~ N(0,1) and 7 := Cov(X, Z) = [o,7"]", and the remainder Y is

stochastically independent from Z. With f(X) := f(Y), the function f(X + ¢7) is continuously
differentiable in ¢ € R with derivative

Df(X +17,7) = 7' VA(X +13) = 7" VI(Y +1y).
Hence, Theorem 6.1 (b) yields the equation
E[(X —EX)f(Y)] = ¢ E[Zf(X)] = c EDf(X,7) = o ERy Vf(Y)]

= Cov(X,V)BIV/(V).

6.2 Shrinkage estimators

The setting and some heuristics. Suppose that we observe a random vector
X ~ Nq (:ua Iq)

with unknown mean p € RY. That is, we observe X = p + Z with an unobserved error vector
Z = (Z;)!_, ~ Ny (0,1,). The question is how to estimate x by some estimator i = (X ). The

imprecision of such an estimator is quantified by its risk

R(fi,p) = Ep[lla— pl?]-
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The maximum-likelihood estimator in this setting would be given by iy (z) = x, and
R (Bye, 1) = ¢
But now let us consider a more general class of estimators: For A € R we consider
fiz(z) = Az,
SO fiygp, = Mq- Its risk is given by

R(fiy, 1) = By [AX — plf?]
= E[|AZ — (1 = \ul?]
= Mg+ (1= 2)?|ul?

because 11" Z ~ N (0, ||u||?). As a function of X and for fixed p, this risk is minimal if and only
if A equals

I?
Alp) =
q+ [lpl?
and the resulting risk is equal to

allp)?

m < min {(L ”MHQ}

R (firys 1) =
Unfortunately, the optimal value A(x) depends on the unknown parameter 1. But
E[IX?] = B[1ZI?+ 272 + ulP?] = q-+ Il

s0 one could try to estimate A(x) by (|| X||2 —¢)" /|| X

the preliminary estimator

P (HiUH2—q)+w_ a4\t
i@ = e = (- p)

considered by Stein (1956).

2, where at := max(a, 0). This leads to

Concerning || X ||? as an estimator of ||z|? + g, note that

2 2
112N _ g l1ze 2Tz
7+ TP -

q+ [l
E |(12]° - g+ 217 2)]

(q -+ [|u]12)?

2P 4 4

(q+ |ul2)? ~ a+lel? ~ ¢

"

W

)

where we used the facts that IE [ (|| Z||> — ¢) u" Z] = 0 by symmetry of the distribution of Z, and
that IE [(||Z||2 — q)Q] = Var (||Z||?) = qVar (Z}) = 2q. Hence the relative error of || X||? as

an estimator of ||1z]|? 4 ¢ converges to 0 as ¢ — oo, uniformly in .
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The James—Stein estimator. James and Stein (1961) proposed the estimators

7 1s(X) (1 q_2)X d Ty, (X) oI 2V y
n = - and = ( - )
s X112 =t X112
and proved that for both versions of /i,

R(p,p) < q
forall ¢ > 3 and u € RY.

As shown by Efron and Morris (1973), [i;q can be viewed as an empirical Bayes estimator: Sup-

pose that (y, X)) is a random pair, where po ~ N, (0, 1) and X | o ~ Ny (11, I4). In this setting,

HERAHR I

and the conditional distribution of i, given X, is equal to

5 B
No <1+6X’ 1+51">’

see Section A.6. Hence, the Bayes-optimal predictor of y is given by

B B _ 1
AB(X) = X - (1_1+6> X.

If 3 itself is an unknown parameter, one could try to estimate 1/(1 + 8) = ¢/IE [||X|]*] by
q/|| X ||. But this estimator would be biased. Indeed, elementary calculations reveal that

(6.1) IE [Y_l] =bYa—-1)"! forY ~ Gamma(a,b), a > 1, b >0,

where b stands for a scale parameter (not a rate parameter). In the present Bayesian setting,
X ~Ng (0, (14 B)1y,), so

IX]1* ~ Gamma(q/2,2(1 + 8)),

whence

BIKI7] = gy

which motivates the proposed estimator /i ;.

The risk of shrinkage estimators. Coming back to the setting of X ~ N, (i, ;) with an
unknown fixed vector ;1 € RY, we want to compute and bound the risk R (ji;q, ) in case of

q > 3. To this end we write
Iys(X) = X — g55(X)
with
gis(X) = (a-2)|X| 72X

In general, let
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with a measurable function g : R? — R? such that IE [||¢(X)||?] < co. Then,
R(fi,p) = E[|X —p—g(X)IP] = ¢—2E[(X - ) Tg(X)] + E[[lg(X)[7].

With the standard basis ey, ..., e, of R?, suppose that each component g; of g satisfies the fol-
lowing conditions: With probability one, g; (X + te;) is absolutely continuous in ¢ € R with
derivative Dg;(X + te;,e;), and IE |Dg;(X, e;)| < co. Then we may apply Stein’s identity com-

ponentwise and deduce that
q
R, p) = q¢—2) E[(X; — pi)g(X)] + E[||g(X)][|)
i=1

= q—2) E[Dg(X,e)] + E[|g(X)|’
i=1

A remarkable feature of this identity is the conclusion that
N q
R(X) = =2 Dgi(X,e;) + [lg(X)|
i=1
is an unbiased estimator of the risk R(ji, ). It is called Stein’s unbiased risk estimator (SURE).

Specifically, if g = gy, then

1 2X?
DgiX, i) = (¢-2) <HX|2 B |Xu4>

and
q
Y Dgi(X,e) = (q—2)°| X
=1

This leads to

R(X) = ¢—(¢— 21X~
and yields already the first part of the following result:
Theorem 6.3. For X ~ N(u,I,;) withq > 3,

. _ (g —2)? (q—2)|pl?
R(iyg, ) = ¢—(q—2°E[|X] ™% < q- = +2.
18 =2+ pll>  qg—2+|u?

This shows clearly that
R(ﬁJSa l’L) <q

for any . € R?. Note also that the upper bound in Theorem 6.3 is not larger than

allp)?

a [~ P

so the risk of James-Stein estimator is at most the risk of the oracle estimator jiy(,,) plus 2.
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Proof of Theorem 6.3. The first equation for R(Ji;q, 1) is a consequence of the specific form of
Stein’s unbiased risk estimator ﬁf(X ) for fi;q. Note that || X || follows a noncentral x? distribution

2 see Section A.7.

the same distribution as
q+2N

D Z

k=1
with independent random variables Z1, Zo, Z3,... ~ N(0,1) and N ~ Poiss(||u|?/2). Conse-
quently, since 397%™ 72 ~ Gamma((q + 2m)/2,2) and IE(N) = ||u||?/2, equation (6.1) and

Jensen’s inequality yield the inequality

q+2N

E(X (2 = IEIE((Z %)
Consequently, R(fi;g, 1t) is not larger than

=2, =24 ) —@=2? (@ 2)lul”
q =2+ [|pl? q =2+ ||pl? q =2+ ||pl?

-1

) 1 1
:]E( )z .
qg+2N —2 q—2+|pl?

O]

Soft thresholding. As an illustration of SURE, consider the soft-thresholding estimator

A (X) = (=M 1XD)T X)L,

of Donoho and Johnstone (1995), where A > 0. This estimator is designed for situations in which
preprocessing of raw data leads to a random vector X ~ N (s, I;) with an unknown signal vector

€ R? such that presumably a large proportion of its components are nearly 0, a so-called sparse

vector.
Here
A if X; > A
gi(X) = 1-1-MIXi)")Xi = X, if [ X5 <A
A ifX; <=\
and

Dgi(X,ei) = 1jx,1<n-

Consequently, an unbiased estimator of R(7i}7, ) is given by

q
RRX) = q—2#{i < q: X <A} + S min(XZ,22),
i=1
This is a right-continuous function of A > 0, with discontinuities at the nonzero values among

| X1],...,|Xq|. Between two adjacent points in {0, | X1], ...,

, it is monotone increasing, SO

the minimum of X — RP7(X) is attained on the latter set.

Exercise 6.4. To compute the risk function of ﬁ/\DJ numerically, it suffices to find an explicit
formula for dimension ¢ = 1. As before, let ® and ¢ be the standard Gaussian distribution and
density function, respectively. Show that for X ~ N(u, 1) and A > 0,

RAY 1) =14+ X+ (1 =X = 1) (@(u+ A) — @(u— \))
— (Lt NP(p—=A) + (= A)p(p+ A).
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Exercise 6.5. Determine Stein’s unbiased risk estimator }A*E(X ) for the two estimators

XZ?’ )q

fia(X) = (L= XX X)L, and iop(X) = (575

i=1

Do you see potential advantages or disadvantages of these estimators over ﬁ/\DJ ?



Appendix A

Auxiliary Results

A.1 Two Compactness Properties of Statistical Tests

Let M be a o-finite measure on a measurable space (2, .A). Further, let F := £!(M), the set of all
A-measurable functions f : Q — R with [ |f|dM < oo, and let T be the set of all A-measurable
functions ¢ : 2 — [0, 1]. Then the set 7 satisfies the following compactness condition:

Theorem A.1 (Weak compactness of 7). The set

{(feran),  veT}

is a convex and compact subset of R”, where the latter set is equipped with the usual product

topology.

The set R is the set of all tuples (= ) fer with components ¢ € R. The product topology on this
set is the smallest topology such that the mapping R” 5 z — = ¢ € R is continuous for arbitrary
ferF.

Exercise A.2. The proof of Theorem A.1 relies on Tikhonov’s theorem, hence on the axiom of
choice. Prove a simpler result without this tool in the special case of a countable set €2 and M
being the counting measure on €2: For arbitrary m € N and functions f1,..., fm € L' (M), the

{(/gofde>;n:1:<p€T}

is a convex and compact subset of R™.

set

Proof of Theorem A.1. Writing f € F as fT — f~ with f* := max(%£f, 0), we know that

/<pfdM € K; = [—/f—dM,/ﬁdM}

forany ¢ € T and f € F. Hence,
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1s a subset of
K = {xERI:xfEKfforallfe]:}.

Since each Ky, f € F, is a compact interval, it follows from Tikhonov’s theorem that K is a
compact subset of R”.

Linearity of integrals implies that /C, is a subset of
Ko = {x ek: frapis linear}.
That means, KC,, consists of all tuples z € K such that for arbitrary f,g € F and A € R,

Trf = Axy,

Tftg = Tf+ Tg.

Note that each of the previous two constraints defines a closed subset of R”. Hence the set /C, is

a closed subset of X, i.e. it is compact. Moreover, one can easily verify that K, is convex.

Now the assertion of Theorem A.1 is true if we can show that I, = IC,. That means, we have
to show that for any fixed x € I, there exists a test ¢ € 7T such that z ;= [ @f dM for
arbitrary f € F. Indeed, it follows from linearity of f ~ z; and the inclusion zy € K for
all f € F that f — s defines a continuous linear functional on £!(M), equipped with the
seminorm || f|| := [ |f|dM. Consequently, by Riesz’ representation theorem for the dual space
of L'(M), there exists a bounded measurable function ¢ : Q@ — R such thatz; = [ fo dM for
all f € F. In particular, since 0 < z;, = ande < M(A) for all A € A, the function ¢
satisfies M ({p < 0} U {¢ > 1}) = 0. Hence, we may assume that p € T. O

The next results establishes a sequential compactness property of 7. Its proof is constructive in

the sense that it does not use the axiom of choice.

Theorem A.3 (Weak sequential compactness of 7). Let (¢,,)n>1 be a sequence in T . Then there
exist a subsequence (y,x))k>1 and a test o € T such that

lim [ o, fdM = /gofdM forany f € F.

k—o00

Proof of Theorem A.3. It suffices to consider the case of a probability measure M. For if M is
infinite, but o-finite, there exists a probability measure M, on (£2,.4) and a measurable function
9o : 2 — (0,00) such that M has density g, with respect to M, In particular, f — fg, defines
a linear bijection from £(M) to L£(M,), so we could replace M with M, and any f € F with
J9o-

Let A, be the o-field generated by the tests ¢,, n > 1. This sub-o-field of A has a countable
generator, for instance, the family of all sets {¢,, < ¢}, n > 1, ¢ € Q. Consequently, there exists
a countable field A, of 2 such that A, = o(A,,). By Cantor’s diagonalisation trick, there exists
a subsequence (,,(x))x>1 such that

L(leo) = hm SOTL(]C) 1Aoo dM

k—o0
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exists for all A, € Ago.
Let F, be the set of all f € F such that the limit
L(f) == lim /SOn(k)f dM
k—o0

exists. One can easily verify that F, is a linear subspace of F, and L is continuous on F, with
respect to the seminorm f + || f|| := [ |f| dM. Precisely, for any f € F and n > 1,

_/f_dM < /<pnfdM < /f*dM7

and thus,
(A.1) —/f— dM < L(f) < /f+dM forall f € Fi.
The space F, is also closed with respect to || - ||. For if (f;)¢>; is a sequence in F, with limit

f € F, then for any fixed ¢ > 1,

lim sup‘ /gon(k)f dM — /gon(k/)f dM‘

k,k'—o00

< 207 = fill+timsup | [ ouyseadt = [ o fear| = 21f - fal,
k' —o00

and the right hand side tends to 0 as £ — oo. Consequently, ( i Onkyf dM ) x> 1s a Cauchy

sequence in R.

The space F, contains all indicator functions 14__, Ay € Ao, and the linear span of the latter

functions is dense in £ (M| 4,) with respect to || - ||. Thus, Fi contains all functions in £!(M| 4,).
But for an arbitrary function f € F and its conditional expectation f, := IE(f|.4,) with respect

to the probability measure M,

[entart = [onaant
forallmn > 1,s0 F, = F.

It follows from (A.1) that L is a continuous linear functional on £!(M), so by Riesz’ representa-
tion theorem for the dual space of L! (1), there exists a bounded measurable function ¢ :  — R
such that L(f) = [ fodM for all f € F. In particular, since 0 < L(14) = [, pdM < M(A)
for all A € A, the function ¢ satisfies M ({¢ < 0} U {¢ > 1}) = 0. Hence, we may assume that
peT. O

A.2 Scheffé’s Theorem

A standard result in measure theory is the theorem about dominated convergence. There is a more
general version which provides necessary and sufficient conditions for convergence in £P(M),
where M is a o-finite measure on a measurable space (X, B), and p € [1,00). The space LP(M)

is equipped with the seminorm || - ||,

Il = ([ 1717 ase)”"
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To state the result, we need the notion of stochastic convergence with respect to M: If f and f,,
n € N, are measurable real-valued functions on X, we say that ( f,,),, converges stochastically to
f with respect to M if for any B € B with M (B) < oo and arbitrary € > 0,

Tim M({lfn — fl > €} NB) = 0.

A short notation for that is (fy, ), —nr f-

Theorem A.4 (Scheffé). Let f and f,, n € N, be functions in LP(M). The following two

conditions are equivalent:
@) (fn)n —nm f and
limsup/ |fnlPdM < /|f|de.

n—o0

Proof. Suppose that condition (i) holds true. By the triangle inequality for || - ||,,

[ allp = 1£llp| < 11fn = fllp,

0 [ |fnlP AM = || fu|lh converges to [ |f[P dM = || f||} as n — co. Moreover, for any € > 0,

MA|fn—fl>¢€}) < e_p/|fn—f|de — 0.

Hence, condition (ii) holds true as well.

Now suppose that condition (ii) is satisfied. We define

fn = min(| ful, | f]) sign(fn)-

Note that \fn\ < |f| and ]fn — f| < 2|f|. Moreover, |f, — f| > ]fn —f
Now we show that lim,, o, || fn — £, = 0. To this end we write

, whence (fn)n —m f.

[l gpart = [T aQh - ez na = [T ha,
where hy,(t) := M(|fn — fIP > t). But | f, — f| < 2|f| implies that
halt) = M({1Fa — FI 2 077 A {2217 = 6)) < glt) = MFP = 1),

and

/°°9<t> dt = 2”/OOM(f\”ZS)d8 = Pf|2 < .
0 0

Since ¢(t) is nonincreasing in ¢t > 0, this implies that for any fixed ¢ > 0, g(t) is finite, so
( fn)n —r f implies that lim, o h,(t) = 0. Hence, by dominated convergence,

. r3 o P _ . OO —_
J fu=flp = Jim [ haoar = o

Finally,
”fn - f“p < ||fn - anp + ”fn - f||p7
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so it suffices to show that limsup,, ,.. || fn — full? < 0. But |fn, — fu| = | fu| — | fnl, whence

N 5 | frl—|fnl [ fr] -
o= FalP = (ful = fu)? = /0 psPlds < /| Vs = |folP — [l

nl

Consequently, since lim,, H]E nllp = [1f1lp,

limsup || fn — ful5 < limsup(/!fn\”dM—/\fn!de)
n—oo

n—o0

= limsup/\fn]de—/]f\de

n—o0

IN

0

by the second part of condition (ii). This proves condition (i). ]

A.3 Uniqueness of Moment-Generating Functions

In the context of completeness of statistical experiments and exponential families we utilize a

classical result from measure theory.

Theorem A.5. Let M be a measure on R%, and let f : R* — R be a measurable function such
that

/ exp(u'z)f(z) M(dz) = 0
R

for all v in a nonempty open set U C R?. Then
M(f#0) = 0.
Proof of Theorem A.5. Suppose first that 0 € R? is an interior point of UU. Then for some € > 0,
L(u) := /exp(uT:B)f(w) M(dz) = 0 forallu € (—e e)?.
One can easily verify that L(u) is well-defined in C for all complex vectors
uw e Ul with U, := {z€C:—e<Rez<e}.

Moreover, for any given index j € {1,...,d}, L(u) is a holomorphic (i.e. complex differentiable)
function of u; € U, while (uy) k+j 18 fixed; see Exercise A.6. But it is well-known from complex
analysis that a holomorphic function H : U, — C with H = 0 on (—e, €) satisfies H = 0 on U,
Consequently, we may conclude inductively for j = 1,2, ..., d that

L=0on(—¢e€)? whence L=0o0nU,x (—¢, e)d_l,

whence L =0onU?2 x (—e,e)?2

)

whence L =0on U(‘f .
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Since {1y : y € R?} C UZ (with i = \/—1), the latter equality for L implies that
/exp(ina:)f+(a:) M(dz) = /exp(in:E)f_ (z) M(dz) forally € RY.
That means, the characteristic functions of the finite measures Q@+ and Q—, where
Q*(a) = [ rram.

are identical. But a finite measure is uniquely determined by its characteristic function, so QT =
Q™. In particular, Q*(R?) = Q*(f* > 0) = QT (f* > 0) = 0, and this implies that M (f #
0) =0.

In case of a general open set U, let u, be an interior point of U. Then V := U — wu, is an open
neighborhood of 0, and with g(z) := exp(u, ) f(x) the assumption reads

/exp(va)g(x)M(dx) =0 forallveV.

But then the previous considerations show that M (f # 0) = M (g # 0) = 0. O

Exercise A.6. Let M be a measure on a measurable space (£, 4),andletg: Q@ - R, h: Q — C

be A-measurable functions such that for real numbers a < b,
/(eag + MY B dM < oo

Show that
L(z) = /hexp(zg)dM

defines a holomorphic function on {z € C : a < Re(z) < b}.

A.4 Hoeffding’s Decomposition

Hoeftding’s decomposition is a generalization of Hijek’s projection as described in Lemma 3.40.
The setting is the same, we consider a probability space (€2, .4, IP) with stochastically indepen-
dent random variables X1, ..., X,, with values in (X1, B1),..., (X,, By), respectively. Now we
consider the Hilbert space H of all random variables Y € L?(IP) which are a measurable function
of the random tuple X := (X1,..., X,,) with values in X := X} x --- x A,.

For any nonvoid set KX C {1,...,n} let H be the subspace of all random variables Y € H which

are a measurable function of
Xk = (Xi)iek,

and let H be the subspace of all constant random variables. In particular, H = Hy; ). The

orthogonal projection of H onto H g is given by IIx with

{]E(Y) if K =0
IIgY =
E(Y | Xk) else
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for Y € H. Strictly speaking, we should write IE(Y | 0(X)), but IE(Y | X ) is more convenient

and intuitive. One treats X g temporarily as a fixed tuple, and if Y = f(Xg, Xp) with L =
{1,...,n} \ K, then

B(Y|Xk) = [ F(Xx,2) Puld2)
where P;, denotes the distribution of X7 .

A key property of these projections Il is that
(A.2) II;l1g = Hjrx forarbitrary J, K C {1,...,n}.
This can be easily derived from Fubini’s theorem. In particular, II ;11 = [IxII;. Now we define

g := Z (—1)#E\DL,
ICK

The next result shows that II%, describes an orthogonal projection, too. And the corresponding
subspaces I19.H, K C {1,...,n}, comprise a decomposition of H into pairwise orthogonal sub-

spaces.

Theorem A.7. (a) For arbitrary sets K C {1,...,n}.
O = Y 05

In particular, the identity operator I may be written as

I= > I

Kc{1,..,n}
(b) For arbitrary sets J, K € {1,...,n},
g = Hlly = 1ycrlly,
and
HgH?{ — 1[J:K]H?]'
(¢) Each operator 119, describes the orthogonal projection of H onto the linear space
i
HY = Hen (Y HJ> .
JCK
These spaces HY,, K C {1,...,n}, are pairwise orthogonal.
Corollary A.8 (Hoeffding’s decomposition). Any random variable Y € H can be written as
Y = ) %Y,
Kc{1,...n}
and the random variables 113.Y, K C {1,...,n}, are uncorrelated with II§Y = IE(Y') and
E(I%Y) =0if K # 0.
For an additional random variable Z € H,

EYZ) = > EiY%2).
Kc{1,..n}
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This corollary follows essentially from Theorem A.7, except for the statements about IIFY" and
E(TI%Y). But Hj = Hp is the space of constants, so II§Y = Iy = IE(Y), and for any
nonempty set X' C {1,...,n}, it follows from HY, L Hj that IE(TI%Y) = (II% Y, 1) = 0.

Example A.9 (The case n = 2). Suppose that Y = (X7, X5). Then the Hoeffding decomposi-

tion of Y reads

V—IEY) = fI(X1) + f3(X2) + fa(X1, X2).
The three summands on the right hand side are given by
fi(@1) == E f(z1,X2) —EY), [fI(x2) = E f(X1,22) —E(Y)
and
fla(@1,22) = f(z1,22) — IE f(21, X2) — IE f(X1, 22) + E(Y).

Moreover, for arbitrary random variables g1 (X) and g2(X>) in L2(IP),

E(f7(X1)g2(X2)) = 0 = E(ffa(X1, X2)g2(X2))

and
B(f5(X2)g1(X1)) = 0 = E(ffa(X1, X2)g1(X1)).

In particular, the random variables f{(X1), f9(X2) and f7,(X;, X2) are centered and uncorre-
lated.

Proof of Theorem A.7. We start with a simple combinatorial fact. For any finite set S,

(A.3) S (=D)FE = 1y

LcS
This follows essentially from the binomial formula, because

#S

DD =) #{LC S #L=1(-1)

LCS =0

45
=> (#ES)(—l)‘(Jrl)#S‘z = (1-1" = L5

=0

As to part (a), by definition of II%, and formula (A.3),

> 5 - 3 S

JCK JCKICJ

SIS,

ICK JCKICJ

-3 (3 (—1)#L>H1 = > gvglly = k.

ICK LCK\I ICK
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As to part (b), it follows from (A.2) that

11911
J K} — Z(_l)#(J\I)HmK

el )i
- Y3 (o,
Iconk LCI\K
= Y (_1)#<J\f>< 3 (—1)_#L>HI~
IcJnk LCJI\K
= Z (—D#IM )1[JCK} F= 1JCK]Z J\I)H~ = 1crlly,
IcInK IcJ

where the second to last step follows from (—1)~#% = (—1)#% and formula (A.3). This proves

the first identities of part (b), and the second one follows from

SG = Y (=),

ICK
= > ()DL g
ICK
e X C0Hn)g
ICK:JCI
== 1[JCK}( Z (—1)#L>H?f — 1[JCK}1[KCJ]H?] — 1[J:K]H3'
LCK\J

It remains to prove part (c). As shown in Exercise A.10, a linear operator II : H — H describes an
orthogonal projection if and only if it satisfies II> = II and is self-adjoint, that means (I1Y, Z) =
(Y,I1Z) for all Y, Z € H. By definition, all operators II;, J C {1,...,n}, have these properties,
so II%, being a linear combination of self-adjoint operators, is self-adjoint, too. Moreover, it
follows from part (b) that II% 117 = II%, whence II% describes the orthogonal projection of H
onto some linear subspace H9.. The subspaces HY,, K C {1,...,n}, are pairwise orthogonal,
because for different index sets JJ, K and Y € HY, Z € HY.,

Y, z) = 3y 1% Z) = (Y, Ijl%Z) = (Y,0) = 0.
Finally, by part (a), forany K C {1,...,n},

Hg = Y HY = Hy+ > H,

JCK JCK

Hy N (Z Hg)L

JCK
But H; C H for I C J, so HY C H, whence

S c Y H,
JCK JCK
On the other hand, for any fixed J C K,

> H} > ) Hy = Hj

JCK JcJ

so HI%- equals
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o)
Swy o Y H,
JCK JCK
Consequently,
> Hj = > Hy,
JCK JCK
and this leads to the asserted representation of HY,. O

Exercise A.10 (Projections and orthogonal projections). Let (H, (-,-)) be a real Hilbert space,
and let IT : H — H be a linear mapping which is idempotent, that means, 11> = II.

(a) Show that there exist linear subspaces H;, Hy of H such that H; N Hy = {0}, H; + Hy = H

and
if H
O r ifz e Hy,
0 ifz e Hs.

Hint: Write x € Has ¢ = x1 4+ zo with 1 = Ilz and 29 = x — 1lz.

(b) Show that H; L Hy if and only if II is self-adjoint, that means, (Ilz,y) = (z,Ily) for all
x,y € H. In this case, II is the orthogonal projection onto Hj

Exercise A.11. Let (I, (-, -)) be a real Hilbert space, and let II;, IT5 be orthogonal projections
onto subspaces H; and Hl, respectively. Further let 11y be the orthogonal projection onto Hj :=
H; N Hs. Show that the following three statements are equivalent:

(i) H; NHg L Hy N Hg.
(i) II;11y = .
(iii) 1,11y = TIo11;.

A.5 Weak Law of Large Numbers and Central Limit Theorem

In connection with asymptotic considerations, the subsequent versions of the Weak Law of Large
Numbers and Lindeberg’s Central Limit Theorem are rather useful. Throughout this section

asymptotic statements refer to n — oo, unless specified differently.

Theorem A.12 (WLLN). For any integer n > 1 let Y1, Yo, ..., Yo, be independent random
variables such that

n

Y E|Yul = 0(1),

i=1

n

ZE(l[IYmI>6}|Ym|) — 0 forany fixed e > 0.

=1

Then with ji,,; == TE(Yy;),

E’Z(Ynz - Mni)
=3

— 0 and IE max |Y,| — 0.
1<i<n
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Theorem A.13 (CLT). For any integer n > 1 let Yy,1, Yna, . . ., Yo, be independent random vari-

ables such that for some real numbers 1, and o > 0,

> E(Yn) = p and Y |E(Y)| = O(1),
=1 =1

ZIE(Yn%L) — U2a

=1

ZIE(l[sz]Ynzi) — 0 for any fixed e > 0.
=1

Then .
Zym _>£ N(,U,UQ)
=1

and

1<i<n

n n
B[} vZ-0? =0, EB(max v2) 50, Y E(Yw)?® - 0.
i=1 i=1

Corollary A.14. For any integer n > 1 let X1, Xy2, ..., Xnn be independent and identically

distributed random variables such that for some real numbers p and o > 0,
\/EIE(an) — H’
]E(X’V27,1) - 02a
E(l[bepen]X%l) — 0 for any fixed € > 0.
Then
= an _>£ N(:U’vg )
v i=1

and
2

1 & X2
IE‘— X2, — 2‘ , IE( n) .
n; =07 — 0 max — 0

1<i<n n

Proof of Theorem A.12. Let M := limsup,,_,,, » . IE|Y};]|. For arbitrary fixed € > 0 set
Yoir == 1y <q¥nis Yoz == 1)y, >qYni
and fip, := IE(Y,,). Then IE‘Z?:l(Ym- — ,um)‘ is bounded from above by

n n n n
E‘Z(le - ,Um'l)‘ + ) (B Yool + [ptniz]) < Var(z Ym’l) +2) [V
i=1

=1 \ =1 i=1

A
_—
j<
N
+
Q
=

IN
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Furthermore,
n
E(l??g}% |Ym]> < e+ Zl E|Y,i2| — e
1=
Since € > 0 may be arbitrarily small, these calculations yield the assertions. O

Remarks on the proof of Theorem A.13. One can deduce from Theorem A.12, applied to Y2
in place of Y,;, that

n
IE’ZYHQZ-—a?‘ 0 and IE(max Yn?i) o0
=1

1<i<n

In particular, with fi,; := E(Y,:),

whence
n n
2
Z;Mm < 1rgja<xn\unjlz;uml — 0.
1= 1=

But with 02, := Var(Yy,;) this implies that

n n n
Z%Qn = ZIE(YnZz)—ZM%z - o,
i=1 i=1 i=1

Moreover, for any fixed ¢ > 0, the inequality maxi<;<p, |tni| < €/2 is satisfied for sufficiently

large n, and in that case, |Y,,; — pini| > € implies that |Y,;| > €/2 and |Y,; — pini| < 2|Y:|. Hence

for sufficiently large n,

n

> By, —psd Yoi = ini)?) < 4> B(Ijy, se2Ym) = 0.
i=1 =1

Consequently, the centered random variables Z,,; := Y,,; — jin; satisfy the assumptions of the more
traditional CLT:

E(Z,) =0 forallm>1land1<i<n,
n
Z IE(ZgZ) — 027
i=1
n
ZE(1[|ZM|>5}Z721¢) — 0 for any fixed € > 0.
i=1
These conditions imply that

n
> Zni —p N(0,07),
=1

and thus

n

ZYM = M+0(1)+sz‘ —r N(u,az).

i=1 i=1 O]
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A.6 Conditional distributions of Gaussian Random Vectors

Assuming that the reader is familiar with basic properties of multivariate random vectors and
Gaussian distributions, let us recall some particular facts: Suppose that X € RP and Y € R?
are random vectors on the same probability space such that IE(]| X[|?) + IE(||Y||?) < oo, where
Y vy = Var(X) is positive definite. With p := IE(X), puy = IE(Y), ¥y = Cov(X,Y),
Syy = Sky = Cov(Y, X) and £y = Var(Y),

(Ad) Y(X) = py + By xSy (X — py)
is the unique optimal linear predictor of Y, given X . That is, for arbitrary fixed a € R? and B4*P,
E(lY —a-BX[*) > E(|Y - Y(X)|]*)

with equality if and only if @ = py, — By and B = X5, XE;(IX. Moreover, the prediction error
Y — Y satisfies IE(Y — V(X)) = 0 and

(A.5) Cov(Y =YV (X),X) = 0, Var(Y —Y (X)) = Syy — Sy x5y Sxv-

In particular, if X and Y have a joint Gaussian distribution, then X and Y — Y(X ) are stochasti-
cally independent, and the representation

Y = Y(X)+ (Y - Y(X))

shows that

LY ]X) = Ng(Y(X), Var(Y — Y(X)))
(A.6) = Ny(py +SyxZxx (X = px), Byy — SyxSxx Sxy)-

A.7 Gamma and Noncentral Chi-Squared Distributions

It is a consequence of Theorem A.5 that the distribution of a random variable Y > 0 is uniquely
determined by its moment-generating function ¢ — IE exp(tY’), ¢ < 0. With this one can derive a

couple of well-known results about gamma and chi-squared distributions.

Fact 1. LetY ~ Gamma(a,b), the gamma distribution with shape parameter ¢ > 0 and scale
parameter b > 0. Then
Eexp(tY) = (1—-0bt)"* fort <1/b.

Indeed, Y has the same distribution as bY,, where Y, ~ Gamma(a, 1), so it suffices to verify the

formula for b = 1. Here,

1 o a1l —
Eexp(tY) = F(a)/o exp(ty)y® te ¥ dy
1 /OO a—1_—(1—t)y
= y“ e dy
I'(a) Jo

= (1- t)_aI‘(la) /OOO 2% le™%dz (z=(1-1)y)
= (1-t)""
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Fact2. LetZ ~ N(0,1). Then,
7Z? ~ x} = Gamma(1/2,2).
Indeed, for ¢t < 1/2,

Eexp(tZ?) = (2%)1/2/exp(t22)ez2/2dz
R

_ (QF)—l/Q/e—u—Qt)z?/zdz
R
= (1275)—1/2(27T)—1/2/e—x2/2dx (z = (1 —2t)"/2z)
R
= (1—2t)71/2,

Fact 3 (Noncentral chi-squared distributions with one degree of freedom). For u € R and
X ~ N(u, 1), the random variable X? has the same distribution as

1+2N

2
> Z
k=1

with independent random variables 7y, Z3, Z3,... ~ N(0,1) and N ~ Poiss(u?/2). This dis-
tribution is the noncentral chi-squared distribution with one degree of freedom and noncentrality

parameter 12

Indeed, writing X = p + Z with Z ~ N(0, 1), we obtain the formula
Eexp(tX?) = (27r)_1/2/ exp(t(p + 2)2)e_z2/2 dz
R
— (27r)_1/2/ exp(—(1— 2)22 /2 + 2tpz + t,u2) dz
R
2t2 2t 2
exp(tu + ] ,u2 )(2%)1/2/Rexp(—(1—2t)<z— 1_71;5) /2)d
2
= (1—2t)"1/? exp(t'u)(%r)_l/2/ e 2 dg
12t &

(e=a-207(: - 725))

= (1—275)_1/26Xp< i >

1—2t
for t < 1/2. But the right-hand side is equal to
2/2 2 (u /2
1 — 2~ 1/20—H/2 ( ne/ > — K22 _9p)L/2-k
(1= 20) V2 R exp (L Z )

= Y P(N =k)(1—2t)" (12072

k=0
0o 142k
_ ZIP IEexp( 3 Zg)
=1
142N
= [Eexp|t Z Z;
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Fact4 (Noncentral chi-squared distributions with ¢ > 1 degrees of freedom). For ;1 € R and
X ~ Ny(u, 1), the distribution of the random variable || X ||? is called the noncentral chi-squared
distribution with g degrees of freedom and noncentrality parameter ||u||?>. To see that it really
depends only on |||, let B € R9%? be an orthogonal matrix such that By = (||z|[,0,...,0)".
Writing X = p + Z with Z ~ Ny (0, 1), we see that || X||? = || BX||> = || Bu + BZ||? has the

same distribution as

q
IBp+ZI° = (Zy+||pl)* + ) 27,
1=2

because BZ ~ N,(0, 1) too. Now one can deduce from Fact 3, applied to Z1 + || || ~ N(||z||, 1),
that this distribution coincides with the distribution of

q+2N

D> Z
k=1

with independent random variables Z1, Zo, Z3, ... ~ N(0,1) and N ~ Poiss(||u||?/2).



